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and conclusions of this thesis.
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General information appendices

The appendices in this report are the background at the ‘stability design for frame type
structures’ report. The report is divided in four parts.

The following appendices are related to the different parts:

= Appendices A till F are about the stability of a single column and is related to Chapter
two.

=  Appendices G till L are about to the bearing capacity of an unbraced portal frame and
are related to Chapter three.

= Appendices M till P are about the bearing capacity of a braced portal frame and are
related to Chapter four.

=  Appendices Q till U are about the bearing capacity of a braced extended frame and
are related to Chapter five.

Vi



Appendix A Euler buckling load and deflection

In this appendix the Euler buckling load and the geometrical non-linear deflection formula
have been derived.

A.1  Euler buckling load

Consider a column pinned at both ends and loaded by a compressive normal force N. At a

certain load (the Euler buckling load) there are two equilibrium situations possible. In the

first equilibrium situation the column remains straight. In the second equilibrium situation
the column deflects in a half sine shape. The amount of deflection is unknown.

The Euler buckling load starts with the equilibrium between the internal and the external
moment.

Minternal = M@(ternal

d%y

Fe is the Euler buckling load. This is an unknown value, but this will be derived. The
expression of y and the second derivative of y are as follow:

y=y, sin(ﬂj

° L
d’y _ . (7x
o el T
These expressions can filled in the formula what results in the following formula:

2
T\ . (71X (71X

—{—yo (Ij sm(Tj} El =F {yo sw(Tj}

The sine function can be neglected. Also the signs on the left side can be neglected.

T 2
(Ij El =F,

7°El
Fe :T

A.2  Geometrical non-linear deflection

In Appendix A.1 the Euler buckling load has been derived. Euler
has used a differential equation to find a theoretical buckling
load. Suppose the column is loaded horizontally and deflects in a
half sine shape. If the column is loaded by a normal force, the 3
deflection increases.

NCc,s,

ey
The same equilibrium as Euler has used, can be used to find the 4
total deflection. The total deflection is a summation of the

original deflection and an additional deflection. The original

Figure A.1:
Structure



deflection (e) is the deflection due to the horizontally load. An initial deflection
(imperfection) can also be seen as an original deflection. The deflection increases if the
column is loaded by a normal force. The additional deflection is called y (Fig. A.1).

d’y
M. =M, 2 N_. +e)=- El
i u c,s,d(y ) dxz

The expressions of y and e are the following expressions:

-t
L

e=g,sin %
L
Together with the original formula this results in:

o s 2 o) o)

If the sine functions are neglected.

Neoo (Yo +6) = —{—y{’{ﬂ El
TEl

Nc;s;d (yO + eO) = yOFE with FE - T

Writing out the formula
Nc;s;d yO + Nc;s;deo = yOFE

On both sides an expression & F. will be summed up to get the total deflection as a function

of €o, Fe and Nc,s,d-
Nc;s;d yO + Nc;s;deO + I:Eeo = yOFE + eOI:E

Separate the total deflection (&, + Y, ) from the rest of the equation.
&Fe = (yo + eO)(FE - Nc;s;d)
This results in an expression for g +,.
F
(& *Yo) =€7—F—
’ 0(I:E - Nc;s;d)

The denominator and the numerator can be divided by the yield load.

Vil



1
FE Nc;s;d

(eo+yo)=e0(FE . de)( 1 j

N

c;s;d

Make one numerator and one denominator
I:E

N
cisid Introduce: n=
FE Nc;s;d ] Nc;S:d

N._. N

(yo+eo)=eO(

c;s;d c;s;d

Use the introduced n-formula and the final result is:

Yo+ € =€
0 T& e

The total deflection is the original deflection multiplied by a factor.



Appendix B Relative Slenderness

In Appendix A the Euler buckling load and the geometrical non-linear deflection formula
have been derived. In this appendix a buckling reduction factor will be analyzed. To find the
ultimate load, the yield force must be multiplied by this reduction factor. This reduction
factor depends on the length and the section properties of the structure. For relative small
lengths, the influence of the buckling factor is very small. The buckling reduction factor is
equal to one. Due to straight hardening it is allowed to make this assumption.

The analysis of the reduction factor is related to the Euler buckling stress. The Euler buckling
stress is the Euler buckling load divided by the cross-section. If the reduction factor has been
found, the buckling load is the multiplication of the reduction factor, the yield stress and the
cross-section.

F
%A

Using the Euler buckling load this formula is:

TEl
= Lbuc2

o
: A
This is the same as:
(7€)
O =>—~X
2
I‘buc
il
A
. | Figure B.1:
Using the gyration radius | i =,|— | the formula results in: Stress / slenderness
A diagram
_ ITE
o =

I‘bucz
i 2

Ais the slenderness of a section (/1 ILJ Ais used in the formula. This results in:

i
TE

v

Consider a section with a Euler buckling stress that is equal to the yield stress. The
slenderness of this section is called A, (Fig. B.1). The following formula can be found.

_ITE
y_/12

e

f




Separate A, from the rest of the formula.

A= TE thisisequalto A, =7 E
fy fy

There are many steel grades. Every steel grade has its own yield stress. It is not practical to
have a different slenderness graphic for every steel grade. This problem can be solved by
using dimensionless values (Fig. B.2). This results in one slenderness graphic.

E G [N/mm?2]

g,
On the y-axis: —
fy

On the x-axis: i

e
The relative slenderness is
formulated as the quotient of the
slenderness and the Euler

slenderness. Figure B.2:
A Stress / slenderness
A, == diagram
d
o

The known formulas can be used.
L

Ard: IE
77' -
\/?Y

Using the formula of the gyration radius.

Ardz é |
&
R

This is the same as.
L
A, =——
rel EI
77' -
f A

y

To calculate the ultimate stress, a reduction factor must be applied. The reduction factor is

called @), . @, is the Euler stress divided by the yield stress.
g
W :f_E

y

The value of the Euler stress is known and can be used.

Xl



Wy =

The formula of the slenderness can be used. This results in the following formula.

_ El
“e =5 20

y

This is equal to

2
El
]T [E—
A

a{)uc - L

Using the formula of relative slenderness.
Figure B.3:

1 Real failure load

w=
2
Arel

Only the Euler slenderness graphic has been derived. The starting position of Euler was a
perfectly made section. In practice, the section is not perfectly made. The real ultimate
stress is lower than the Euler buckling stress (Fig. B.3). The Euler buckling stress is an upper
limit of the ultimate stress. Another limit of the ultimate stress in the yield stress. To
calculate a more realistic ultimate load,

the reduction factor must decrease. =

The buckling stress depends on the
dimensions of the section, the shape of

the section and the way of construction. 8‘ ‘ [
To make code calculations, all sections |
are divided in four groups. Inside a |
group, the influence of the residual
stress is (more or less) equal. Based on
the buckling analysis of Euler, the
practical experience of different types
of sections and different steel grades \
there are made four slenderness NN
graphics (Fig. B.4). The ultimate load is
the multiplication of the reduction

factor, the yield stress and the cross VTR w 7 e [M o S35
section.

> Opucg [N/mm2]
©
s
0
8
&

Figure B.4:
Slenderness graphics
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Appendix C Differential equation buckling

. . . n . .
If all stresses in a section are smaller than the yield stress, the —— (derived in App. B)
formula can be used to calculate the geometrical non-linear deflection. If the stress

. . . . n
increases and a part of the section starts to yield, the deflection increases and the —1

n —
formula is not valid anymore. The load on the structure what result in partial yielding is
called Fy. The total deflection of the mid-span at Fy is:

_ Fe _ITEl
5% FE - Fl FE Lbu02
With e, is the total deflection at force F;
€0 is the initial deflection (at F =0 N)
Fe is the Euler buckling load

Due to the chosen sine shape of the deflection, the most critical cross-section is the
midspan. The stresses in the midspan have been applied over the whole length of the
column. In reality the ends of the column start to yield at a larger load. This assumption is a
necessary approximation for performing the mathematical evolutions.

After the first yield point, not the whole cross-section can be resists more loads. A part of
the right is yielded. The stress in this part will not increase. The rest of the section is the
effective (reduced) cross-section. The effective cross-section is asymmetric. The centre of
gravity is shifted. Due to extending the stress at midsection over the whole column, the
centre of gravity in the whole column has shifted.

The load is located in the original centre of gravity. Due to partial yielding, the original centre
of gravity is not the same as the effective centre of gravity. The load is not located in the
centre of gravity anymore of the effective section.

For calculations it is much easier if the force is located in the centre of gravity. To change the
location of the load, an eccentric moment has been introduced. The largest eccentric
moment is in the middle of the column. In practice there is no eccentric moment at the end

Figure C.1:
Eccentric moment

Xl



of the column. In this analysis, the eccentric moment is located at both ends of the column
(Fig. C.1).

An eccentric moment at the end results in an extra deflection of the column. An extra
deflection results in an extra bending moment in the midsection. Due to this extra bending
moment, the deflection increases again. It is important to take the eccentric moment into
account at the start of the analysis. The deflection due to this eccentric moment is called
€m,i

Figure C.2 shows the total deflection for a column. In this figure is: % e
ewotal,i-1 the total deflection at load Fi; {7
em; deflection due to the eccentric moment FD
e the extra deflection due to F;
Fi load extra load on the column (Fiotal — Fi-1)
Zi the shift between the effective point of gravity and E

the original point of gravity
The analyzed load case has subscript ‘i'. The total deflection /
depends on the loads and on the deflection at the previous load
case. The previous load case has subscript ‘i-1’. The original /
deflection in the first load case (i=1) is eq. This is the initial

/

deflection. 777[}777
The analysis is based on equilibrium between the internal and the P
external bending moments. The external moments are the load ZF
multiplied by the deflection. The internal moment is the curvature @ et

multiplies by the stiffness. The curvature is the second derivative of

the deflection. The calculation is a second order differential equation. Figure C.2:
Loads on the column

M =M

extern intern

Fo(en t&)+tFR(6ua -1t €,; t§)+ Rz =«El

2

—d
Fia(&ni +€) + F(Bom st 6 *8)+FZ = dxzy B,

The expression of e; has been separate from the rest of the formula

2
Py Py +OF (6 +6 1+, + ARy + ARz =Y B,

The second derivative of e; and the functions of e must be calculated.

d’g _ Y . nmx, Fz
d® Q(Lj sSnC) g

XV



(e e

d L’ B,

2

2*EI

€ =¢sin (_) +Cx+CH
Cotali-1 — Gotal ,i—1Sin(T)

@1 =6y SIn()

These functions are used in the original formula.

*
P Sin(> {e sm@)— S rox+C ]+ R €2 6 )i

2
+|:i(ei sin(%)— ;:I*ZI;(I +Clx+Czj+ Fz :—(—q (7{] sin(%)—%] El,

C; and C; are integral constants. These constants can be calculated with the following

boundary conditions:
x=0 —2y=0.
x=L =2y=0.

The first boundary condition results in:
F.(C,)+F(C,) =0 > C,=0

The second boundary condition results in:

2 2
0 LSS Y D LTS P
2EI =)

C; can be separated from the rest of the formula.

ClL(E_1+E)=(%Fj(E—1+E)

Finally this results in:
_FRzL
LT 2E

The values C; and C, are filled in the formula.

Fzx* (FzL .
F@nasing)+ {esm@) 2; (Z'EIJX}E o2+ &y )sinG”

nx, FzxX (FzlL _ [ (LY. % _Fz
+Fi(qs'n(|_) 2El, Jr(zlaijx}rﬁZ [ q(nj ) JEI

XV



This results in the following formula:

P SINE)+ F {esm(ﬂw%j Fy € 1 €, )SING

Fzx(L-x)

26 J+Ez=eFasm€?)+Fa

+F{esin(%>+

Finally the total deflection must be calculated. The total deflection is €, ,_, +€,; +&. The
factor g, ,_, +€,; +€& must be separate from the rest of the formula. To start the

expression e;j is separate.
. . Fzx(L-X
F gy sinC2)+ Fg siné® e DE2EY

e F Gty )sing

+Ee9n€?)+553%%f39+54=aFasm€?)+Ea

The expressions of e; are placed on one side of the equation. All other expressions are placed
on the other side of the equation.

. JIX
F ;sin(—)+F_,
|—1em,| ( ) 2E| 2E|I

=gk, sin(nLX F_e sm(ﬁ) Fe sm@)

The expressions of e; are combined together.

2E| +F (QOtall 1+em )Sln@)"-': 2E||

—e](FElsm( sm@) F sm@j

P SINC)

e; depends on €iotali-1 and on em ;. In other words: the total expression ., , +€,; €

depends 0N eal,i and on en, ;. To realise this it is necessary to sum up
(qotajyi_l + qm)(FE,i sm(T)— E_lsln@ - F sm% )j on both sides of the equation.

Fzx(L - X)
2El,

+(e(otal,i—l * 6 )(FE,i Sm(T)_ E—lSIn@ )~ F SII’]@ )j
= (etotal,i—l te, t Q)(FE i Sm( Sm@) F Sm@ j

Fzx(L - X)

#F G2+ 6 JSINE ) R

Fign SInC)+ Ry

All expressions on the left side on the equation are written out.

XVI



2t Gt &SI R

. TIX i PXy .
+(Qotaj,i—1FE,i SIn(T)_qmal ,i—lFi—l Sm( L ) e[otaji—lFi SII‘]@ )j
(em ey Sin() =€, R, i€ )=, F sm@))
:(QOtal,i—l+em,i + yo)(FE,Sm( Sm@) F Sm@ j

P SInC)+ Ry

The same expressions with different signs can be neglected.

Fzx(L-x F X(L—-X . JTIX . .
Fi—l Z|2$EI. ) ZZEEI- ) (Qmal,i—lFE,iSIn(T)_QOtaI,i—lFi—lSIn@)j-'-(eijEiSIn%)j

a L TIX . o
_(%al,i-l"'qni +Q)(FEJ sin( L ) Fi-lSIne) F SII’]%)]

The equal parts can be combined together.

(Fi—l + FI )% +(Qotal,i—1 + em,i )(FEJ Sln(ILLX)j QOtal i- l( Slng )J

a LTI : e
_(Qmal,i—l"'em,i +Q)(FEJ sin( L ) E—lSIn@) F SII’]@)}

& +e_ +e,  +Y,canbe expressed in afunction of ewtli1 and on en;.

(F+ E)W+(eota,i_l+em,i)(&,i SinC)| - F15in)

FElsm( sm(ﬂ) F sm@)

(Qmaj,i—l tet Q) =

em,i is the deflection in the column due to the eccentric moment ( F z) on both sides on the

. . . ML?  ML? . . .
column. The deflection in the midsection: + . This result in the following
16ElI 1€El
expression:
Fzl®
i = 8El,

This expression can use in the formula:

(E_1+E)E"X(L'X)+(qm,i_l+E‘LzJ(FE,isin(”X)j s [ s.n(ﬂ)j

2El. 8El.

FE,sm( sm@) F sm@)

(it 6ni +6) =

The most critical cross-section (and the largest deflection) is located in the midsection (x =
%L). The calculations are based on this location. This value of x can be applied in the formula.

XVl



FzL? FzL?
(Fi—1+ Fi)éél_-'-(gotal,i—l-'-éél_j FEj _Qotal ,i—lFi—l

FE,i - Fi—l - F|

(it 6 +6) =

By a simple check, big mistakes can be afforded. If there is no additional force there is no
additional deflection. The total deflection should be equal to the total deflection in the
previous load case.

If F=0thanem;=0and §u,;, + 6, +6 = 61

Cotal i—lFEi ~ Gotal i—lFi—l
€otari-1 TEH 7€) = ' ' ’
( S ) FE,i_Fi—l

Cot Ji- F i _Fi—
(%ta"i_l-'-em’i +Q) == FlE(. —EF_1 1)

(Qotal i1te, t yo) = €y j-1 COrrect

A second check is a check on the signs. A positive extra load must result in a larger
deflection.

FzL’
_ etotal,i—l(FE,i - Fi—l) (FE’i PRt F') 8El,

+
FE,i - Fi—l FE,i - Fi—l_ F|

(G2 *6ni +6)

The Euler buckling load (FE'i ) must be larger than the maximum load (Fi_l +F ) The Euler

buckling load is an upper limit, so this is correct. A positive additional load results in a
positive additional deflection. The second check is correct.

As a third, the dimensions can be checked. If the dimensions are not correct, the formula
could not be correct.

2 2
(N+N) Nnj;n4+ +Nrr—]2n4N_mN
Nm“m Nm “m
(m+m+m)=
N-N-N
3 3
NN e NN - Nm
Nm Nm
m= N Correct

The formula is found correctly on all checks. There are no large mistakes in the formula.

XVl



Appendix D Calculation example (hand-made)

In Appendix C the differential equation for the total deflection has been made. In this
Appendix the formulas ( found in App. C) will be used to make some calculations. The
calculations in this Appendix are made manually. More calculations will be made in Appendix
E by the computer program MatlLab. The computer program MatLab has been used to make
many calculations. In Appendix F the same problem is solved by a computer program (Matrix
Frame) based on a finite element method (FEM).

All calculations in this Appendix are based on a HE 450A section. The difference between the
calculations is the length of the column. The different lengths are 30, 25, 20, 15, 10 and 5
meter. If the ultimate loads are calculated, a reduction factor curve can be made. Due to the
small amount of calculations, the reduction factor curve is not very clear.. In Appendix E
more lengths are calculated (by computer calculation). This results in a flowing curve.

D.1  Residual stress SR
The residual stress distribution has been simplified to a rectangular = i —
residual stress distribution (Fig. D.1). The moment of inertia depends HUs

mainly on the flanges. The web has just a small contribution to the
moment of inertia. If (due to partial yielding) the effective surface of
the flanges decreases, the effective moment of inertia decreases. If
the web partial yields, the moment of inertia deceases just a little T <
bit. This reduction is neglected. For the reduction of the cross- = (—)s
section the effective of both the web and the flanges must taken into account.

¥%h

The amount of residual stress (in this report called S) is a function of the yield stress.
According to the NEN 6771 the amount of residual stress in a HE 450A section is 30% of the
yield stress. In other words:

S =0.3*f, =0.3*355

S =106.5 N/mm?’

The stress in the section cannot be larger than the yield stress. There is residual tension
stress and residual compression stress. If the structure is loaded by a compression loads, the
part of the section with residual compression stress yields first. This happens if o = fy -S.

The part of the section with residual tension stress yields if g = fy + S. The critical stresses

are:
o=f,-S o=f,-03f 0=0.7f,  0=248.5N/mm’
o=f,+S o=f +0.3f, o=13f,  0=461.5N/mm’

XIX

Figure D.1:
Residual stress
distribution



D.2  Section properties

For the calculation of the ultimate load, it is important to know what the section properties
are. It is also important to know the reduced section properties. These section properties
will be calculated.

Iy =6.372*10°* mm* —
A = 17800 mm?
% Figure D.2:
7 — L _ 6.372 16 Profile without
L B 1/2h - 220 reduction
Z =2.896*10°mm>
I, = |, — 2(%b)t(%h)? -
I = 6.372*10% — 2*75%21*220? —_— Figure D.3:
I, =4.848%* ]_()8 mm4 Profile with
,,,,,,,,,, d i
A2 — A]_ _ 2*(%b)tf reduction
A, = 17800 — 2*75*21
A, = 14650 mm?
. _ 1, _ 4.848*10
2 h 220
Z, =2.204*10° mm?
I3 = 1, — 2(Y%b)t{(¥sh)? o
;= 4.848%10°F — 2%75%21%2207 - l,  Feuena:
| =3.324*10° 4 I E Profile with
3 = 9. mm- 1 . reduction
As =1A, | h
As  =%*17800 L8
A =8900 mm? =
. _ 1, 3324710
’ h 220
Zs =1.511*10° mm?

In Appendix C the following formula has been derived:

FzL? Fz
(Fi—1+ E)éél_"'(etotal,m"'sézl'_j Fei ~ G j-1Fi-1

FE,i - Fi—l - F|

Cotal,i — (QOtal,i—l+em,i +Q) =

For the calculation it is important to know that:
€ = Qotai ~ Gotai-1
|\/li = i—lq + FQotal J

_ M, _F
Orignti = Fright,i-1 _? _X

_ M, _F
Ojett O-Ieft|—1+?_z

XX



The symbols in these formulas are:
€.a; = the total deflection at load case i (mm)

€, i1 = the total deflection at load Fi; (mm)

€, = thedeflection due to the eccentric moment in load case i (mm)

€ = the extra deflection due to the difference in normal force (mm)

F_, =theload inthe previous load case (N)

F = the extra load in case i (N)

zZ = the difference between the original point of gravity and the effective point of

gravity in case i (mm)
I = the moment of inertia in case i (mm®)

Fc;  =the Euler buckling load in case i (N)

The starting points of this analysis where:

= There is an initial deflection.

= There is a force on the section that results in partial yielding.

= There is a deflection due to the original load.

= There is an additional force.

= There is a difference between the original centre of gravity and the effective point of
gravity.

= An eccentric moment has been introduced to change the location of the load. Due to
the eccentric moment the load is located in the centre of gravity of the effective
section.

See Appendix C for the analysis.

The ultimate load calculations are made in Appendices B.3 till B.8. Every Appendix exists in
the ultimate load calculation of one column. The difference between the Appendices is the
column length. For every column three calculation methods has been used:

1. Calculation according to the Dutch code.

2. Calculation of the Euler buckling load.

3. Calculation according to the formulas of the analysis in Appendix C.
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D.3  Calculation for a length of 30 meter

Section properties:

l; =6.372*¥10° mm* l, =4.848%10° mm* I3 =3.324*¥10° mm*
A; = 17800 mm? A, = 14650 mm? A; = 8900 mm?

Z, =2.896*10°mm? Z,=2.204*10° mm? Z3=1.511*10° mm?

Ultimate load calculation according to the Dutch code.
For the ultimate load calculation according to the Dutch code, the relative slenderness must
be calculated. See Appendix B for more information about the relative slenderness.

PR _ 30000
ﬂ\/ El, \/210000*6.372*16
f,A 355*17800
A, =208

For the ultimate load calculation of a HE 450A section stability curve a must be used (NEN
6770 art. 12.1.1).

Ay =208 2 =0.20

Fmax = W f A = 0.20*355*1780C(

Frax = 1264*10° N

Calculation of the Euler buckling load.
_ 772EIl _ 71°210000*6.372*16

L2 3000G
(11 is the unreduced moment of inertia

Frax = 1467%10° N

Fmax

Ultimate load calculation according to the formulas of the analysis of Appendix C.
The following equation is the general equation of the residual stress method. This formula
has been derived in Appendix C.

Fzl? Fz
(Fa F)8§|+(q+8§] Fe) = Caas Fios
€oti = (G 1 T 6y +6) = ' P RS =

According to the NEN 6771 (art. 12.2.5), the maximum deflection is one over thousand times
the column length .

= iL = i3OOOC

1000 1000

€11 =30 mm

€11

The stress in the unloaded structure is the residual stress. The deflection of the unloaded
structure is the initial deflection (imperfections). Starting the calculation the following values
are used:

€m,i =0mm

F1_1 =0ON
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Z1 =0 mm

If these values are used, the formula of the total deflection can be simplified to the following
formula:

F
a1 =6 = % e (this is also known as the n formula).
’ Fe.—F n-1
IEl, 77°210000*6.372*10
FE,l = B =
L 30000

Fe1  =1467*10°N

F * *
e __&TEs e _ 30*1467*10 30
FE,l -F 1467*1@ F
30*1467*1C
M = F (e +
1 (& re) '1467*16 - F,
30*1467*10
1
Oighta = _&_i =~ 146710 K - ! =-248.5 N/mm2
o Z A 2.896*1( 1780(
Fiy = 1348*10° N
e =340 mm
30*1467*10
1348*10
o.M _F L 1467*10 - 1348*16 _1348*10
o Z A 2.896*10 17800
Og1= 96.5 N/m m? Tension
Fy =0 + 1348*10°
Fy = 1348*10° N

etota|,1 = 30 + 340
€iotall = 370 mm

The section starts to yield at a load of 1348*10° N. The total deflection is 370 mm. This is
1.2% of the length of the column. After partial yielding the moment of inertia decreases. The
Euler buckling load can be calculated for the section with the reduced moment of inertia.
The calculation continues with the new (reduced) Euler buckling load.

TCEl, _ 77°210000%4.848*10

E ) 30006
Fe, =1116*10°N

Fe, =

The new Euler buckling load is smaller than the load on the column. After first yield, the
structure becomes unstable. The column fails. The maximum load is the load that results in
first yielding.

Feo < Fq So the structure fails at F = F;

Fmax = 1348%10°N
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D.4  Calculation for a length of 25 meter

Section properties:

I, =6.372*10% mm* l, =4.848*10% mm* I3 =3.324*10% mm*
A; = 17800 mm? A, = 14650 mm? As = 8900 mm?
Z, =2.896*10°mm? Z,=2.204*10° mm?® Z5=1.511*10° mm?®

Ultimate load calculation according to the Dutch code.

PR _ 25000
ﬂ\/ El, ﬂ\/210000*6.372*1®
f,A 355*17800
A, =173 > a, =0.28

Fmax = A, fypl = 0.28*355*1780(
Fmax = 1769*%10°N

Calculation of the Euler buckling load.
_ 772EIl _ 77°210000*6.372*16

L2 25000
Frax  =2113*10° N

Fmax

Ultimate load calculation according to the formula of the analysis of Appendix C.

F 12 Fz
) _(Fi—1+Fi) SEIi +(Qoatl,i—1+8EZI|ijFE,i ~ Coa j-1Fi-1
€oiti = (G 1 T 6y +6) = FCFor
€11 = i|_ = i25000
1000 1000
e11 =25 mm
€m,i =0 mm
F1_1 =0N
7 =0mm

If these values are used, the following formula exists:

eOI:El

= e + =
Gz = (€0 €1) FoF
Feq =2113*10°N

F * *
ey __&Mea e _ 25*2113 1(?_25
Fe.—F 2113*10 - F,
25*2113*10

M: = F(g+e) =F

12113*10 - F,
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M. F
Oight1 = _?1_21
1
Fy =1874*10° N
e =196 mm
M, F
Oet1= ?1 -
A
Ows =37.8N/mm’
Fy =0+ 1874*10°
Fy =1874*10° N

€iotal, 1 = 25+ 196
€rotal . =211 mm

The section starts to yield at a load of 1874*10° N. The total deflection is 221 mm. This is
0.88% of the length of the column. The moment of inertia decreases. The reduced Euler
buckling load becomes:

_ 1TEl,
=
Fe, =1608*10°N

Fe2

The new Euler buckling load is smaller than the load on the column. After first yield, the

_'2113*10-F, _ F

25%2113*1C

=-248.5 N/mm?
2.896*10 1780(
25%2113*1C
1874*1CF
- 2113*10 — 1874*16 _1874*10
2.896*10 17800
Tension

_ 717210000 4.848*10

25000

structure becomes unstable. The column fails. The maximum load is found.

FE,Z < F1

Frax = 1874*10°N

So the structure fails at F=F;
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D.5 Calculation for a length of 20 meter

Section properties:

I, =6.372*10% mm* l, =4.848*10% mm* I3 =3.324*10% mm*
A; = 17800 mm? A, = 14650 mm? As = 8900 mm?
Z, =2.896*10°mm? Z,=2.204*10° mm?® Z5=1.511*10° mm?®

Ultimate load calculation according to the Dutch code.

PR _ 20000
ﬂ\/ El, ﬂ\/210000*6.372*1®
f,A 355*17800
A, =138 > a, = 0.43
Frox = W f,A = 0.43*355*1780(

Frax =2717*10° N

Calculation of the Euler buckling load.
_ 772EIl _ 77°210000*6.372*16

L2 20000
Frax = 3302*%10° N

Fmax

Ultimate load calculation according to the formulas of the analysis of Appendix C.

F 12 Fz
) _(Fi—1+|:i)82|i+(Qoatl,i—1+8EZI|ijFE,i ~ Coa j-1Fi-1
€oiti = (G 1 T 6y +6) = FCFor
€11 = i|_ = i20000
1000 1000
€11 =20 mm
€m,i =0 mm
F1_1 =0ON
7 =0mm

If these values are used, the following formula exists.
eOI:E 1
= e + = "
Gz = (€0 €1) R

Fe1  =3302*10°N

&Fea 20*3302*1C
e, =—" = -20
Fe.-F, 3302*10 - F,
20*3302*1C
Mi = F(g+e) =F

13302*10 - F,
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Ml Fl
Oiighta =~ ~x
" Z A
F1 = 2679*10° N
e =86 mm
L

Oetn =
Z A
Os =-52.5N/mm?

Fi =0+ 2679*10°
Fi =2679*10° N
€iotal, 1 = 20 + 86
€total,1 = 106 mm

_'3302*10-F, _ F

20*3302*1C

=-248.5 N/mm?®
2.896*10 1780(
g79+1g  20*3302*1C
- 3302*10 - 2679*16 _ 2679*10
2.896*10 17800

Compression

The section starts to yield at a load of 2679*10° N. The total deflection is 106 mm. This is

0.53% of the length of the column. The moment of inertia decreases. The reduced Euler

buckling load becomes:

_ 1TEl, 77 *2100004.848*10

Fe2

E i
Fe, =2512*10°N

The new Euler buckling load is smaller than the load on the column. After first yield, the

20000

structure becomes unstable. The column fails. The maximum load is found.

FE,Z < F1

Frax = 2679%10° N

So the structure fails at F=F;
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D.6 Calculation for a length of 15 meter

Section properties:

I, =6.372*10% mm* l, =4.848*10% mm* l; =3.324*10% mm*
A; = 17800 mm? A, = 14650 mm? As = 8900 mm?
Z, =2.896*10°mm? Z,=2.204*10° mm? Z5=1.511*10° mm?

Ultimate load calculation according to the Dutch code.

PR _ 15000
ﬂ\/ El, ﬂ\/210000*6.372*1®
f,A 355*17800
A, =104 > a, = 0.64
Frox = W f,A = 0.64*355*1780(

Frax = 4044%10° N

Calculation of the Euler buckling load.
_ 772EIl _ 77°210000*6.372*16

L2 15000
Frax = 5870%10° N

Fmax

Ultimate load calculation according to the formulas of the analysis of Appendix C.

F 12 Fz
) _(Fi—1+|:i)82|i+(Qoatl,i—1+8EZI|ijFE,i ~ Coa j-1Fi-1
€oiti = (G 1 T 6y +6) = FCFor
€11 = i|_ = i1500C
1000 1000
€11 =15 mm
€m,i =0 mm
F1_1 =0N
7 =0mm

If the values are used, the following formula exists:
eOFE 1
=(e . + =
etotal,l ( 0 el) FE’;L _ F1

Fe1  =5870%10°N

&Fe . 15*5870*1C
e, =—" =— -15
Fe.-F 5870*1C - F,
15*5870*1C
Mi = F(g+e) =F

'5870*1C - F,
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15*5870*1C

Fl*—
Trighta = M, R ___S870M0-F_ R =-248.5 N/mm?®
’ zZ, A 2.896*1CF 1780(
F1 =3578*10° N
€1 =23.4mm
15*5870*1C
3578*10
o =M _FR 5870*1C — 3578*18 _ 3578*1C
Sz A 2.896*1F 17800
O1=-153.6 N/mm? Compression
F1 =0+ 3578*10°
F1 = 3578*10° N

€iotal, 1 = 15+23.4
€iotall = 38.4 mm

The section starts to yield at a load of 3578*10% N. The moment of inertia decrease. The
reduced Euler buckling load becomes:

_ 1TEl, _ 717210000 4.848*10

F =
2 E 15000
Fe,  =4466*10°N

The Euler buckling load is larger the load on the column. The section can resist more loads. It
is possible to increase the load till another part of the section yields too. A point of attention
is the shift of the centre of gravity. See Appendix C for more details.

FzL? Fz
(Fi—l+ E)éét+(q°atl'i_l+8lllel.j I:E,i _QOtalj—lFi—l

FE,i - F—l - F|

Cotal i = (QOtal,i—1+em,i +Q) =

Z7 = ZA(ZK —-1%h
> A
(b-2*Vib)t, Y4, + (h— 2, X, Yh+bt, h— %, ) i Centre of gravity
z = 72
’ (b—2*¥ab)t, +(h—2t, )t, +bt, Figure D.5:
150*21*10.5+ 398*11.5*226 300*21*429.5 shift of centre
2 = —-220 of gravity
150*21+ 398*11.5 300*21
27 =47 mm
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Cor.2 = (Bt G2t €)=

*
(3578*16 +F,). 120" 15006 +(38.4+ R, 47 J 4466*10- 38.4*3578*(
8+*210000*4.848*16 8*210000*4.848*f
4466*10 - 3578*10-F,
MZ FZ
O, , =0, 15 T TN
ght,2 ght,1 22 Az
Fe +F +e
Trigniz = oag5- Mo P 545 5% Ao a*®) _F 461.5
2 AZ ZZ
* *
O igni,2 = ~248.5~ 3787, +F, "(38.4+e,) F, = -461.5 N/mm?
' 2.204*10 1465(
F,  =362*10°N
e =101.5 mm
Ot 2= Oit 2 = O, M Fy
left, 2 left,2 left,1 22 'A‘2
Fe +F +e
Olett2 = _153-6"'% -5 =-153.6+ &+ PG at ) _F,
ZZ AZ ZZ A2
_ 3578*1CF *101.5+ 362*10 (38.4 101.5) 362*1
Oy ,=—153.6+ ~
' 2.204*10 14650

O »=9-4N/mm’  Tension

F, = 3578*10° + 362*10°
F, =3940*10° N

€total2 = 38.4+101.5

€total2 = 139.9 mm

In this calculation the right flange fully yields. Only the left flange can be taken as an
effective cross-section. The moment of inertia has decreased too much. If the right flange

fully yields, the structure fails.

Frax = 3940%10° N
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D.7  Calculation for a length of 10 meter
Section properties:
l; =6.372*10° mm*
A; = 17800 mm’

Z, =2.896*10°mm>

l, =4.848*10% mm*
A, = 14650 mm?
Z,=2.204*10° mm?

As = 8900 mm?

Ultimate load calculation according to the Dutch code.

l; =3.324*10% mm*

Z5=1.511*10° mm?

PR _ 10000
ﬂ\/ El, \/210000*6.372*1@
f,A 355*17800
A, =069 > =0.85
Frox = W f,A = 0.85*355*1780(
Fmax = 5371*10°N

Calculation of the Euler buckling load:

£ _ TPEI, _ 71°210000%6.372*10
R 10006
Fmax = 13207*10° N (Euler buckling load is larger than the plastic yield load)

Ultimate load calculation according to the formulas of the analysis of Appendix C.

F 12 Fz
) _(Fi—1+|:i)82|i+(Qoatl,i—1+8EZI|ijFE,i ~ Coa j-1Fi-1
€oiti = (G 1 T 6y +6) = FCFor
€11 = i = i].OOOC
1000 1000
€11 =10 mm
€m,i =0 mm
F1_1 =0ON
7 =0mm

If these values are used, the following formula exists:

€oas = (& €)=

eOFE,l

FE,l - Fl

Fe1  =13207*10° N

F
e, - &Fes

FE,l_Fl
Mi  =F(e+e)

10*13207*10
= -10
13207*10 - F,
_E 10*13207*10
'13207*1G - F,
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10*13207 *1G

F, -
Oight1 = MR 182 16-F__FK =-248.5 N/mm?
’ z, A 2.896*1CF 1780(
F1 = 4063*10° N
e =4.4 mm
10*13207*16G
4063*10

g. =M _FK _ 13207*1G - 4063*18 _ 4063*10

oz A 2.896*10 17800
O 1= -208.1 N/mm? Compression
F1 =0 +4063*10°
Fi = 4063*10° N

€iotal, 1 = 10+4.4
€totqo,1 = 14.4 mm

The section starts to yield at a load of 4063*10° N. The moment of inertia decreases. The
reduced Euler buckling load becomes:

_ 1TEl, _ 717210000 4.848*10

F =
2 E 10006
Fe,  =10048*10° N

The Euler buckling load is larger than the load on the column. The column can resist more
loads. It is possible to increase the load till another part of the section yields too.

Fzl? Fz
(Fa E)éél_’f(%an,i-ﬁ o ]F =€ Fios

Cotal,i — (QOtal,i—l+em,i +Q) =

FE,i - Fi—l - F|

Z7 = ZA(ZK —-1%h

> A
. (b-2*vb)t, ¥, + =2, Y, vh+bt, 6=, ) |

(b—2*Yib)t, + (h—2t, )t,, +bt,

) _ 150*21*10.5+ 308*11.5%226 300*21*4295,,,
2 150*21+ 398*11.5+ 300*21
27 =47 mm

€ 2 = (Bor 1+ En 2 €2) =
F,47*10000 +(14_4+ F, 47
8*210000*4.848*10 8*210000*4.848*1
10048*1G - 4063*10-F,

(4063*10 +F,) J 10048*10- 14.4*4063*1(
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MZ FZ

Jright,z = Uright,l _Z_ _E
2
Fe +F +e
Tright,2 = _248'5_% _% =7248.5 = Z(quaj 1t _F =-461.5
2 2
Trign,2 = ~248.5- 406310¢, +F, (L4.4¢,) F, =-461.5 N/mm’
’ 2.204*10 1465(
F,  =1571*10°N
e =37.3 mm
M, F
O,,=0, +—2——2
left,2 left,1 Zz AZ
Fe +F +te
Olet,2 = _208-1"'& SLF R -208.1+ 1%+ PG st ) _F,
’ ZZ AZ Zz AZ
_ 4063*10 *37.3+ 1571*10 (16 4.4 37.3) 157171
O, = —208.1+ 2)
' 2.204*10 14650

Ot = -209.7 N/mm? Compression

F, = 4063*10° + 1571*10°
Fa = 5634*10° N

€total2 = 14.4+37.3

€total2 = 51.7 mm

In this case the right flange fully yields. The column fails.

Frax = 5634*10° N
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D.8 Calculation for a length of 5 meter

Section properties:
l, =6.372*¥10° mm*
A; = 17800 mm?

Z, =2.896*10°mm’

l, =4.848*10% mm*
A, = 14650 mm?
Z,=2.204*10° mm?

As;= 11500 mm?

Ultimate load calculation according to the Dutch code.

L 5000
Arel =
S \/ 210000*6.372*18
f A 355*17800
A, =035 > =0.97
Foax = Wy f,A = 0.97*355*1780(
Frax = 6129%10° N

Calculation of the Euler buckling load:

_ TEl
Fmax - L2
Frax = 52827*10°N

_ 71°210000%6.372*10

5000
(Euler buckling load is larger than the plastic yield load)

Ultimate load calculation according to the formulas of the analysis of Appendix C.

Cotal,i — (QOtal,i—l+em,i +Q) =

o 1
"' 71000
€11 =5mm
€m,i =0 mm
F1_1 =0ON
7 =0mm

F 2 Fz
(Fi—l + F')SEII +(Qoatl,i—1+ 8Ezl|i jFE,i ~ ol j-1Fi-1
FE,i - Fi—l - F|
= i5000
1000

If these values will be used, the following formula exists:

— _ eOFE,l
Cotal 1 = (eo + el) —ﬁ
Fei  =52827*10°N
e _ &Fes _ 5*52827*10 s
Fea—F 52827*10 - F,
M, =F(e+e) 5*52827*10

'52827*1G - F,

l; =3.324*10% mm*

Z5=1.511*10° mm?
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Ml Fl
Oigha = "5 7 ©
" Z A
Fy =4280*10° N
e =0.44 mm
F
Oet1— ?l -
A
Ot 1= -232.4 N/mm?
Fi =0 + 4280*10°
Fy =4208*10° N

etota|,1 = 5 + 0.44
€iotall = 5.44 mm

5*52827 *10

_ '52827*1G6-F, _ F

2.896*10

1780(

5*52827*1C

4280*10

=-248.5 N/mm?

52827*10 — 4280*16 _4280*10

Compression

2.896*10

17800

The section starts to yield at a load of 4208*10° N. The moment of inertia decrease. The
reduced Euler buckling load becomes:

_ TEl,
Feo = 2
Fe,  =40192*10° N

_ 7°210000*4.848*10

5000

The Euler load is larger than the load on the column. The column can resist more loads. It is
possible to increase the load till another part of the section yields too.

Fz
4 jFE,i _QOtalj—lFi—l

FzLl?
F +F)a- L
_ _( i-1 |) 8E|I (QOaﬂ,l—l 8E|I
€oiai = (Gt T 6y +6) = =
Z7 = —zA(Zk -%h
DA
. (b-2*vb)t, ¥, + (=2, Y, vh+bt, 6= %, ) |
(b—2*Yab)t, + (h— 2, )t +bt,
i _ 150*21*10.5+ 398*115%229 300*21*4295,,,
2 150*21+ 398*11.5+ 300*21
2 =47 mm
€2 = (Gom s En2t €) =
(428016 +F,)___ F4775000 +( 5+ 0.4 R, 47
8*210000*4.848*10 8%210000*4.848*F

() 40192*10- 4280*10 5 Op

40192*16 - 4280*10- AF,
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a-left 0-|eft = O-Ieft + ——2

2 2 1 ] AZ

Fe +F +e

Ot 2 = _232.4+& —i =-232.4+ 1€ Z(Qoatl 1 2) _i _ 9485

, Z A 3

+

o =-2324s PB8BAF A% ) B 0 o /mm?

’ 2.204*10 1465(
F» =261*10° N
e =0.51 mm

M, F
Jright,Z = Uright,l _Z_z _EZ
2
Fe +F +e

Jright 2= _2485—M —i =-248.5- 1© Z(QOtal 1 2) _i

, zZ, A Z) A

* *0.51+ * * (5. . *

Ty, = —248.5+ 2280 10 *0.51+ 261*10 *(5.44 0.51) 261*1(

| 2.204*10 14650
Oign.2 = -268.0 N/mm?
Fa = 4280*10° + 261*10°
Fa = 4541*10° N

€iotal2 = 5.44 +0.51
etota|,2 = 5-95 mm

The left flange starts to yield if the load is 4541*10° N. The moment of inertia decreases
again. The new reduced Euler buckling load becomes:

_PEl, _ 7%210000%*3.324*18

L2 5000
Fes  =27558*10° N

Fes

Again the Euler load is larger than the load that is on the column. The column can resist
more loads. It is possible to increase the load till also a third part of the section yields.

FzL?
) 4

(F*F 8El,

Fz
+(Qoat|,i—1+8llzzl'_j Fei ~ Qo i-1Fi-1

FE,i - Fi—l - F|

Cotal,i — (QOtal,i—l+em,i +Q) =

Both flanges have a yield part. Due to the used residual stress
distribution, the yielding areas in the midsection are the same in
both flanges. The stress in the midsection has been generalized

over the whole section. It is assumed that the yielding areas in Centre of gravity

the whole section are the same. The effective section become =

double symmetric again. The location of the centre of gravity in Figure D.6:
New centre of
gravity
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the effective section is the same as the location of the centre of gravity in the original
section. The shift of the centre of gravity is zero.

Z3 =0mm

_ 5.95*27558*10 - 5.95*4541*10
27558*10 - 4541*10-F,

€ s = (Buar 2 Enat €5)

— M3 F3
Jright,3 - Uright,z P _E
3
Fe+F +e
Tright,3 = _268-0_% _% =-268.0- 5 S(Z%ta] 2+ -k =-461.5
3 3
*
G2 = ~268.0- 4541*10e, +F, (5.95+e, ) F, 4615 N/mm?
’ 1.511*10 890(
Fs = 1648*10° N
es =0.46 mm
M. F
Oy,=0, ,+——--32
left,3 left,2 23 AS
Fe +F +e
0‘|eﬂ3:_248_5+%_i =_2485+ Zed 3(Qotal,2 3) _E
| Z, A Z, A,
*10 *O0. * . . 1648*%
o, . =-2485+ 224 10 *0.46+ 1648*10 (5.95 0.46) 1648
’ 1.511*10 8900

Ot 3= "425.3 N/mm? Compression

Fs = 4541*10° + 1648*10°
Fs = 6189*10° N

€totals = 5.95 +0.46

€total3 = 6.41 mm

Frax = 6189%10° N

The right flange fully yields and even the left flange has a large compression stress. The

column will fail at a load of 6189*10° N.
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D.9 Conclusions

For several lengths is the ultimate load is calculated. There are only small differences
between the ultimate load according to Dutch code and the ultimate load according to the
formulas of the analysis of Appendix C. For a better result, the residual stress distribution
and the yielding zone must be changed. The residual stress distribution is taken as a
rectangular distribution. The real residual stress distribution is unknown, but is a more
curved residual stress distribution is close to reality. The stress in the midsection has been
generalized over the whole section. For a better analysis, the section must be split in several
parts. Every part has his own section properties. A finite element analysis is the result.

The calculated ultimate loads are presented in Figure D.7.

critical load (M)

length (mrm) w1t
= The purple line is the Euler buckling load Figure D.17:
* The black line is the plastic yield load Force /length

. . . . di
* The red line is the ultimate load according to the Dutch code ragram

= The blue line is the ultimate load according to the formulas of the analysis in
Appendix C
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critical load (N)

Appendix E Calculation example (MatLab)

In Appendix D some hand-made calculations are made for the calculation of the ultimate
load for a single column. The formulas which are used are derived in Appendix C. Appendix E
exists in two parts. The first part is the general part. In this part the way of calculation and
the results of the calculations are discussed. In the second part, the calculation file is
inserted.

E.1  Computer calculations in general

To make calculations, the section properties are needed. The section properties of all HEA
are inserted in the m-file. The correct section can be chosen by a number. For a good
comparison a HE 450A section has been chosen. This is the 16™ section of the list.

MatLab can calculate many iterations. Many lengths can be calculated in a small time period.
There has been chosen for all lengths (with steps of one meter) between one and fifty
meters. This corresponds to a relative slenderness between zero and three.

In Appendix D, in Figure D.7 a force length diagram is given. This diagram is copied to Figure
E.1. As result of the computer calculations, the same force-length diagram can be made (Fig.
E.2). The graphic in Figure E.2 is a more flowing line compare with the graphic in Figure E.1.
Cause of this is the larger amount of ultimate load calculations. For both figures is the Euler
buckling load the black line, the yield load is the purple line, the red line is according to the
Dutch code and the red line is according to the formulas from the analysis of Appendix C.

force (N)

Y T —————.——_—,e_ea

L L _L___L___L___Ld__L___L___L__
|
|
|
|
|
|
|
|
|
|

U i

N
Ul
w
ol
.b““‘
I
ol
&)

length (mm)

10" length (mm) 4

Figure E.1:
Force / length diagram
Hand —made calculations
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Both Figure E.1 and E.2 shows that the ultimate load calculated by the analysis (derived in
appendix C) is close to the ultimate load according to the Dutch code. One point of attention
is the ultimate load for a column length between ten and eleven meters. At this length the
flowing line has an interruption. The cause of this interruption is the change in load case. A
more flowing residual stress distribution and a better yielding zone result in a more flowing
line. If these simplifications will be made, the analysis becomes much more complex.

E.2  Calculation file
This is the calculation file for the computer program MatLab. This file is used to calculate the
ultimate load for a single column.

clear; clf; clc; close;
E=210000;

fy=355;

FF=1e3; %belastingsstap

%input profiles

HEA=[2.124E+03 2.534E+03 3.142E+03 3.877E+03 4.525E+03 5.383E+03
6.434E+03 7.684E+03 8.682E+03 9.726E+03 1.1 25E+04 1.244E+04
1.335E+04 1.428E+04 1.590E+04 1.780E+04 1.9 75E+04 2.118E+04
2.265E+04 2.416E+04 2.605E+04 2.858E+04 3.2 05E+04 3.468E+04; %A

(cross-section)

3.492E+06 6.062E+06 1.033E+07 1.673E+07 2.5 10E+07 3.692E+07
5.410E+07 7.763E+07 1.046E+08 1.367E+08 1.8 26E+08 2.293E+08
2.769E+08 3.309E+08 4.507E+08 6.372E+08 8.6 98E+08 1.119E+09
1.412E+09 1.752E+09 2.153E+09 3.034E+09 4.2 21E+09 5.538E+09; %l

(moment of inertia)

8.301E+04 1.195E+05 1.735E+05 2.451E+05 3.2 49E+05 4.295E+05
5.685E+05 7.446E+05 9.198E+05 1.112E+06 1.3 83E+06 1.628E+06
1.850E+06 2.088E+06 2.562E+06 3.216E+06 3.9 49E+06 4.622E+06
5.350E+06 6.136E+06 7.032E+06 8.699E+06 1.0 81E+07 1.282E+07; %Z

plastic (Section modulus)

7.276E+04 1.063E+05 1.554E+05 2.201E+05 2.9 36E+05 3.886E+05
5.152E+05 6.751E+05 8.364E+05 1.013E+06 1.2 60E+06 1.479E+06
1.678E+06 1.891E+06 2.311E+06 2.896E+06 3.5 50E+06 4.146E+06
4. 787E+06 5.474E+06 6.241E+06 7.682E+06 9.4 85E+06 1.119E+07; %Z

elastic (Section modulus)

4.055E+01 4.891E+01 5.734E+01 6.569E+01 7.4 48E+01 8.282E+01
9.170E+01 1.005E+02 1.097E+02 1.186E+02 1.2 74E+02 1.358E+02
1.440E+02 1.522E+02 1.684E+02 1.892E+02 2.0 99E+02 2.299E+02
2.497E+02 2.693E+02 2.875E+02 3.258E+02 3.6 29E+02 3.996E+02; %i

(Gyration radius)

96 114 133 152 171 190 210 230 250 270 290 310 330 350 390 440 490 540 590
640 690 790 890 990; %h height

100 120 140 160 180 200 220 240 260 280 300 300 300 300 300 300 300 300 300
300 300 300 300 300; %b width
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888599510111212.5131415516.517.519
31; %tf thickness flange

555566657757588599.5101111.512
16.5]; %tw thickness web

m=16;
A(1,1)=HEA(1,m);
I(1,1)=HEA(2,m);
Z(1,1)=HEA(4,m);
h=HEA(6,m);
i=HEA(5,m);
b=HEA(7,m);
tf=HEA(8,m);
tw=HEA(9,m);

Np=A*fy;
Mp=2*fy;

if m<=14;
S=0.5;
ak=0.34;
else
if m<=24;
S=0.3;
ak=0.21;
else
if m<=38;
S=0.5;
ak=0.49;
else
S=0.3;
ak=0.34;
end % if
end % if
end % if
yield1=-(1-S)*fy;
yield2=-(1+S)*fy;

A(1,2)=A(1,1)-2%(0.25*b)*tf;
A(1,3)=A(1,2)-0.5*tw*(h-2*tf)-2%(1-0.25*pi)*2712;
A(1,4)=A(1,3)-2%(0.25*b)*tf;
I(1,2)=1(1,1)-2%(0.25*b)*tf*(0.5*h)"2;
1(1,3)=1(1,2);
I(1,4)=1(1,3)-2%(0.25*b)*tf*(0.5*h)"2;
Z(1,2)=2*1(1,2)/h;

Z(1,3)=2*1(1,3)/h;

Z(1,4)=2*1(1,4)/h;

for k=1:50;
L(k,1)=1000%*k;
e0(k,1)=L(k,1)/1000;
fyl(k)=fy*A(1,1);

% According to NEN 6771
labda(k,1)=L(k,1)/(pi*sqrt(E*I(1,1)/(A(1,1)*fy)
omega(k,1)=((1+ak*(labda(k,1)-0.2)+labda(k,1)"2

sgrt((1+ak*(labda(k,1)-0.2)+labda(k,1)"2)"2-

4*labda(k,1)"2))/(2*labda(k,1)"2);
if omega(k,1)>=1;

21 23242526 27 28 30

12513 13.514.51516
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omega(k,1)=1;

else

omega(k,1)=omega(k,1);

end % if omega
Fnen(k,1)=A(1,1)*fy*omega(k,1);

% According to Euler
FE(k,1)=pi*2*E*I(1,1)/(L(k,1)"2);
FE(k,2)=pi*2*E*I(1,2)/(L(k,1)"2);
FE(k,3)=pi*2*E*I(1,3)/(L(k,1)"2);
FE(k,4)=pi*2*E*I1(1,4)/(L(k,1)"2);

% According to residual stress method

sigmatop(k,1)=0;

f=0;
while sigmatop(k,1)>yield1;
f=f+1;
deltaF1(k,f)=FF*f;
F1(k,1)=max(deltaF1(k,f));
Ftotal(k,f)=F1(k,1);
f1(k,1)=F1(k,1)/FF;
deltael(k,f)=e0(k,1)*FE(k,1)/(FE(k,1)-delta
etotal(k,f)=deltae1(k,f)+e0(k,1);
emax(k,1)=max(etotal(k,f));
el(k,1)=max(deltael(k,));
deltaM1(k,f)=deltaF1(k,f)*(e0(k,1)+deltael(
sigmatop(k,1)=-deltaM1(k,f)/Z(1,1)-deltaF1(
sigmatopl(k,1)=sigmatop(k,1);
sigmabottom(k,1)=deltaM1(k,f)/Z(1,1)-deltaF
sigmabottom1(k,1)=sigmabottom(k,1);
sigmacentre(k,1)=-deltaF1(k,f)/A(1,1);
sigmacentrel(k,1)=sigmacentre(k,1);
Frs1(k,1)=max(deltaF1(k,f));
Frs(k,1)=Frs1(k,1);
end % while

Frs2(k,1)=0;
if FE(k,2)>Frs(k,1)+2*FF;
f=0;
z=(0.5*b*tf*0.5*tf+(h-2*tf)*tw*0.5*h+b*tf*(
2*tf)*tw+b*tf)-0.5*h;

while sigmatop(k,1)>yield2 & sigmacentre(k,1)>yieldl;
f=f+1;
deltaF2(k,f)=f*FF;
F2(k,1)=F1(k,1)+max(deltaF2(k,f));
Ftotal(k,f+f1(k,1))=F1(k,1)+max(deltaF2(k,f
f2(k,1)=F2(k,1)/FF;
hulp=z/(8*E*I(1,2));

etotal(k,f+f1(k,1))=(FE(k,2)*(e0(k,1)+el(k,1)+delta
F1(k,1)*(e0(k,1)+el(k,1)))/(FE(k,2)-F1(k,1)-deltaF2
emax(k,1)=max(etotal(k,f+f1(k,1)));
deltae2(k,f)=etotal(k,f+f1(k,1))-e0(k,1)-el
e2(k,1)=max(deltae2(k,:))+el(k,1);
deltaM2(k,f)=F1(k,1)*deltae2(k,f)+deltaF2(k
sigmatop(k,1)=sigmatopl(k,1)-deltaM2(k,f)/Zz
deltaF2(k,f)/A(1,2);
sigmatop2(k,1)=sigmatop(k,1);
sigmabottom(k,1)=sigmabottom1(k,1)+deltaM2(
deltaF2(k,f)/A(1,2);

F1(k,f))-e0(k,1);

k,f);
kAL, 1);

1(k,fA(L,1);

h-0.5*tf))/(0.5*b*tf+(h-

)

F2(k, f*hulp*L(k, 1)22)-
(k,h);

(k,1);
*etotal(k,f+f1(k,1));
(112)'

k,HIZ(1,2)-
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sigmabottom?2(k,1)=sigmabottom(k,1);
sigmacentre(k,1)=sigmacentrel(k,1)-deltaF2(
sigmacentre2(k,1)=sigmacentre(k,1);
Frs2(k,1)=max(deltaF2(k,f));

end % while
Frs(k,1)=Frs1(k,1)+Frs2(k,1);
else
Frs(k,1)=Frs(k,1);
end % if FE(k,2)

Frs3(k,1)=0;

if FE(K,3)>Frs(k,1)+2*FF;
f=0;
z=(0.5*b*tf*0.5*tf+(h-2*tf)*tw*0.5*h+b*tf*(
2*tf)*tw+b*tf)-0.5%h;

while sigmatop(k,1)>yield2 & sigmabottom(k,1)>yield1;
f=f+1;
deltaF3(k,f)=f*FF;
F3(k,1)=F2(k,1)+max(deltaF3(k,f));
Ftotal(k,f+f2(k,1))=F2(k,1)+max(deltaF3(k,f
f3(k,1)=F3(k,1)/FF;
hulp=z/(8*E*I(1,3));

etotal(k,f+f2(k,1))=(FE(k,3)*(e0(k,1)+e2(k,1)+delta
F2(k,1)*(e0(k,1)+e2(k,1)))/(FE(k,3)-F2(k,1)-deltaF3
emax(k,1)=max(etotal(k,f+f2(k,1)));
deltae3(k,f)=etotal(k,f+f2(k,1))-e0(k,1)-e2
e3(k,1)=max(deltae3(k,:))+e2(k,1);
deltaM3(k,f)=F2(k,1)*deltae3(k,f)+deltaF3(k
sigmatop(k,1)=sigmatop2(k,1)-deltaM3(k,f)/Zz
deltaF3(k,f)/A(1,3);
sigmatop3(k,1)=sigmatop(k,1);
sigmabottom(k,1)=sigmabottom2(k,1)+deltaM3(
deltaF3(k,f)/A(1,3);
sigmabottom3(k,1)=sigmabottom(k,1);
sigmacentre(k,1)=sigmacentre2(k,1)-deltaF3(
sigmacentre3(k,1)=sigmacentre(k,1);
Frs3(k,1)=max(deltaF3(k,f));
end % while
Frs(k,1)=Frs1(k,1)+Frs2(k,1)+Frs3(k,1);
else
Frs(k,1)=Frs(k,1);
end % if FE(k,2)

Frs4(k,1)=0;

%z=0;
if FE(k,4)>Frs(k,1)+2*FF;
f=0;
z=0;

while sigmatop(k,1)>yield2;
f=f+1;
deltaF4(k,f)=f*FF;
F4(k,1)=F3(k,1)+max(deltaF4(k,f));
Ftotal(k,f+f3(k,1))=F3(k,1)+max(deltaF4(k,f
fa(k,1)=F4(k,1)/FF;
hulp=z/(8*E*I(1,3));

k,HIA(L,2);

h-0.5%tf))/(0.5*b*tf+(h-

)

F3(k,f)*hulp*L(k,1)"2)-
((9))

(k,1);
f*etotal(k,f+f2(k,1));
(1,3)-

k,f/Z(1,3)-

k,fIA(L,3);

B
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etotal(k,f+f3(k,1))=(FE(k,4)*(e0(k,1)+e3(k,1)+delta
F3(k,1)*(e0(k,1)+e3(k,1)))/(FE(k,4)-F3(k,1)-deltaF4
emax(k,1)=max(etotal(k,f+f3(k,1)));
deltae4(k,f)=etotal(k,f+f3(k,1))-e0(k,1)-e3
ed(k,1)=max(deltae4d(k,:))+e3(k,1);
deltaM4(k,f)=F3(k,1)*deltae4(k,f)+deltaF4(k
sigmatop(k,1)=sigmatop3(k,1)-deltaM4(k,f)/z
deltaF4(k,f)/A(1,4);
sigmatop4(k,1)=sigmatop(k,1);
sigmabottom(k,1)=sigmabottom3(k,1)+deltaM4(
deltaF4(k,f)/A(1,4);
sigmabottom4(k,1)=sigmatop(k,1);
sigmacentre(k,1)=sigmacentre3(k,1)-deltaF4(
sigmacentre4(k,1)=sigmacentre(k,1);
Frs4(k,1)=max(deltaF4(k,f));
end % while
Frs(k,1)=Frs1(k,1)+Frs2(k,1)+Frs3(k,1)+
else
Frs(k,1)=Frs(k,1);
end % if FE(k,2)

for kk=1:(Frs1(1,1)+Frs2(1,1)+Frs3(1,1)+Frs4(1,1))/FF;

if etotal(k,kk)==0;
etotal(k,kk)=emax(k,1);
else
etotal(k,kk)=etotal(k,kk);
end % if etotal
if Ftotal(k,kk)==0;
Ftotal(k,kk)=Frs(k,1);
else
Ftotal(k,kk)=Ftotal(k,kk);
end % if Ftotal
end % for kk

MF=[6070000; 6042000; 6015000; 5978000; 5930000
5749000; 5657000; 5545000; 5399000; 5220000; 499000
4065000; 3740000; 3429000; 3145000; 2886000; 265000
2080000; 1928000; 1790000; 1668000; 1555000; 145500
1202000; 1132000; 1069000; 1011000; 956000; 906000;
741000; 707000; 675000; 645000; 617000; 591000; 566
502000];

omegars(k,1)=Frs(k,1)/(A(1,1)*fy);
omegaeuler(k,1)=1/(labda(k,1)"2);
omegaMF(k,1)=MF(k,1)/(A(1,1)*fy);

end % for k

%handcalculations
Lhand=[5000 10000 15000 20000 25000 30000];
fyhand=[6319e3 6319e3 6319e3 6319e3 6319e3 6319¢e3];

FEhand=[52827e3 13207e3 5870e3 3302e3 2113e3 1476e

Frshand=[6189e3 5634e3 3940e3 2679e3 1874e3 1348e3]

FNenhand=[6129e3 5371e3 4044e3 2717e3 1769e3 1264e3

labdahand=[5000/(pi*sqrt(E*I(1,1)/(fy*A(1,1))))
10000/(pi*sqrt(E*I(1,1)/(fy*A(1,1)))) 15000/ (pi*sqr
20000/(pi*sqrt(E*1(1,1)/(fy*A(1,1)))) 25000/(pi*sqr
30000/(pi*sqrt(E*I(1,1)/(fy*A(L, ))];

Fa(k,f)*hulp*L(k,1)"2)-
(k,9);

(k,1);
f*etotal(k,f+3(k,1));
(1,4)-

k,fIZ(1,4)-

k.N/A(L,4);

Frs4(k,1);

; 5879000; 5815000;

0; 4710000; 4395000;
0; 2436000; 2251000;
0; 1361000; 1278000;

860000; 818000; 778000;

000; 543000; 522000;

3;

I
t(E*I(1,2)/(fy*A(1,1))))
t(E*I(1,2)/(fy*A(1,1))))
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omegahand=Frshand/(fy*A(1,1));

%plot(L,Fnen,'red");hold
on;plot(L,FE(:,1),'black’);plot(L,Frs,'blue");axis(
1le7]);xlabel('length (mm)");ylabel(‘force (N)");gri
%plot(labda,omegaMF,'green');hold
on;plot(labda,omegaeuler,'black’);plot(labda,omega,
s,'blue’);axis([0 3 0 1.1]);xlabel('relative
slenderness');ylabel(‘'reduction factor');grid;
%plot(Lhand,fyhand,'black’);hold on;
plot(Lhand,FEhand,'m’);plot(Lhand,Frshand,'r");plot
axis([5000 30000 0 1e7]);xlabel(length (mm)");ylab
(N));grid

clear k;
%clear kk;

%for x=2:6295;if Ftotal(5,x)<Ftotal(5,(x-1));Ftotal
1));end;end

%for x=2:6295;if etotal(5,x)<etotal(5,(x-1));etotal
1));end;end

%plot(etotal(5,:),Ftotal(5,:))
%plot(etotal(25,:),Ftotal(25,:));xlabel(‘deflection
(mm)");ylabel(‘critical load (N)");axis([0 250 0 2e
meter");grid

[0 50000 0
d;

'red");plot(labda,omegar

(Lhand,FNenhand,'blue’);

el(‘critical load

(5,x)=Ftotal(5,(x-

(5,x)=etotal(5,(x-

in the midsection
6]);title('Length is 25
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Appendix F Calculation example (Matrix Frame)

In Appendix D and in Appendix E some ultimate load calculations are made. Manually
calculations in Appendix D and computer calculations (with the program MatLab) in
Appendix E. All these ultimate load calculations are based on the formulas derived in
Appendix C. In this Appendix the ultimate load of the same structures are made by
the computer program Matrix Frame. Matrix Frame is a computer program based on
the finite element method (FEM). The calculations in this appendix are made as a
reference.

F.1 Calculations in general
Matrix Frame can only calculate straight sections. To calculate with an initial
deflection the column is split in four parts. The middle of the column (K3) has a

horizontal displacement of . The horizontal displacement of point K2 and point

K4 is % (Fig. F.1, the horizontal displacement is elongate to get a clear view).

These horizontal deflections correspond to a curved column.

Figure F.1
Matrix Frame has a four calculations method. These calculations methods are: Input column
= Geometrical Linear elastic
= Geometrical Non-Linear elastic
=  Physical Non-Linear
=  Physical and Geometrical Non-Linear

F.2  Different calculations

Four different calculations have been made for a column with a length of ten meters and a
HEA450 A section. The different calculations are: geometrical linear elastic, geometrical non-
linear elastic, physical non-linear and physical and geometrical non-linear.

The geometrical linear elastic calculations results in a linear relation between the load on the
column and the deflection of the column. The linear elastic calculation does not take yielding
into account. There is no load limit in this calculation method.

The geometric non-linear elastic calculation is based on the —1formula. This formula is
n —

derived in Appendix A.2. There is a non-linear relation between the load and the deflection.
The limit of the load is the Euler buckling load (F;=13207*103 N).

The physical non-linear calculation (method 3) does take yielding into account. Due to partial
the effective section properties decreases. The deflection increases. The calculation stops if
the whole mid-section yields.

The physical and geometrical non-linear calculation methods take both the geometrical and
yielding influence into account. The normal force multiplied by the deflection results in a
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load (kN)

bending moment. The section fails due to a combination between the normal force and the
bending moment.

Matrix Frame uses a load-control calculation method. If the load increases, the deflection
increases. The calculation cannot continue if the ultimate load has been reached. Matrix
Frame cannot calculate the post buckling behaviour.

The results of the four calculation methods are displayed in Figure F.2 and Figure F.3. Figure
F.2 is the general load-deflection graphic. Figure F.3 is the same graphic zoomed in on the
critical values.

= Thered line is the Linear elastic analysis.

= The blue line is the Geometrical Non-Linear elastic analysis.

= The green line is the Physical Non-Linear analysis.

= The black line is the Physical and Geometrical Non-Linear
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F.3  Maximum load calculation

The physical non-linear and the physical and geometrical non-linear calculation method have
the possibility to calculate the ultimate load. The ultimate load is calculated on several
lengths. With these ultimate loads it is possible to draw a reduction factor curve. The results
can be found in Figure F.4. In the graphic is horizontal axis is the relative slenderness and
vertical axis is the reduction factor. The green line is the line according to Matrix-Frame
calculation, the Dutch code results (red line) and the calculations of Appendix E (blue line)
are drawn in the same Figure. As reference also the Euler buckling load (black line) is
inserted in Figure F.4.
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reduction factor

s 1 15 2 25 3
relative slenderness

Figure F.4
Instabilitycurve

F.4 Residual stress in Matrix Frame

In the buckling calculation of Appendix D and of Appendix E the G
residual stress distribution of Figure F.5 is taken into account. = + =
Three possibilities are worked out to make calculations with * =

residual stresses. These possibilities are clearly described in

Chapter 2.9 of the main report. - %
. . . + S <

To take the residual stresses into account, two calculations are T =

made. The section parameters of all sections have been halved. = =)

The first calculation is the calculation with steel grade $235. The second calculation ~ Figure F.5:

is the calculation with steel grade S460. The section properties and the construction Sii'r?;jtliit;ess
are the same in both calculations. In other words: the geometrical deflections are

equal in both calculations. The only difference is the physical non-linear deflection. These
differences are very small and can be neglected.

F.5 Matrix Frame file
This part of the Analysis exists of the calculation file. In this file the starting positions as well
as the results are given.
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Appendix G Calculation according to the Dutch code

This Appendix is about the ultimate load calculation of the column of an unbraced portal
frame according to the Dutch code. Important for the ultimate load calculation of the length
of a portal frame is the buckling length. The buckling length is not the same as the length of
the of the column of the portal frame The buckling length depends on different aspects. First
(at the most important) is the type of the portal frame. Is the portal frame braced or not.
The buckling length of a braced portal frame is

maximum the column length. The buckling c Tyt c
A 8
length of an unbraced portal frame is at least ‘S;m
twice the column length. The second criterion - F200 e
for the buckling length is the rotation freedom o 3 T - o
A - 50 9.
of the column. 333 T o | 333
The rotation freedom depends on the stiffness 167 -] 1 30 L 167
of the column and the stiffness of the beam. A 133 T - 133
very stiff beam will not rotate. A very soft beam 10 - L 10
rotates very easily. 0,83 -} - 083
0,67 - £ 20 — 0,67
The portal frame of Chapter three is an 05 1 L 05
unbraced portal frame supported by two ] 4 -
hinges. A hinge can rotate freely. The rotation 0337 { - 033
freedom is infinity. The other end of the column 0.25 - T e ko025
is connected with the beam and the rotation 0,17 4 - 017
freedom must be calculated by the following j 1 t
formula: 1 1 F
4 F
zlﬂ o L -4 10 19
c=__Llam (NENG6770art.12.1.1.3)
I Figure G.1:
Z/’[T Buckling length
bm (NEN 6770, art. 12.1.1.3)

In witch g is a correction factor. This correction factor depends on the boundary
conditions at the other end of the beam. In the case of a portal frame g=3.

The value of both rotation freedoms must be filled in a graphic (Fig. G.1) to find the buckling
length.

The calculation of a column loaded by a normal force only is discussed in Appendix D. Talking
about a portal frame, the column is loaded by a normal force only and bending moment. The
bending moment results in extra deflection and in extra stresses. Due to the bending
moment, the ultimate load decreases. The following formula must be used to calculate the
buckling load.

csd 4 n, My;BQU;s;d+Fy;tot;s;dey+ n, XyMy;eqU;s;d

<1.0  (NEN6771art.12.3.1.2)
Nc;u;d ny _1 a‘fbM y;u;d I‘]z - 1 M z;u;d

The stability in this study is based on a single bending moment. The bending moment

M, .equsa is neglected. It is assumed that the columns are critical. Failure mechanism of the
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beam is neglected. In other words: @), = 0. If these assumptions are used, the formula can

be simplified. The following formula exists:

II:IIC;s;d + Ny Myeuso ¥ Friousd® <1.0

n, -1 My;u;d

c;u;d

The following expressions must be used in the formula.

n, = Fe
Y F
y;tot;s;d
M
- _ y;u;d
e, =a, (Ay;re, )IO) N
c;u;d

M, eusa depends on the different moments on the structure and the type of structure. The

following formulas must be used.

‘0'1( My2sa =Myisq ) My s

M y;equ;s;d = max For a braced structure
‘O'GM y;2;s,d
‘M y;mid;s;d

M. cquisa = MaX For an unbraced structure
0.85M .4

By these formulas the buckling load can be calculated.
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Appendix H Linear analysis portal frame

The main subject of this Appendix is an unbraced portal frame.
See Figure H.1 for a schematisation of the structure. For this
structure several analyses have been made. This Appendix is
about the linear analysis. See Appendix |,J and K for other
analyses. The analysed portal frame is out of square and
supported on two hinges. The portal frame is loaded by a
uniformly distributed load. It is assumed that the structure fails
if one of the columns fails.

L{clnd

Figure H.1:
Structure

H.1 Ingeneral
The result of the linear analysis is a straight line in the load-deflection graphic. This line is
displayed in Figure H.2.

To start the analysis the equilibrium
formulas will be used. The result of
moment equilibrium is:

> T|A=0
200k - — — - - — — - - L
qum (1/2me + eO) _VD me = O

300 77777 ‘\‘ 777777 I T 777777777777
I I
I I
I I
| I

T
I
I
I
I
250F - - --- - - —— : *************
I
I
I
I

150 - - - - -

load g (kN/m)

The starting deflection is very small
compare with the length of the beam. |
The influence of this deflection can be i

neglected at the calculation of the o I :F ,,,,,,

vertical reaction force. This results in:
]/qume _VD me = O 0

VD — ql—bm (1/2me) displacement (mm)

|_bm Figure H.2: Colum: Length10m
Load-deflection HE 360A
=1
VD - /qubm Graphic Beam: Length5m
HE 900A

Also the translation equilibriums are calculated:
Vertical equilibrium: Horizontal equilibrium:

szert =O ZFhor =O
aly, =Va =V, =0 H

qum _VA _1/2qum = 0 H
V, =720,

0

A~ Hp=
A= Hp

The portal frame is a one degree statically undetermined structure. The three equilibriums
are not enough to calculate all reaction forces and the deflections. A fourth formula must be
found. This formula is related to the deflections. Both column AB and column CD will deflect.
The elongation of the beam is very small compare with other deflections. Te elongation of
the beam is neglected. The deflection of both columns must be the same.
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The total deflection depends on the rotation of the
beam and on the bending of the column (Fig. H.3).
The floor of an unbraced structure is not supported
horizontally. The displacement of the floor will only
be limited by the columns. The supports of the portal
frame are hinges. These hinges can rotate without
limitations. The rotation freedom of the supports
and the translation freedom of the floor can be
schematized as a cantilever beam with one free end.
The loads on the cantilever beam are the reaction
forces of the supports.

Llcln)

VD

Figure H.3:
Deformation

Important for the stability of the portal frame are the bending moments in the connection of
the columns with the beam. These moments can be calculated as follow:

MB :VAeO_HALcIn Mc :VDeO+HALdn
M B zl/qubmecln - |_IALdn MC zl/qubml/chln + HAl‘cln
M = (Y0l — H,) L Mc = (YaaLy, + Ha) Ly,

Llclnd

The portal frame is out of square. The
horizontal and vertical reaction forces are not
parallel and perpendicular to the working line
of the cantilever beam. The remaining force is
the load perpendicular to the working line (Fig.
H.4). The remaining force depends on both the
horizontal and the vertical reaction force. The
remaining force depends on the deflection too. Figure H.4:

In the linear analysis is this deflection is the initial deflection. Remaining force

eCtotal

eCtotal

The remaining forces at support A and D are:

V V.
FR,A: LA%_HA FR,D: Deo"'HA
cln cln
_ YL, WLy, _ 729L L gn
FR,A_ qLEw ! —Ha FRD_M-}-HA
cln cln
Fea =Yy, —H, Feo =Y200L,, +H,

H.2  Analysis
The analysis starts with the rotation of the beam.
&, = ~Olyn _ Mgl + McLy,

® 24E1,, HE &l

bm

The total deflection of the column AB is as follow:
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Foalyl
QOtal = _¢B I‘cln +l//|—cln +§£—Ic|ln

The formula of the rotation in point B can be used. This results in:

e AB _ _ _qum3 — Mglim + Mcme +yL F I‘cln3
ol 24El, 3l 6l an Fl

cn

This results in:

AB _ qumsL M meLcIn _ Cme cln +l//|_ FRYALdns

24EI, <= 6El, . an g

QOIBJ

cln

The formulas of the bending moments and the remaining force are known. These formulas
can be applied.

AB _ CImechm + ((1/2[//qum - HA) I—cln) meLcln _ ((VZ/IC]me + HA) I‘cln) L L

- bm™cln + L
Gow 24EI, = 6El, . Ylan
+ (]/z//ql-bm - HA) I-cln3
3El,,

Some brackets can be removed.

AB - qumchln + (1/24/qu,“ B HA) mel‘cln2 _ (V#/Qme + HA) mel‘cln2 (1/¢q|‘bm - HA) I‘cln3

QOtal l// cIn

24El, 3l 6El El

bm bm cln

The formulas are written out. Some expressions can be combined together. This results in
the following formula:

AB _— qumchln + l//qumchlnz _ AmeLcln +l//|_ + l//qum c|n3_ H I‘cln
24El,,  1XEl, 7= &, ¥,

QOIBJ

A formula is found to calculate the total deflection in column AB. The same analysis can be
made for column CD. This analysis also starts at the rotation of the beam.
3
¢ = qum + |\/lBI‘bm _ MCme
C
24El, ~ ©El,, El,,

The total deflection is:

FR D I—cln?,

etotalCD:_¢CLcln+ L * 3E|c|n

The formula of the rotation can be used.

3
tha]CD = _( qum + MBme _ CmechIn +l//|-c|n +_RDTcn FR DLcln

24E1, 6El,, &EI El

cln

This results in:
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3

D — _qumchln _ |\/lBmeLcIn + MCmeLcIn +l//|_ + I:R,Dl‘cln
24EI, 6El,, El, Al =

Cl
QOtal
cn

The formulas of the bending moments and the remaining forces are known. These formulas
can be applied.

D _ qumchln _ ((VZ{,[/C{me - HA) I-cln) meLcIn + ((qul‘bm + HA) I-cln) meLcIn

D — +yYL
Qo 24El, 6El,, El, Yl
+ (1/2l»[/q|-bm + HA) I‘cln3

3El

cln

Some brackets can be removed.

D _ _ CImeSLcm _ (1/2l,UQme - HA) mel-cln2 + (qul‘bm + HA) mel‘cln2

q Cl = |_ _'_(1/1711(:I|-bm-l_HA)LcIn3
o 24EI, 6El F

+
l// cln 3E|

bm bm cln

The formulas are written out. Some expressions are the same and can be combined
together. This results in the following formula:
Ch — _ qumsLdn + qubmzLdnz + |_IAmeLcInZ +w|_ + qumeclns + |_IALcIn °

24El 1261, y= . n &l K=

etotal

Two formulas are found to calculate the total deflection. One formula for the total deflection
for column AB and one formula for the total deflection for column CD. Both formulas have
two unknowns. The first unknown is the total deflection and the second unknown is the
horizontal reaction force. The total deflection in both columns is the same(e[ma] AB = elmajc").

The following formula is created.

qumchln + qubmchlnz — |_lAmeLcan qumecln3_ HAL °

+‘//Lcln + =
24El, 12E1, El,, &, El,,
— qumchIn + qubmchlnz + |_lAmeLcan +chIn + qumecln3 + HAI‘cIn °
24El, 12E1, . El,, &, El,,

The same expressions can be combined or neglected. This results in the following formula:

qumSLcln _ |_IAmeLclnz _ 2HAl‘cln3 — O
12El, El,. Fl,,

The only unknown value is Ha. This value has been separate from the rest of the formula.

H meLclnz_,_ZLcln3 :qumSLcln
* B, 3El,,) 12,

The formula is not clear enough. All expressions are multiplied to get the same denominator.
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H 12meLcln2E|cIn + a‘clnSEI bm — qumchInElcln
A 12e1, EI, 128 El, ) 1FEl El

The denominator can be neglected. The formula of the horizontal reaction force is created.

H —_ ql-bmsl-clnEI cn
3 12meLcln2E| cln + a‘cln3E| bm

The formula that is found can be checked on the dimensions.
N Nm™m*mNmm*
mm?’Nm~2m* + m®*Nm ’m*

N?m®
"~ N + NmP

The dimensions of the formula are correct. The formula does not have big mistakes.

The last part of this Appendix is a list of all formulas. All forces and the maximum deflection
can be calculated by these formulas.
Vy =YL,
V, = el
- qumSLcInEI cln
8 12meLcIn2E| cln + 8I-cln?’EI bm
— qum3LcInE|dn
? 12meLcIn2E|dn + a‘cln?’EI bm
Mg = (1/2‘/’q|—bm - HA) Lein
I\/IC = (1/21//q|-bm + HA) I-cln
— qumSLcln + ¢Iq|—bm2|—cln2 + HAI—bml—cln2 +¢1Lc|n + [/Iql—bml—clns + H/.\l—cln °
24El, 1261, y:= . &l ¥,

e[otal =
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Appendix I Residual stress in the linear analysis

In Appendix H the linear analysis of a portal frame has been analyzed. The analysis in
Appendix H does not take residual stress into account. Due to residual stress, a loaded

structure will yield in parts. Due to partial yielding the effective &%
stiffness decrease. The deflection increase. The residual stress +
distribution is described clearly in Chapter 1 and in Appendix D. The =R s =
residual stress distribution can be found in Figure I.1.

- *
It is assumed that the beam will not fail. The portal frame has two .
columns. Both columns can fail. The portal frame is out of square - s =
and the columns are not loaded equally. One column is heavier =] (=15
loaded than the other column. In this analysis only one column yields and the other Figure I.1:

column keep the original stiffness. The assumption that the beam will not fail must Residual stress
be checked afterwards. distribution

L1 In general
Due to the used residual stress distribution, the column of the portal frame can partial yield
in three parts. The first part is the half of the right flange. The second part is the half of the
left flange. The third (and last) part is

the second half of the right flange. If 400
the third part is yielded, the stiffness
has decreased too much. The
structure cannot resist more loads. 00—~ oo T e
The structure fails. The order of the
analysis in this Appendix is also related
to the loading part.

L e e i e

250 — == —mmm

L e e L e e EEE

load q (kN/m)

In Figure 1.2 the load-deflection e i

graphic is displayed. The blue line is 100F - == -
the load displacement graphic is the

. . . U i e
residual stress is taken into account.

The red line is the original o ™
displacement graphic (without displacement (mm)
residual stress). The green line is the
deflection if the second part (left Figure |.2: Column: Length 10 m
f] ) d t vield Load-deflection HE 360A
ange) does not yleld. Graphic Beam: Length5m
HE 900A

L2  Analysis if one part yields

In this part of the Appendix the structure is loaded by an original load. The effective stiffness
of the column is decreased. The half of the right flange is already yielding. This is the first
yield part. The second load case starts. The first load case is the linear analysis according to
Appendix H.

Before the analysis starts it is important to know what the symbols are.
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a1 original load

e original deformation

Ha1  original horizontal reaction force in point A
Va1  original vertical reaction force in point A
Fra1 original remaining force in point A

Hp:  original horizontal reaction force in point D
Vp1  original vertical reaction force in point D
Frp1 original remaining force in point D

The following formulas are known from Appendix H:

VD total ,2 = 1/2qtotal ,2me

VA total ,2 1/2qtotal ,2me

Atotal ,2 — =H

H

M B,total ,2 (/ 2ll/qtotal 2me Aiotal ,2) I-cln

MC total ,2 (/Mqtotal 2me Alotal ,2) Lcln

qtotal 2me _ M B total ,2me + MC fotal ,2me

D total ,2

Posaa 2 = 24EI, <= 6El,,
¢ qtotal 2me Btotal ,2me _ MCiotaI ,2me
Cutal 2 T 24, 6El, . Fl,,

Al formulas above do not depend on the stiffness of the column. These formulas are still
valid. If the formulas depends on the stiffness of the column the formula must be separate in
an original part and an additional part. For the original part, the original stiffness must be
used. For the additional part the reduced stiffness must be applied.

Faalan . Frastar
e[otajvaB:_¢B,t0ta|,2LcIn+chln+ ;é|ldndl * gé\lz |

cln,2
Foo.L,> Fop L2
CD R,D,1=cIn R,D,2=cln
Qmal,z ¢C total , 2Lcln +‘//Ldn + 3E| + 3E|
cn,1 cln,2

The loads F; , and F;, are splitin the formulas. The formulas of this expression must be
separated too. The formulas are relative easy because of the linearity of this analysis.
Froa1=74)0L,, —Ha

FR A2 T = /ﬂ//qZme

FRDl_j/illqlme-i- HAl

I:RD2 - /ﬂ//qZme-i- HAZ

The total deflection of column AB can be analysed. The analysis starts with the following
formula:

Fraslan . Fraolan
e[otaJ,ZAB:_¢B,t0ta|,2LcIn+den+ f:EA|ld:1 * gélz I

cln,2
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Filled in the formula of @y, , resultsin:

q AB _ _ _qtotal,Zme3 _ M B total ,2me + MCIotal ,2me L +l//|_ + FR A,:!‘cln3 + FR A ,J'CIns
o2 24Kl bm E bm eEl bm o o E cn,1 E cn,2
The formulas of Mg 1 2 M g 2» Fraia@nd Fg ,, are known and can be used.
e[ AB _ _ _qtotal,Zme3 _ ((1/24Iqtotal,2|-bm - HA,total ,2) I‘cln) me + ((V#Iqtotal ,2me + HAtotaI ,2) I-dn) me L
o2 24El,. FEl,, 6El o
- (1/2‘//Ou|—bm - HA,l) Ly’ N (1/1//qZ|—bm - HA,Z) Ly’
o 3EI cln,1 3E| cln,2

All expressions can be written out.

AB _ qtotal,Zmechln + l//qtotal ,2me2|—c|n2 _ HAIotal ,2|‘bm|—cln2 _ l//qtotal ,J‘bm 2|‘cln ? _ HAtotaI ,J‘bml—cln ?

Sz = o g 6El,, E 1El,, &

+(,[/|_ + ¢Iql|‘bm|‘cln3 _ HA,lLCIﬂ3 + ¢IqZ|‘mecln3 _ HA,2|—cln3
T BEl 3El 6El 3El

bm bm

cn,1 cn,1 cn,2 cln,2

Some expressions can be combined together. This results in the following formula:
3 2 2 2
AB _ qtotal,Zme I-dn + wqtotal,zl‘bm I-cln _ HAlotaI ,2meLcIn +ch|n

etotal,z - 24E] N 1E] n E| -
+[/Ioﬂ.meLc|n3 _ Haslan + YLl H ol
6El ., 3Ely, . 6El, , E,, ,

In the formula above two parameters are unknown. These unknowns are: the total
deflection and the difference in horizontal reaction force. The same analysis can be used for
the total deflection in column CD. The total deflection of column CD can be calculated by the
following formula:

3 3
L + I:R,D,Zl_dn

I:R,D,l cln

3El,, 3El

co _
Cota2  — _¢C,t0tal ,2Lc|n +‘//|—c|n +

cln,2

Filled in the formula of @ ., , results in:

3 3 3
a CD _ _[ qtotaJ,Zme + M B total ,2me _ MC fotal ,2me FR p ,:!‘cln + FR D ,J'CIn
otal ,2 -

El EI

24E1,, 6El E

bm bm cn,1 cn,2

JLdn +l//LcIn +

The formulas of Mg . 2 Mc o 2» Frpiand Fgp, are known and can be used.
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D _ _ qtotal,Zme3 + ((1/24Iqtotal,2|-bm - HA,totaI ,2) I‘dn) me _ ((1/#Iqtotal ,2me + HAtotaI ,2) I-cln) me

Cl
= L
Qo 2 24El, 6El, . El, cin
+yL, + (l/zwal‘bm + HAvl) l‘dn3 + (Vz/lqume + HA.z) Lcln3
o 3EI cln,1 3E| cln,2

All expressions can be written out.
3 2 2 2 2 2 2
CD _ _ qtotal,Zme I‘cln _ ‘/lqtotal,Zme I‘cln + HAIotaI ,2meLc|n + l//qtotal ,J‘bm I‘cln + HAtotal ,J‘mecln

Qotal, 2~ 24E1 121, e&El,,, &, El,,
+(,[/|_ + ¢Iql|‘bm|-cln3 + H A,ll—cln3 + qu meLC|n3 + H A,2|‘cln3
o 6EI cn,1 3E| cln,1 6E| cln,2 3EI cn,2

Some expressions can be combined together. This results in the following formula:
3 2 2 2
CD _ _ qtotal,Zme I-cln + wqtotal ,2me I-dn + HA,totaI ,2meLcIn +den

etotal,z - 24F] bm 1E] N = .
+w0ﬂmeLC'n3 + HAvlLC'ns _|.‘//qz|-bm|-c|n3 + HA,zl-cm3
6El 4., 3El g1 6El,, , Ely, ,

For column AB and for column CD a formula is found to calculate the total deflection. Both
formulas have two unknowns. The first unknown is the total deflection and the second
unknown is the extra horizontal reaction force. The total deflection in both columns is the

AB _ CD
same (etotaJ,Z = Cotal 2 )

The following formula is created.
qtotal,2me3Lcln + wqtotal ,2me2LcIn2 _ HA,total ,2meLcIn2

+yYL
241, 1261, .= Vhar
+li[/ql|‘bm|-cln3 — HA,lLC'“S + qumeLclns _ HA,ZLCIn3
6EI cn,1 3E| cln,1 6EI cn,2 35' cn,2

_ qtotaI,ZmeSLcIn + l//qtotal ,2me2Lcln2 + H Atotal ,2me I—cln2
24EI, 1261, . 2El, .

_I_éll(qj‘l_mecln3 + HA,lLC|n3 _{_()[/qzl—me(;ln3 + HA,2LcIn3
6El 3Ely,, 6El,, , g,

+chIn

cn,1

Some expressions are the same. These expressions can be combined or neglected.

qtota],szmchln _ HA,totaJ ,2meLcIn2 _ 2HA|1I‘c|n3 _ HA,}CMS _ HA ,J‘cln3 =0
12E| bm EI bm Eldn,l EI cln,2 EI cln,2

Ha2 is the desired expression. This expression will be separated from the rest of the formula.
Attention: in the expression of Ha total 2 iS also @ Ha » expression hided.
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HA,ZI‘me‘dn2 + ZAH A,2Lc|n3 — qtotal ,2me3LcIn _ HA,lmeLcIn2 _ 2HA,J‘dn3
El 3El 12El, . El FEl g,

bm cln,2 bm
To make the formula more clear all expressions must have the same denominator. This

results in:
12H A,2|‘bm|‘cln2EI cln,lEI cln,2 + 8HA,2LcIn3E|me|c|n ,1:

12E| meI cln,lEI cln,2 125' meI cIn,lEI cn,2
qtotal,ZmeSLclnEI cln,lEI cn,2 _ 12H A,1me|‘cln2EI cln JEI cn,2 _ 8|_IA ,l‘clnsEI meI cln,2
12E| meI cln,lEI cln,2 125' meI dn,lEI cln,2 12E| meI cln,lEI cln,2

Every expression has the same denominator. This denominator can be neglected.
12H A,2me|‘dn2E|dn,1EI + 8HA,J‘cIn3EI meI cn 1

= qtotaI,ZmeBLclnEI dn,lEI cln,2 _12H A,ll‘bml‘cln2EI cln JEI cln ,2_ 8H A ,l‘dngEI meI cn

cln,2

This formula can be used to find the formula ofH , , .

— qtotaI,ZmechlnEI cln,lEI cln,2_12HA,lmeLdn2E|dn JEI cln ,2_ a_IA ,l‘clnSEI meI cn ,2

H
A 12meLcIn2E|cIn,1E|cIn,2 + 8Lc|n3EI mechn,l

All parameters of this formula are known. The formula of Ha 1 is known and can be used. It is
also possible to calculate with the numerical value of Ha ;.

Two checks are made to avoid mistakes. First a check on the dimension.
Nm  m*mNm™2m*Nm-m*= NmmNm M Nm™ m “~ Nm Nm™ m NAm™ i -

N =
MM NM2m*Nmm*+m¥™Nm mNm m*

_N*m’ = N*m’ - N’
N?m’ + N?m’

N

The dimensions are correct.

The second check is the check on the stiffness. If El , , = El , , = El ; the horizontal reaction

force must be equal to the formula found in appendix H.

— qtotaI,ZmechlnEI cInEI cln _12H A,lL L 2EIcInEI dn a_lA,lL 3EI meI cln

bm —cln cln

12meLcIn2 El clnEI cn + 8|‘cln3E| meI cln

HA,Z

All expressions van divided by El .
- qtota],szmchlnElcln _12HA Lol 2EI

,1—bm —cln cln

12L, L, 2El, + 8., °El,.

bm™cIn

-8H, L

cln

*El,,,

HA,2

The formula can be split in two expressions. The first expression depends on the total load
and the second expression depends on the original horizontal reaction force.
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H = qtotal,szmaLclnElcln _ HA,l(lszmLclanI cn + 8-c|n3E| bm)
h 12meLcln2E|dn + a‘clnsEI bm 12‘medn2E| cln + 8'cln3E| bm

The numerator and the denominator of the second expression are the same and can be
neglected. This results in the following formula.

qtotal 2me3 I-clnEl cln
Hy,+H,,= '
ALCTAZ 1oL L 2B, + 8L, CEL,

bm™—cln

This results in the same formula as found in Appendix H. The second check is found
correctly.

It is possible to simplify the formula.

— qtotal,ZmeSLclnEI cln,lEI cln,2_12HA,lmeLdn2E|dn JEI cln ,2_ a_IA ,l‘clnsEI meI cn ,2
12meLc|n2EI cIn,lEI cn,2 + 8LcIn3EI cIn,lEI bm

HA,2

The total load (g, ,)can be separate in the original load (q,) and an extra load (q,)

H - (ql + q2) mesl-clnEI cIn,lElcln,2_12HA,J‘mecln2E|cln ,JEchn ,2_ 8_|A ,l‘cln:‘}EI mechn z
A2 12L, L, °El,..El, ,+8., El, FEl.

cn,1

cn,1="cln,2

If the order of the formula is changed, the following formula exists:

H — q mechInEI cIn,lEI cln,2 _ 12meLcIn2E| cIn,lEI cln,2 + a‘cln3E| meI cn,2
h2 l12mel‘cln2E|cIn,lElcln,z + a‘cln3E| cln,lEI bm - 12‘mec|n2E| cln,lEI cn,2 + 8'cln3E| cln,lEI bm
+q l‘bmgl‘clnEI cln,lEI cn,2
’ 12me LcIn2EI cln,lEI cn,2 + 8|‘cln?,EI cln 1E| bm
L El
The formula of Ha 1 is known (App. H); (HM = Oﬂlgbm n il . This formula
12meLcln EI cln,1 + a‘cln EI bm
can be used in this formula.
— megl-clnEI cln 1EI cln,2
HA,2 - ql 2 ’ 13
12meLcln El cln,lEI cln,2 + 8|‘cln El cln,lEI bm
_ql megl—cmEI cn,1 (:]'Zl‘mecln2EI cIn,lEl cn,2 + 8LcIn3EI meI cIn,2)
(12L 5 Lo ?El g + Bl Bl i) 1200 b0 El 1Bl 2 + 8l El g
+ me3|-clnEI cIn,lEIdn,z
q2 12meLdn2 EI dn,lEI cn,2 + a-cln3E| cln 1EI bm

In the second expression a part of the numerator and the denominator is the same. This can
be neglected. This results in the following formula:
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mesl‘clnEI cIn,lEIdn,z I‘bmsl‘clnEI cln,lEI cln,2

Hpz = -

A2 ql:I'ZmeLclanI cln,lEI cln,2 + a-cln3E| cln,lEI bm ql lz‘medanI cln 1EI cln ,2+ 8'dngEIdn EI bm
+ me3Lcln EI cln,2

q2 12meLcIn2E| cln,2 + a-cln3E| bm

Two expressions are the same and can be neglected. The final result is relative easy formula:

I‘bmgl-dnEI cln,2
12me I—c|n2 El + a‘c|n3E| bm

Hayo =0,

cln,2

L3  Analysis if two parts yield

The formula found in Appendix 1.2 is only valid at the second load case. The formula of the
first load case is already known (linear analysis without residual stress, App. H). The formula
of the third load case can be analyzed on the same way as the second load case. This analysis
is only a replay of the formulas. Because of this the analysis is not included in this Appendix.
The results of the analysis are:

qlmechlnEl cn,1

A 12meLcIn2E| cn,1 + a‘(:In3E| bm
= qZmeSLdnEI cn,2
h2 12meLcIn2E| cn,2 + a-<:In3EI bm

- qSI‘bmchlnEI cln,3
A 12meLcIn2E|cIn,3 + 8Lc|n3EI bm

There is a logical relation between the load case and the horizontal reaction force. These
formulas can be generalized in the following formula:

H —_ q mechInEldn,i
A 12meLcln2E| + a‘cIn3EI bm

cln,i

The subscript i is the related to the load case. The first load case is before yielding. The
second load case starts if the half of the top flange yields. The third load case starts if both
the top flange as well as the bottom flanges is half yielded.

The formula of the extra horizontal reaction force is known. This formula can be used to find
the total deflection. In Appendix H and in Appendix I.2 two formulas for the total deflection
are found. These formulas are:

_qI.meSLcIn + 4[/(t11|-bm2|‘cln2 + HA,lI‘mecln2

+ wa.meLclns + HA,ll‘cln3 .

= + L ;
qc‘tal * 24E| bm 125' bm ZEI bm w o EI cn,1 :EI cn,1
of I-msl-cn w of I-mchnz H of mLcn2
qotaj,z :_qttal,z b | + qttal,z b | + A total ,2Lb | +w|—dn
24El, 12El, . El,
+wq1meLc|n3 + HA,ll-cln3 + (;[/(:Izl—t_)ml—cm3 + HA,2Lcln3
6EI cn,1 3E| cln,1 6E| cln,2 35' cn,2
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The formulas of H,, and H, , are known. These formulas can be used in the formulas.

) - _ qlmechIn + ‘/lqlmechlnz + meSLdnEI cnl1 I‘bml—cln2 +l//|_
oeld 24E| bm lZEI bm lz—meclanI cln,1 + 8'cIn3EI bm EI bm o
+ wal‘bm I‘cln3 + ql me3 I‘cln El cn,1 Ldns
6EI cn,1 12meLc|n2E|c|n,1+ 8‘cln3E| bm SEIcln,l
a - _ qtotal,Zmechln + wqtotal ,2|‘bm2|‘cln2
o2 24EI, 12E1,
+ 0& mesl‘clnEI cln,1 +Aq I‘bmsl-clnEI cln,2 I-bml—cln2 +l//|_
12meLcln2E|dn,l + 8I‘cln3E| bm ? 1z‘mecIn2E| cln,2 + 8'dn?,EI bm EI bm o
+ l)[/q;]_l-bml—cm3 + mesl-clnEI cln,1 Lc|n3 + ‘/lqz mel-cln3 + q mesl‘clnEI cln,2 I—c|n3
6EI cln,1 12meLcIn2E| cln,1+ g-cln3E| bm 35' cn,1 GEI cln,2 ? 12—mecIn2E| cln,2+ 8'cln3E| bm EI cln ,2

In both formulas some simplifications can be made. Some expressions in the numerator and
the denominator are the same and can be neglected. The order of the expressions has
changed.

L 3L WL 2L, *°
- |_ _ bm_ —cln + bm_ —cln
etotal A l/’ cln ql 24E| o ql 125' o

3 3 2 4
+q1 wmeLcln + ql me I-cln + ql me I—clnEl cln,1 .
6El cn,1 36|_me| dn1 + 24_°|nE| bm 24meE| meI cn,1 + 1G—c|n ( El bm)
m3Lcn ¢/L m2|-cn2
etotal,z = chIn - qtotal ,ZZZ_TIUI“ + qtotal ,Zlbz—lbnll
+q1 l//meLdns + I-bmal—dn2 me4LcInEI cin,1

+
6El cn,1 ' 36meE| cn,l1 + 24'C|nEI bm ql 24meE| meI cn,1 + 1a‘cln (EI bm)2

4
wmeLclns + q2 I‘bmsl‘cln2 + q me LclnEI cn,2

+q
’ 6El cln,2 36meE| cn,2 + 24LC|nEI bm ’ 24meE| meI cln,2 + 1&cln ( El bm)2

The second formula is an extended version of the first formula. All expressions in the first
formula can also be found in the second formula. The relation between the formulas is clear
enough to make a general formula for the total deflection. This general formula is:

L, L wL, L’
=yL., + _—bm cn 4 - ~bm "dn
etotal,l w cln qtotal,l 24E| o qtotal,l 123 -
zq ¢I|‘bm|-cln3 _ _q mesl‘cln4 q I‘bm4|‘cln3EI cln,i
i I 6El cln,i I 36I‘bml-clanlcln,i + 24‘c|r13E| bm I 24'I-bm|‘cln2E| meI cln,i + 1G‘cln3(E| bm)2

As summary of this Appendix the formulas of the reaction forces and the deflection are
summed up.

Vo total i = 720kota i Lom

VA,totaI i = 1/2qtotal i me
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M Bitotal i — (1/ 2 Ooral | Lom —H Atotal j ) Lan

M ot = (1/29[/ Ohotal ; Lom T H Aot ,i) Lo
— q I‘bmchInEI cln,i

Hai =
. 12meLcIn2E| cln,i + a‘clnsEI bm
L, L oL, L,°
=yL., + _—bm cn 4 ¥ ~bm "dn
etotal,l w cln qtotal,l 24E| o qtotal,l 123 -
+Zq wmeLclns _ _q mesl-cln4 q me4Lc|n3E| cln,i
i | GEI cn,i I 36meLc|n2E| cln,i + 24-clnSEI bm | 24'me|-c|n2E| meI an,i + 1a‘cln3(E| bm)2
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Appendix ] Non-Linear analysis portal frame

The linear analyses are made in Appendix H and in Appendix. Appendix H was a linear
analysis without residual stresses and the linear analysis in Appendix | was including residual
stresses. At a linear analysis the deflections do not influence the reaction forces. At a non-
linear analysis the deflection does influence the reaction forces. The reaction force influence
the total deflection and the total deflection influence the reaction forces. Because of this
relation the formulas become very complex.

The initial deflection is 0.4 percent of the column length (NEN 6771 art. 10.2.5.1.3). This
value is very small and could be neglected (and is neglected in the linear analyses). The total
deflection can increase till 10% of the column length or even larger. The influence of the
total deflection cannot be neglected.

In this Appendix the same portal frame will be analyzed as in Appendices H and | (Fig. J.1).

The formulas in this Appendix are related to a section without residual stress. In practice, the
ultimate load is slammer than the ultimate load found in this Appendix. Due to the residual
stress, the deflection increases and the ultimate load decreases. The influence of the
residual stress will be discussed in Appendix K.

Llcln)
load q (kN/m)

Figure J.1:
Structure displacement (mm)

Figure J.2: Column: Length 10 m

Load-deflection HE 360A

Graphic Beam: Length5m
HE 900A

J.1 In general
The basic principle of the non-linear analysis is the same as the linear analyses and starts
with the equilibrium formulas.
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Moment equilibrium: Vertical equilibrium: Horizontal equilibrium:
leA:O ZFvert:O thor:O
qum(1/2me+QOtal)_VDme = 0 qum _VA _VD :O HA_HD :O

Ol (V2L + €
VD= Lb ( L:j e[tal) qum_VA_q(l/Zme-'-QOtal):O HA=HD
VD = q(l/Zme * 8ol ) VA = q(l/szm ~ Cota )

As same as the linear analysis the stability of the portal frame is based on the bending
moments in the intersection point of the column and the beam. The rotation in the beam
and remaining force in the supports are important to calculate the total deflection of the
portal frame (Fig. J.3 and Fig. J.4).

Llclm

F(RDD

etotal)

Llcln)

etotal)
|
//,’
>
= N

Figure J.3: Figure J.4:
Deflection Remaining force
Bending moment in B Bending moment in C
I\/IB :VAetotal - HAl‘cln I\/IC :VDe[otal + HDLcIn
M B = q(l/Zme - QOtal )Qotal - HALcIn MC = q(l/Zme + Qmal )QOtal + HALcIn

It is assumed that the columns are critical. The beam is strong enough and will not fail.
Lateral buckling and other failure mechanism in the beam does not occur. Column CD is the
heaviest loaded column fails before column AB fails. Column CD is the critical element of the
structure. The analysis is about the failure of column CD. If the column fails, the structure
collapses.

The portal frame is out of square. The columns are deflected. The reaction forces are not
parallel or perpendicular to the working line of the column. Both the horizontal as well as
the vertical reaction force have influence on the total deflection of the column (Fig. J.4).

Fra and Fgp are the remaining loads in point A respective point D. These loads depend on
the reaction forces and on the deflections. The relation between the deflection and the
length of the column is the same as the relation between the remaining load and the
reaction forces (See Fig. J.5 for angle a ).
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sin(a) = Saa. el

[ T clehe
cln
2 2 =
_ \/Lcln ~CQota _ g Figure J.5:
cos@ )—L— =] 2 Angle
cin S

The remaining force in point D:

The remaining force in point A:
Fro =Vpsin(@)+H, cos@ |

Fan =V,sin(@)-H, cosf )
Fop =V, ?_Ofal +H, F

cln

a=Va ?_Otal —H,

cln

Fro = (1/2me +€,, ) ?_otal +H, Fea= q(1/2|_bm -, ) Botal

A
cln

cln

The follow formulas are found:
Vp = Q(l/Zme * Gota )

Vi = A(elor ~ €a )

H,=H,

My = (1/2L ~€ow ) €ow ~ Haben
M. = Q(/Zme * Gotal )Qmal +H ALy,
F

R,D q(]/Zme + e[otal ) ?_Otal + H

cln

= q(l/Zme - e[otal ) elt_otal - HA

cln

The angles in the points B and C can be calculated by standard formulas for a beam on two
supports. The angles ¢, and @, can be calculated as follow:

_ -l Mgl . ML
¢B = bm _ B ~bm
24l El,, €,
¢c = ql-bm3 + MBme —_ MCme
24El,  6El,, El,,

The total deflection is the summation of the initial deflection, the deflection due to the
rotation and the deflection due to the remaining force. This is the same as the linear analysis

in Appendix H. The deflection due to the remaining force is also the results of a standard
formula. The total deflections are:

AB _ F I‘cln3

Qota  — _¢B I‘cln +w|—cln +3E—Ic|n

Frolan

QOtaICD = _¢CLcln +w|—cln +;E—|:nn
€44 " is the total deflection in column AB.
€44 " is the total deflection in column CD.

LXXI



The total deflection of column AB (qotajAB) is the same as the deflection of column

CD (QOtaICD) :

]2 Deflection of column the column

First the deflection of column AB has been analyzed. To start the formula the basic formula
has been written.

F AL *

L.+ cin

etotal ¢B cln w cln 3E|

cn

@, is a known expression. This expression is filled in the formula:

AB _ ql-bm3 + M Bme MCme + I-cln3
= - L. +F
Qo (24EI R = TR = T Ylan * Fra FI

cln

The expressions of Mg,Mand F , are filled in the formula. This results in:

e, = by +(q(1/2Lb ~ € )€ — Hall ) Lo —(q(l/zL + €0 ) Bo + Hal ) Lm ||
otal 24E] - m otal otal A™cln 3 - bm otal otal A™=cln 6El cln

bm

q Lyn
+‘//Lcln + (q(l/Zme - QOIBJ ) Lotal - H j3Eclln
cln cln

This formula is a function of two unknowns. These unknowns are ei.ta and Ha. Finally both
unknowns must be found. In the linear analysis it was easy to separate €. In this non-
linear analysis there are more expressions with ea. Not all expressions of eia are linear
but also quadratic expressions are included. The quadratic expressions results in complex
formulas. Chosen is to separate Ha. This is easier for the analysis.

3
H L me *L H Ldn me L +H I‘cln —

on 3E| A 6El - cin 35' o
e Ly, Loy
(24E| N + (q(l/Zme QOIBJ )QOIBJ ) 35' ( (1/2me + qotaj )Qotal ) &l n j Lcln
L 3
+‘/I Lcln + {q (1/2 me QOtal ) ?_Otaj j 3Ed|n - QOtaJ

The left part of the formula exists in expressions of Ha and the right part in expressions of
€rotal- SOMe expressions are the same and can be combined together.

meLcIn +H Lcln3 - qumaLcIn + qumchInQOtal - qumLcInQOtaJ qumLcIn ZQOIBJ —- c]Lcln 7QOtaJ +w|_ q
A2l “3El,, 24, 1El,, El, &, &, o

The denominator is not the same for all expressions. For a clear calculations it is useful to
multiply all expression to create everywhere the same denominator.
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12L!:)ml‘cln2EI cln + 8—clnSEI bm — ql‘bm3|—<:lnEI dn 4 memchanOtal Elcln - 1ameLcanOta12E|cln

A 24El, El, 241, El 241, El . 2&1, El .
+ 4qumLcInZQOtaI El bm _ 8qLcInZQOtaI 2EI bm + 24ﬂl‘clnEI mechn _ 24&0tal EI mechn
24El, El, 2/, El, 24El, El, 241, El,

All denominators are the same and can be neglected. After neglect the denominators, Ha can
be taken as a function of et

(qumchlnEI cn + 2qum2LcInQOta| El dn 1memLcInQOtaJZE| cn + 4qudenZQOtal El bm]
H AAB -

_8qLcInZQOtal 2EI bm + 24ﬂ I-cInEl meI dn 2laotal EI meI cln
12, L, ’El, +8., Bl

bm —cln

Secondly the deflection of CD has been calculated. Again starting with the following formula:

Feole n3
etotalCD = _¢CLcln +¢/Lc|n -I_%ld:1

Use the formula of @, in the formula:

tha]CD = - qum3 _ |\/lBme + MCme Ldn +l//Lc|n+ I:R,DLcln3
24El,  6El,, FEl,. E

cln
The formulas of Mg, M and F, , filled in the formula:

L
o +(q(1/2me+QOtal)QOtal +HA|—c|n) me jl_cm

24E1,,

s = =3 (4L, ~ G ) s ~ H L)
otal m otal otal A™=cln 6E| o 3E| o

3
Ld n

3El,

+w|-c|n + (q(l/zl‘bm + Qotal ) T_Otal + HA]

cln

Again there are two unknowns: e and Ha. Ha will be separated from the rest of the
formula.

3
_HALcIn me Lcln - HALdni I-cln - HALCI—n =
6El, 3El,, El,,
L 3
[_ 2q4EbrInbm - (q (1/2me - Qotal )Qotal ) GE)I:m + (Q(]/Zme + QOtaJ )QOtaJ ) 3|;in;m j I‘cln
L 3
+chln + (q(l/Zme + Cotal )%jﬁ ~ Cotal
In cln

The left part of the formula exists in expressions of Hx and the right part in expressions of

€total- SOMe expressions are the same and be can combined together.

me I‘cln2 I‘cln3
-H

A2ElL, M 3El,

- — qumchIn + qumchInQOtaJ + qumLcInQOtal ? + qumLcIn 2QOtaJ + qLcIn éotal ? +l//|_ - q
24El,, 12El,, El,, &l g, El,, o
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The denominator is not the same for all expressions. For a clear calculations it is useful to

multiply all expression to create everywhere the same denominator.
120, L

_H bm —cIn

2EI cln + 8—cln?’EI cn — _ qumaLcInEchn + ZJl‘bmzl‘canOtal El cn 4 1ameLcInQotalel cln
A 24El, El,. 241, El, 2£1, El, 2|, El,
+ 4qum LcInZQOtaI El bm 8qLcanQOtal 2EI bm 24il/l‘clnEI mel cn _ 24@0ta| El mel cln
24El, El,, 241, El, 24El, El 241, El,

All denominators are the same and can be neglected. After neglecting the denominators, Ha
can be taken as a function of eictal.

{ql‘bmgl-clnEI dn 2qum2LcInQOtal EI dn 12qumLcInetota12E| dn 4:Il‘bml‘clnze[otal EI bm]
H Chb — _8qLcInZQOtal zEl bm 2‘kﬂl‘clnEI meI cn + 2‘Eota.l El meI cln
A 12meLcIn2E| cn + a-cInSEI cln

J3 Calculation of the deflections
As discussed before the total deflection of column AB and the total deflection of column CD

are the same. In other words: €,,"® =e_,". This is also the case for the horizontal forces:

Ha™® = Ha®®. The two expressions found before are equal together. The following formula is
created.

ql‘bm?,LcInEI cln + 2qum2LcanOtal El dn 12qumLc|nQOta|2E| cn + 4]meLcanQOtal EI bm
_8qLcInZQOtaI2EI bm + 24lULCInEI meI dn 2Aaotal EI meI cln
12meLcln2E|c|n + a‘cln3E| bm

ql‘bmchInEI dn 2qumchInQOtal EI cn _12qumLcanOtaI2E| dn 4qumLc|nZQOtal El bm
_8qLcInZQOtaI2EI bm 24// LcInEI meI cln + 2Aaotal EI meI cln

12meLcln2 El cln + a‘cln3E| cn

Both expressions have the same denominator. The denominator can be neglected
ql‘bmsl-clnEI cn + 2qum2LcanOtal EI dn lqumecInQOtaleI cln + 4:Ime LcInZQOtaI EI bm
_8qLanQOtal zEl bm + 247[/|‘clnEI meI dn 2LEtotal EI meI cln

ql‘bm3 I-cln EI dn 2qum2LcInQOtal EI dn 12:'me Lclnetotal 2EI dn 4qum Ldnzetotal EI bm
_8qLcInZQOtal zEl bm 24ﬂl‘clnEI meI cn + 2Aaota.l El meI cln

The same expressions on both sides of the formula can be neglected or combined together.
This results in the following formula:

4qum2LcInQOtal Eldn + 8qumLcInZQOtal EI bm + 48[/LdnE| meI dn 4&otal EI meIdn = (

The expressions of e Can be separated from the rest of the formula.
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4Q0tal (12E| meI dn qumchlnEI dn memLclanl ) Z( 1Z/LclnE| cln)

Finally this result is the foIIowing formula:

— J-Z/ILclnEl
QOtaJ - 2 2
12El, El,, — 9L, Ly.El 4, 2qL Ly, Ely,

bm™—cln

This formula will be checked on large mistakes. The first check is the check on dimensions:
N mNm*m*Nm~m*
NmM?m*Nm—m* - Nm™ m3mNm™ m*-= Nm™ tnm Nm™ m *
N2m®
~ N’m*-N2m*-Nm*

The dimensions of the formula are correct.

The second check: if there is no load (q=0) there is only the initial deflection (g, =¢L,,).

— 12¢ILclnE| EIcln
Cotal = _ 2 _ 2
12E| meI cn cl‘bm I-cInEI cln G‘mecIn El bm
12El, _El
=//in bm—"cln
Soa =Wban 1o =

The total deflection is the same as the initial deflection, so this check is also correct.

The last check is the shape of the formula. Is the formula logical? Already known is the
buckling calculation of a column and the Euler buckling load. These formulas have the same

shape: g, = function of stiffness . The formula found in this Appendix

function of stiffness function of loac
has the same shape and could be correct.

The non-linear analysis results in the following formula:
— lzchlnEI

Qota ~ _ 2 2

12E| meI cn qum I-cInEI cln 2ql‘bml-dn EI bm

The total deflection is known. The forces in the portal frame depend on the reaction forces.
The reaction forces depend on the total deflection. The numerical value of the total
deflection can be used to calculate the horizontal reaction force, but it is also possible to use
the formula of the total deflection to find a formula for the horizontal reaction force. This is
what happens next. The formula of the horizontal reaction force is:

(qumchlnEI cn + 2qum2LcInQOta| EI - 1ZqudenQOta12El cln + ‘qumLcanQOtaJ El bm]
H A

_8qLcanQOtaI2EI bm + 24ﬂ I-cInEl cln - 2AEotal EI meI cln
12meLdn2E| cln + a‘cln3E| bm

If the formula of the total deflection is used the following expression exists:
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12y, El,

cln

ql‘bm3 I—cInEI cn + 2ql‘bmzl‘cln (

12y El,.

cln

12E| meI cln ql‘bm2 I‘cln EI cln

qume cln(

12chln EI mel cln

+4qum I—clnz (

12E| meI dn qumchInEI dn 2ql‘bml-clanI bm

_24( 12[//LclnE|

5 5 El,.,
12E| meIdn qum I‘clnEI cln 2ql‘bml‘cln EI bm

2 EI cn
2ql‘bml‘cln EI bm
2
2 EIdn
12E| meI cn _qum I—cInEI cln 2ql‘bml—cln EI bm

jEIbm

2
2 2 EI bm
12E| mechn qum I‘clnEl cln 2ql‘bml‘cln El bm

o F24pL El,

cln

H,=

12meLcln2E| cln + a—cIn3EI bm

This formula is very worse. To get a clearer formula some expressions are combined

together.
qumngn El cln

+(2qum2LclnE| cln + 4quden2E| bm 24E| meI cln)(

12pL El, El,,

cln

12El,
12pL, El,

cln

El dn ql‘bm2 I‘cln EI cln

_(12qumLclnE| + 8ql-clnz El bm)(

+24pL, El,_El,.

12E| meI dn qum I‘clnEl

El, ?
=

bm —cIn

- 2ql-bml-clanI bm j

— cln
H,=

The order can be changed.
ql‘bm3 I-dn EI cn

12meLcIn2E| cln + a—cIn3E| bm

124[ILcInEI meI cln

_2(12E| meIdn - ql‘bmzl‘clnEI cdn Zqude”ZEI )(12E|

12[70Ldn EI meI cln

El dn ql‘bm2 I‘cln EI c

—(12qumLCInEI an ¥ 8:{Ldnz El bm)(

+24pL El,_El.

12E| meI dn ql-bmzl-clnEI dn

2
2ql-bm I—<:In2 El bm j

In 2ql‘bml—clanI bmj

— cln
H,=

bm —cIn

121, L, 2El, +8. El,.

If the numerator and the denominator have the same expressions, these expressions can be

neglected. The result is as follow:
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qumsLdn EI dn 24¢ILCInEI meI cln

12[10LclnE| meI cln i
12E| meldn - qumchInEI dn 2ql-bml—danI bm

_(12qumLclnE| + 8j1|-c|n2E| bm)(

+24pL, El, El,,

cln

H,=

12me I—clnz EI cn + a—cln3E| bm

Two expressions are the same and can be neglected. This results in the following formula:

2

12y El, El

L. El, —L, (12 L, %El, + 8L, El bm_—_dn
qum o o dn( qum o o m o bm)(lelmelcln_qumchlnElcln_Z:ImeLclanIbmj}

12meLcln2E| cn + a‘cln3E| bm

H,=

There are two expressions in this formula. If the expressions are split, the formula results in:
L 3|-dnEI cln _ qL 12[70E| meI cn i
12me cIn2EI + 8|‘cln3E| bm o 1E| meI dn ql‘bmzl—cInEI dn ameLcIanl bm

H,=q

This formula is much better than the original one. It is possible to make calculations with this
formula.

As summery all formulas of the forces and the formula for the total deflection are summed
up.

Vp = Q(%me * €otal )

V, =0(%Lon ~ 8o )

Mg = (%L ~ €uw ) € ~ Halun
M

= q(/2me + QOIBJ )QOIBJ + HALcIn
12[/,LclnE| meI cln

qmal B 12E| mechn - qumZLclnElcln - Z:]mel‘clanI
L m3|‘dnEI cln 12[70E| meI cn i
H,=q 2 3 - Ly, 2 2
12me cln EI + 8|‘cln EIbm 1E|me|cln _qum LcInElcln - 2:ll‘bml‘cln EIbm
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Appendix K Residual stress in a non-Linear analysis

In Appendix J a non-linear analysis is made. In Appendix | the influence of residual stress has
been introduced at a linear analysis. This Appendix is about the combination of these two:
the influence of residual stress in a non-linear analysis.

If the structure partial yields, the reaction forces and the deflections changes. The influence
of partial yielding to the final deflection and the internal stress distribution will be discussed
in this Appendix.

The structure is loaded by a load g;. This results in the
reaction forces Ha 1, Hp 1, Va1 and Vp ;. The total deflection
at this load is called e;. el is the blue line in Figure K.1. If
the load increase the total deflection increase (red line in
Fig. K.1). The reaction forces changes too.

HD(2>
The two columns in the Portal Frame are not equally HA?A<1>$¢ ¢€HD<1>€
loaded. In other words: the two columns do not yield at V?D wﬁ
the same load. An assumption is that one of the columns VAR VD@
(the left one) does not yield at all. The only column that /&/;@) S
yields is the right column. This assumption is realistic Figure K.1:
because both the bending moment and the normal force are larger in the Structure

righter column.

An I-shaped section is double symmetric. If

an |-shaped section partial yields, an 300
asymmetric section can exist. There can be a
shift of the centre of gravity in the effective 250
section. To take this effect into account an
extra deflection z; has been introduced. The 200
deflection z; is the shift of the centre of £
gravity in the i" load case. £ 15
This Appendix is split up in two parts. These 100
parts are based on the different load cases.
In this non-linear analysis it is not possible to 50
find one general formula for all loading
(yield) cases. 0
displacement (mm)
The total deflection increases if the stiffness Figure K.2: Column: Length 10m
decreases. This has influence on the ultimate load. The load- Load-deflection HE 360A
deflection graphic of the non-linear analysis with residual Graphic Beam: heEnsgt‘):m

stress can be found in Figure K.2.
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K.1  Analysis if one part yields

To start, the formula of the second load case will be analysed. The second load case is the
load after first yield. The half of the right flange yields. If this happens the section is not
double symmetric anymore. The centre of gravity has been shift. This shift is taken into
account at the analysis. As same as discussed before, the structure must be in equilibrium.
The input of the equilibrium formulas is the total load and the total reaction forces. The
following equilibriums are calculated:

Moment equilibrium:
> M|A=0
(qtotal,z) Lo (}/2 Lom t GQotal ,2) Vo total ,2me =0

The original load and the additional load are split.

(0 + ) Lo (B Lo + &+ €,) = (Vo 1+ Vo o) Ly =0

All expressions can be divided by Lym. There is only interest in the additional reaction force.
The original reaction force is already discussed in Appendix J.

VD,l +VD,2 = Ch(}/z me + el) t0g,+q 2(}/2 me tet 62)

The original reaction force is known:V, , = ql(}/2 L, + el) . This can be neglected. What is left
is the following formula:
VD,2 = qleZ + qZ(}/Z me + el+ eZ)

Vertical equilibrium.

> vert=0

(thal,z) Lom = Vasotar,2 ™ Vo sora 2= 0

The original load and the additional load are split.
(Ou + Q2) me _VA,l_VA,Z_VD ,l_VD 2= 0

Writing out some expressions
(qlme _VA,1 -Vp ,1) + 0Ly _VA,Z_VD 2= 0

Some expressions are discussed before. Known are the original
equilibrium(qlme =V, tVy ,1) and the extra load in point D

(VD’l =qe,+ qz(}/2 L, T €1 ez)) . These expressions are filled in and results in:

% Lo _VA,Z - (qleZ+ Q2(}/2 Lom + €1+ eZ)) =0

The same expressions can be taken together.
_VA,2 -ge,+ Q2(}/2 me —€- ez) =0
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This results in a formula of V, ,:

VA,2 =-qe,t Q2(}/2 me —€- ez)

Moment in point C.
To calculate the additional deflection it is necessary to calculate the additional bending

moments. The additional bending moment in point C (MC’Z) has been determined. In this

formula is the shift of the centre of gravity taken into account.
MC,total,Z =VD Jtotal ,ZQOtaI ,2+ HAtotal ,J‘cln +VD Z ‘

The bending moment and the reaction forces can be split is the original force and the
additional force.

MC,1+ MC,Z :(VD,1+VD,2)(el+Ae2) +(HA ,l+ HA ,)L

cln

Vo 2.

Some expressions must be split to get the original expressions.
MC,l + MC,Z :VD ,1el+VD ,P2+VD ,Z(el+ e 9 + HA ,Il'cln + HA ,E‘cln +VD %

The original moment (MC,l =V, &+ HA,chIn) can be filled in the formula.

MC,Z :VD,1e2+VD ,2(e1+ eZ+ Z?) + HA ,i‘cln

The expression of V, , (VD’2 =qe,+ qz(}/2 L, tet ez)) is found before and can be used in

the formula. Also the formula of the original reaction force (VD’1 = ql(}/2 L, + el)) can be

used in the formula.
MC,Z = ql(}/z me + e1)e2+ (q162+ qz(}/z me + el+ e?))(el+ € 2+ z ) + HA ,L'cln

This formula can be made clearer. This results in the following formula:
MC,Z = qZ(}/Z me +el+e2)(el+62+ ZZ) + q?i}él‘bm +Zel+eZ+ z 9 + HA ,E‘cln

Moment in point B.

The moment difference in point C has been formulated. The moment difference in point B
will be analysed. Column AB will not yield. The point of gravity remains on the same location.
To analysis starts with the following formula:

M Biotal,2 — VA jotal ,Sotal 2~ HAtotaI ,J—cln

Again the loads had been split in the original load and an additional load.
M gat M B2 (VA,1+VA,2)(el+ ez) _(HA At Ha ) Lan

Some expressions are split to get the original formula.
M g1t M B.2 =VA,1e1+VA ,{32+VA ,2(e1+ € 2) —H, ,Ircln —H, ,E'cln
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Known is the original bending moment (M 81 = VA~ HA,chIn) . This moment is neglected

from the formula.
M B,2 =\/A,lez +VA,2(el+ ez) - HA ,J-cln

Also known is the formula for the extra vertical reaction force in support A
(VA’2 =-qe,+ qz(}é Ly, — €~ ez)) . This formula can be used in the formula. Also the formula

for the original vertical reaction force (VA,l = ql(}/2 L, — el)) can be used.

MB,2 = q1(}/2 Lom _el)eZ+ (_q1e2+ Q2(}/2 Lom _el_eZ))(el+ e ; —H, ,L‘cln

The formula has been changed to the following one.

MB,Z :qz(}/szm_el_ez)(el"'ez)"'qu(}/szm _zel_e)_ HA ,;-cln

The remaining forces at the supports are important to calculate the total deflection. This is
also discussed in Appendix H, I and J. In these Appendices the total remaining force was
important. In this case the increase of the remaining force is interesting.

F _V QOta],Z +H

R,D total,2 — VD potal ,2 L D total ,2
cln

‘Total’ has been split in an original part and an additional part.

+
FR,D,l + I:R,D,z = (VD ,1+VD z)ell_—ez + HD 1t HD y

cln

Some expressions are written out to get the original formula.

+e
FR,D,1+ FR,D,z =Vb 1 Lel +Vp ,1Lez +Vp ,2elL 2+ Hp ot Hp R

cln cln cln

The formula of the original remaining force (FR’DJ :VD,1Li + HDJ can be neglected from

cln

the formula.

+e
FR,D,Z :VD,li +V, , L + HD 2

cln

The known formulas of the vertical reaction forces (VD’2 =0, +q,(% Ly, t et ez)) and

(VD’1 =q, (%L + el)) can be used.

+
Froz = 0% Lom * el)Li +(ae,ra (Bl +et ez))elL—e2 +Hy

cln cln

This can be made clearer.
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RD2 qZ(}éLm+el+82)elL +q§2}é|—bm|_ +HD,2
cl

cln n

The same analysis can be made for the remaining force in point A. Starting with the
following formula.

QOta],Z _ H

FR,A,total,Z :VA,totaI ,2 L Atotal ,2

cln

Total has been split in an original part and an additional part.
_ €+6
FR,A,l + FA,D,Z - (VA,1+VA,2) —H, 1 Ha
I‘cln
Some expressions are written out to get the original formulas.

+e,
FR,A,1+FR,A2_VA1Lel +V Lez V ElL HA,l_HA

cln cln cln

The original formula of the remaining force(FR’A’1 =V, 1i - HA’J can be neglected from

’ I—cIn
the formula.
+e,
Fraz =Vaz ljn +V, ELLdn ~Ha
The known formulas of the vertical reaction forces ( -ge, + qz(}é om — €1 ez)) and

( = 0y (% Lo — )) can be used.

Faaz ql(}él—bm )Le2 'l'(_qu'*_qz(%l—bm_el_eQ))el

cln cln

This can be made clearer.

€ —-¢€
RA2 Q2(}/2me )e'LL "'qﬁz}é o _ 2_HA,z

cln I‘cln

A list of all analysed formula is made. These formulas can be used to make an analysis to find
a formula of the total deflection.
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Vo, =08+ qz(}/z Lom +€,F ez)

V :_qle+q(}é bm_e_e)

M. qz(}ngm+el+e)(e+e +zz)+q§2(}/2me+2e+e +Z)+H Lan
M

2:qz(%|—bm_el )(e+e)+qu(%|—bm 26 e; H lz-cln
Fro2 = do(% Lo +e+ez) +qp2%Lb‘” i H,,
cln
e —€
RA2 qz(}/Zme )elL +q§}é me 2_HA,z

cln cln

As same as before the rotations in the point B and C can be calculated.

P _ Ol MB,Zme ML,
©2"24E1, 6El,, Fl,

6. =~ qu—bmS _ Mg 5L + Mc obom
52 24El,,  3El,, €l

An important issue is that column CD yields and column AB does not yield. The stiffness of
column CD decreases while the stiffness of column AB remain constant (the original
stiffness).

The difference in deflection of column AB can be expressed in the following formula:
3
I:R,A,Zl—cln

%AB =_¢B,2Lcln+ 3E|

cln,1

The additional angle is a known formula and can be used in the formula.

%AB — qu ’ _ MB,Zme + MC,Zme L + I:R,A 2Lcln3
24El, ZEI 6El R =

bm bm cn,1

There formulas of M ,, M, and F; , ,are known. These formulas can be used in the
formula.
AB _ qumeLcIn

24El,,

+[q2 (Klm-e-&)(ete)+ae,(hLl,—2e,-€)—H, ,;'cln] I;E:_dn

€

L
0 (Al +e+e)(e+e,+2) +ap{fily +2e e b2 )+ H, L, oo

g+e ¥lL,—2e-e Lyn
+ (b — & —€ +0e -H,
|:2( 2 My 2) Ldn 1™~2 Ldn A2 3E|

cln,1

In the non linear analysis without residual stress (App. J) the horizontal reaction force has
been separated. It was easier to separate the horizontal force than to separate the total
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deflection. The difference in the total horizontal reaction force will be separate from the rest
of the formula.

L L L L 3 L 3L
A,2Lclnm+ A,25dn bm dn +H,, oan_ — %lom Lo
bm 6E| FEl cln,1 27| bm
mL n
+H o, (H L —&—8)(er+ &) + AR (¥ Loy — 26,- eZ)];bE—Id
bm

me cln

o (il e re)(ere,v2) +ap b, + 2o re sz )

e.L + e2 % me B 2e1 B e2j| I‘cln3
+ o, (%L - e tqe, —&
|: 2( o 2) I-cln I-cln 3E|cln,l

Combine the same expression of Hp ;.

meLcIn + I-cIn3 :qZmechIn
2El,. 3El,.| 24,

+[Cl2 (}/2 Lom — €~ ez)(e1+ e2) + qPZ(% Lom = 2847 eQ):I l;g:‘d“

[0 (%L tete)(e+e,+z,)+qe (4L, + 2 +e +z)] Lb”‘ il

+ -2¢ - Lyn’
+{qz(%me-el-ez)elLez b~ 25 ez} -

+ge
A2 3El

cln I-cIn cn,1

To continue the analysis it is important to write out all expressions. Write out all expressions
in ones results in an unclear situation. The different expressions are written out in parts.
There are three expressions written out. The last three expressions of the right part of the
formula.

To write out the first part:

[% Yolom =&~ e)(e +e)+q1e2(}/2 2~ ez):l LimLain

3El,,,
- qZmeZLcInel + qZmechlnez _ qZmeLclne q J‘mecInePZ_ q !‘meclne? 2_ q L‘meclnezz
6El, . 6El, . <= El, <= El,
+ qlme2 I-clnez _ 2q1meLcIneleZ _ qll‘bml-clnez2
6El, 3El, 3El,,

The second part:
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o, (BLmtete)(ete,+2,)+ap(fly, +2e etz )] tnd LomLn

6El,,,
- — qZmechlne.L _ qubmchIne2 _ qZmechanZ _ q J‘bml‘clnel2 _ q J'mecIneg 2
12El, . 1261, . 1El, &, &,
_ qumecInelzz _ qumecIneﬁz _ q J-bml‘clnez2 _ qumecInZ e
6El,, 6El,, 6El,, 6El,,,
_ qlmechlneZ _ qlmeLcIneleZ _ q I‘bml‘clne q J‘bml—clnz ? 2
12E1, <= 6El,, &,

And the third part:

e-e | L,

(L& —e) L % 4 g, 2tem — 2078 | Lun
L LCln

cln 3E| cn,1
bm cln q qumecIn e qZLclnzel2 _ qJ‘clnze?Z_ q !‘cln 28? 2__ q L‘cln 2e 22
6EI cln,1 6EI cln,1 35' cn,1 35' cn,1 EI cn 1 EI cn 1
qlme clnz% _ 20ﬂLdn2elez _ qll-cln2e ’
6EI cln,1 3EI cln,1 3EI cn,1

The three worked out expressions can be used in the formula. This results in the following
formula:

[mel‘cln + I—cln?, quZme3Lcln

2El, 3El 241,

cln,1

+ qZmechlnel + qzl-bm2|-<:lne qzl-bml—clnel2 _ qJ-meclneg 2_ q J-bml—clne? 2_ q L'mecIneZZ

6El,, 6El, Fl,. Fl,, F,, El,,
+ Oﬂ.me2 I—cIneZ _ 2qll‘bml—clneleZ _ qll‘bml—clnez2
6El,, 3El,, 3El,,
_ qZmechlnel _ qubmchInez _ qZmechInZZ _ q J-bml‘clnel2 _ q J—mecIne? 2
12El,, . 12E1, 1El, &, &,
_ qumecInelzz _ qumecInepz _ qJ-meclneZ2 _ q J-bml‘clnZ ? 2
6El,. 6El, . 6El, . el
_ 0&mechan _ qlmeLcInelez _ q I-bml-clne qlmeLcInzgz
12E1, Fl,, 6El,, &l
+ qZmeLcInze.L + qzl-bml—clnze qzl—cln2 ’ q J—clnze? 2_ q 4-cln 28? 2_ q L'cln 2e 22
6EI cln,1 6EI cln,1 35' cn,1 35' cn,1 EI cn 1 EI cn 1
Oﬂ.me cln2e2 _ 2ql|—clnze.Lez _ qll‘clnze ’
6EI cln,1 3EI cn,1 3EI cn,1

Combine the same expressions.
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H meLcan + Lcln3 - qZmeaLcIn + qZmeZLclnel + q2me 2Lclnez _ qZmeLclnel2 _ q }meclne.l.e 2
A2l 21, 3EI 2 = 1El, 1El, El, El,.

cln,1

_ qZmeLclneZ2 + qlmechlneZ _ qlmeLclne§2 _ q J‘meclneZ2 _ q2 L!:)m2 LcanZ _ qZmeLcInelzZ _ qZmeLcan§2

2El, . 12El, . El,, = 12El,, . 6El, . 6El, .
_ 0[I.meLcInZZez + qumecInzel+ qZmeLcInzez_ q J-clnzel2 _ Zq Ldnze? 2__ q Lcln 2e 22+ q I:1:mecIn % 2
6E| bm GEI cn,1 6E| cln,1 35' cn,1 35' cn,1 35' cn 1 El cnil
_ 2qll-clnzeleZ _ (qll-clnzez2 —
3E| cln,1 3EI cn,1 ez

To find a formula for the horizontal force it is necessary to make one denominator.
H L:LZmeLclanI cln,1 + a‘cln3E| bm] - qZme3LcInEI cn,l1 + Zlzl‘bmzl‘clnelEI cln ,1+ 2] J-bm 2|—clne Eldn 1
A2

24E| cln,lEI bm 24E| meI cln,1 ZEl meI cn,1 2£| meI cn,1
_12q2 meLcInel2 EI cn,1 _ 24:‘ 2me|‘clnele2EI cn,1 _ 12q 2me|-clnez2EI cln ,1+ Z:I J‘bmzl-clne JEI cn |1
24E| meI cln,1 24E| meI cln,1 24E| bm EI cln,1 ZLEI meI cn,1
_ 240(LmeLclneleZE| cn,1 _ 12:11meLclneZZE| cn,1_ 21 J—bmchan EI cn 1 Zt]Zl‘bml‘clne.LZZEI cin,1
24l El ., 24el, El ., 2&l, El,. . 24El, El .
_ 4q2meLcInZZe2EI cn,1 _ 4q1meLcInZ§£| cln ,1+ 4q2 mel—clnze_LEl bm 4 4q2meLc|n2e2E| bm
24E| meI cln,1 24E| meI cln,1 ZLEI bm EI cn,1 ZEI meI cn,1

_8qzl‘cln2e12EI bm __ 18:]2Lcln2ele2E| bm __ 8q2Lcln2e22E| bm + 4q1meLclnzeZE| bm __ 16:] J-clnze? JEI bm
24El, El 24El, El 4., 24E|, El 24|, El 2|, El
_8ql|-cln2e22EI bm __ 24%E| meI cln,1
24El, El 241, El

cln,1 cn,1 cn,1 cn,1

cln,1 cn,1

All denominators are the same and can be neglected. After neglect these denominators it is
possible to make a formula of H, , . The result is the following formula:

ULl LanEl gn 1 + 205k Lan€El an 1+ 20 Lom Lan® Elgn 1= 120 biuLan€Elgn 2
=240, L 88,E 41 = 10 L€, El g 1+ D bn L@ Elgn = 241 bynl €6 El g,
=120 Ly, L€ El g 1 = DL LnZoE 0 1 = 40,0 Lan@Z El g 1= 49 LomlanZ 8 Elgn 4

~A0 Ly Lo Z8E o 1+ 40 Lol € E i + 40 LiynLan € Bl o — 81 b € 1B — 181 Ly B € B,y
-8q,L,,’6,El,, + 4, L, &El,  —16L, eeEl,  —8ql, e’El, — 24kl El

cn,1

H =
A 12meLcIn2E|cln,1 + a‘cln3E| bm

This formula will be used later on. The formula above is the result of the difference of
deflection in column AB. The same analysis can be made to find a formula for the difference
of deflection in column CD. Column CD is partial yielded and has a reduced stiffness. The
starting formula of this analysis is:

e2CD - _¢ L + F I‘cln3
C,2™cln R,D,Z?’EI

cln,2
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P , is known and can be used.

%CD - %mes + My 5L _ Mc ol
24El 6EI FI

L 3

cin

FEl

JLcIn + I:R,D,Z

bm bm cln,2

Also the expressions forMy ,, M, and F;, , are known. These expressions can be filled in

the formula.
Ch — _ qZmechIn
< 24El,
L L
LR (ln—ee) (et )+ apd il —2eime) =H, Loy =

me I-cln

+[Q2(%me +e1+ez)(el+ez+ Zz) +q§2(}/2|‘bm +2€1+ez+ z z) + HA ,Lcln:l 3E
bm

+ +2e + L,?3
+{Qz(}/2|-bm+e1+ez)ell_ ez"'qlez}/ZmeL & e2+H l—d”

cln cln

H, , can be separate from the rest of the formula.

3 3
—H 2L, Iggl o - H a2k I;E:_dn —Ho2 :;E_Idn =~ qzszrznl =
bm bm

bm
me I-cIn
6El,,

cln,2

_[Qz (%L -e-e)(e,+e,) +ag, (%L, —2e,- e2)]

[alilnrave)(ere, rz) apil, +2e e 2 )| e

-8

)e.l.+e2 +q1e2}é|‘bm+zel+ez I‘cln3
L 3El

+{q2(%me+el+%

cln cln cln,2

Combine the expressions of Ha ,.

_H ( meLcIn + I—<:In3 J - — qZme3LcIn

2El, 3El 241,

cln,2

it -e)(erve) el -20e) ot

[a(hlnrave)(ere, rz) apil, +2e ez )] e

6+e Hlmt2e+e | Ly’
+ (Sl T e+ e) +qe -,
|: ? e ? I-cln o I-cln 3E|cln,2

To continue the analysis it is important to write out all expressions. Write out all expressions
in ones results in an unclear situation. The different expressions are written out in parts.
There are three expressions written out. The last three expressions of the right part of the
formula.
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Write out the first part:

[0 (AL - - &) (6,4 &) +Ag 4L, ~ 20,6 )

6El, .
— qZmechlne.L _ qubmchInez + qzl-bml-clnel2 + QHdeneP2+ q !—meclne? 2+ Aq L‘mecInGZZ
12El, . 1261, €&l &l &I, &,
_ qlmechlnez + qlmeLcIneleZ + qll‘bml-clnez2
12El, . 3, 6El, .

The second part:

L,
(0Lt a+e) (et e, 2) + B Ly + 20,00 2 )] 2
bm
- qZmeZLcInel + qZmechlnAez + qZmechInZZ qJ‘meclnel + q meLcIne? 2+ q l‘meclnez 2
6El,. 6El, . 6El,, . El, S = El,
+ qumecInelez + QZmeLclneZ2 + qumecInzzez + ql bmzl‘clne 2q me clnepz q J-mecIn 2 + q l-bml-clnZ § 2
3El,, 3El,, 3El,, 6El, . El, <= El,,

The third part:
+e, +2e+e, | L,°
|:q2(}/2|‘bm+q+e2) qL +qg€, Solon * 28 } dn

L, 3El

cln cln,2

bm cln q qumecln e qzl-clnzel2 + qJ_anE§2+ q 4-cln 28? 2+ q L‘cln 2e 22

6EI cln,2 6EI cn,2 35' cln,2 EI cn,2 EI cn,2 :EI cln ,2
qlme clnz% + 2q1LcIn2ele2 + qchInze ’
6EIcln,2 3EI cln,2 3EI cln,2

If all these expressions are used, the following formula exists.
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-H meLcIn2+ I‘cln3 __qubmchIn
M2\, 3E 241, .

cln,2

_ qZmeZLcInel _ qZmechlnez + qZmeLclnel2 + qJ‘meclne?Z_l_ q %dene? 2+ q L‘mecInGZZ

12El,, . 12El, . &, &l &, &,
_ qll‘bm2 I‘clnez + qlme Lclnelez + qlme I-clnezz
12El,, . 3El,, 6El, .
+ qZmechlnel + qubmchInEZ + qZmeZLcInZZ + qJ-bml—clnel2 + q J—bml—clne? 2+ q ;-meclnez z
6El,,, 6El, 6El,, F,, F,, El,,
+ qZmeLcInqez + qzl-bml‘clneZ2 + qZmeLcInZﬁZ
3El,. 3El,, Fl,.
+ qlmechIn% + 2q1 bm clne182 mecln qlmeLcInZ§2
6El, . 3El, <= El,
+ qumecInzel + qumecInzez + qucInzelz + qJ-cIn 29P2+ q J-CIn 26? 2+ q L'cln % 22
6E| cln,2 6E| cln,2 35' cn,2 35' cln,2 EI cn,2 EE' cn ,2
qlme clnzez + 2q1LcInzelez + (qll-clnze ’
6EIcIn,2 3EI cln,2 35' cn,2

Combine the same expressions.

_H meLcIn + I‘cln3 - — qZmechIn +q2me2Ldnel q2 bm cIn qZmeLcInel +qJ‘mecIne§2
2El,.,  3El,., 24|, 1El, 1El, El, El,.

+ qZme clnez + ql bm2|—<:lne qlmeLcIneﬁz_i_ ql—medne qZmechInZ meLcInez qZmeLcInzﬁ2

2El, . 12El,,, El,, 2El,, 6El,, = El,,
+ qlmeLcInZ e qZmeLcIn el + qZmeLdn eZ+ q J‘cln2 : 2q !‘clnze? 2+ q Lclnze 22+ q Il'bml‘cln % 2
3E| bm 6EI cln,2 6EI cn,2 35' cln,2 EI cln,2 El cln,2 El cln,2
+ 20ﬂLcInzele2 + qchIn2e ’
3E| cn,2 3EI cln,2

Make the same denominator for all expressions.
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_H (12me|—cln2E| cln,2 + a‘cln3E| bmJ - _ qubm3LclnE|dn,2 + mszmchlnelElcln ,2+ 2] J-bm 2|‘clnAe El cln ,2
A2

24E| meI cln,2 24E| meI cln,2 ZEl meI cln,2 2£| meI cln,2
_'_:I'Zqzl‘bml‘clneleI cln,2 + 24:‘2meLclnele2E| cln,2 + 12q2meLclne22E| cln ,2+ ZT”‘bmzl-clne JEI cn ,2
24E| meI cln,2 24E| meI cln,2 24E| meI cn,2 ZLEI meI cln,2
+ 240ﬂ.meLcIneleZEI cn,2 + 1211meLclne22E| cln ,2+ lq J-bmchan EI cln ,2+ 8qzl‘bm|‘clne122EI cn,2
24El El ., 24l El,. , 2&l, El,. 24l El .,
+8q2meLcInZZe2EI cn,2 + 8q1meLcInZﬁ£| cln ,2+ 4q2|—bm|—c|n2e1E| bm + 4q2|-bm|—clnzezE| bm
24E| meI cln,2 24E| meI cn,2 ZEI meI cln,2 ZEI meI cn,2

+8q2LcIn2e12E| bm + 1m2Lcln2eleZE| bm + 8qzl-cln2822EI bm + 4q1meLcInzeJE| bm + 16:] J-clnze? EI bm
24El, El,.,  24El, El 24El, El 24|, El 2|, El
+8q1LcIn2e22E| bm __ 24%E| meI cln,2
24El, _El 24E1, El

cln,2 cn,2 cln,2 cn,2

cln,2 cn,2

All denominators are the same and can be neglected. After neglect these denominators it is
possible to make a formula of H,, . The result is the following formula:

qZmechlnEI cn,2 - 2qzl‘bmzl‘clnelEI cln ,2_ 2q J‘bmchlneJEI cln ,2_ 12} i'meclneiEl cn ,2
_24q2meLclneleZE| cln,2 - 12:' zl‘bml‘clnez2EI cln ,2_ 2] J‘szl-clne JEI cln ,2_ 24] L‘meclneQ EI cn ,2
_lqumeLclnezz EI cln,2 - 4qzl‘bmzl‘canZEI cln,2 - 8q 2me|‘clne1Z JEI cln ,2_ 8q 4‘me¢an ? EI cn ,2

_8q2 I‘clnzezzEI bm 4q1me I‘clnzeZEI bm 16:'1LclnzeP2El bm 8q1LC|n2822E| bm + Z%ZEI meI

cn,2

_8q1meLcInZZeZEI cln,2 - 4qzl‘bml‘clnzelEI bm 4q J‘bml-cln2e JEI bm 8] J‘CInZe 12E| bm 16] L‘clnze? EI bm

H =
A 12mel—cln2EI + a‘cln3E| bm

cln,2

Two formulas for the difference in horizontal reaction force are known. One is based on
column AB and one based on column CD. The horizontal reaction force in column AB is the
same as the horizontal reaction force in column CD. The results of the two different formulas
are the same. The two formulas are equal to each other.
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Ol LanEl gn a2 + 20kom Lan€El 4n 1+ 20 Lom Lanl€ El g 1= 129 LiyoLy€5El 4 o

~240, Lo Lo 8EE 4o 1~ 1200 L€ Bl gy 1+ Al L€ Bl = 241 bylon€€ Bl

=120 Lyl El g 1 = Lok LunZEl s = 405kl n@Z El g 1~ 49 LinlnZ £ El o 4

=40 Ly LnZ8E g 1+ 40 L Ln € o + 40 LiynLon € Bl — 81 L € 1B — 161 Ly B Bl
—80, Ly, "€, El yy + 401y Ly €E L, — 160 L, 0 Fl,y, — 80, Ly, "6, Bl — 240,E1, Bl 4

cln,1

121, L, 2El, ,+8. °El,
UL LanEl 4 2 = 205k Lan®El an 2= 20 dom L€ El g o~ 120 bonl g€ 4o -
~240, Ly Ln€El 4 » = 120, L€ 2B 4 5 = 201k “Lan€E 4 2= 240 L L€ El g
=120, L LBl g 2 = AL Ly ZEl g o~ 81 bnlan®Z Elan 7~ &1 bomlanZ 8 Elgy
~80h Lo Lan Z8E g » =~ 40 Lyl € o = 40 Lynlsn € El o = &1 Ly & Ely, — 160,100 El .,
—80, L, 8, °El oy = 40 Lyn L Bl oy = 160, L B El — 81Lgn €l + 24 El Bl

12meLcIn2E| + a-cln3EI bm

cln,2

In Appendix H,l and J the denominators are the same. This is not the case in this formula,
there is a difference in stiffness. One column is partial yielded and the other column is not
yielded. The stiffness of one section is decreased and the stiffness of the other section is
remain constant. These values are not the same, so the denominators of both expression are
not the same. All expressions must be multiplied by both denominators.

(120l El g o + 8L, Bl )

bm™—cln
UL LanEl gn 1 + 20Lem Lan€El an 1+ 20 Lo Lan® Elan 1= 120 bonlan€iEl gn 2
—240, L L€ 4o 1~ 120 L Ly 2Bl o+ L ’Le€ Bl — 241 byulon€€ Elgn
=120 Ly L€ El 1 = 20 LanZE 4 1~ 40 Lonlanl€ Z Elan 7 4 bombanZ 8 Elan 4
~4q,L,, Ly Z8El o, o+ 4Ly Ly e Bl + 40 Ly Ly, e Bl — 81 Ly e 2B, — 1681 Ly e Bl
~80, Ly &, El y + 40 Ly & Bl — 160, Ly, €0,E] = 8Ly €, El y — 28 Fl, El g, 4

(120 g El gy + 8Ly, Bl

bm —cln

O Lom LanEl an 2 = 20:hom Lan€El a2~ 20 o Lo Elan 2~ 180 Ly Lyn®1E s
—240, Ly Lon & g 2 =120 1, Lo, El gy 2~ 20 L Lo Flan 2~ 240 bynln€€ Bl
_12q1meLclne22E| cn,2 - 4q2me2LCInZZE| cln ,2_ & J-bml—clne; EI cln ,2_ 8:] L'mecInZ g El cn ,2

804 Lyl Z&E ] 1 » = 40 Lo L 26 El oy = 40, Lo L 2, o = 801,L o, 26 2Ely — 1601, e El,,
~80,Ly, 26, 2Ely, = ALy Ly SE o — 160, e El — &1Ly Bl + 2@ El Bl

It is (nearly) impossible to calculate with this formula. To create a realistic (and manageable)
formula the expression must write out. This results in the following formula:
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120, Ly, Ly Bl o 1Bl gn o + 2404, Ly 0 Bl o El g, o+ 240 L Ly € Bl Elgs
-144q,L,,*Ly. e El y, El g, ,— 2881 L, Ly, B El g, Elg, o~ 144 L,.°L, e 5Bl Ely, 4
+240, L Ly 6Bl 1Bl g » — 288011 Lyn €€ El g Elgn o~ 1441 Ly 2Lyn e 2El 4 Elgn
~240, Ly Ly ZE 4ol 2~ 480 L "L B2 El gy Elan o~ 481 by Lan 28 Elg Elan
~480, L, Ly *Z&E 4 Bl 4o » + 480,000 Ly "€ El Bl g o+ 481 L L @ El Bl g 5

=960, Ly, Lo & El ynEl 4o » = 192014, Ly ‘08 Fl o El 5 o= 981 Lyl e ZE meIdn 5
+480, Ly, "Ly & Bl o El 3 » = 1920 Ly Ly '€ El Bl 4 o= B0 Ly Ly '€ °El Bl g, 5
~288L,,, Ly & El o El 4 1El g

+

80, Ly L El pnEl g1 + 160,50 "L ‘€ ET Bl g 1+ 161 Ly L B BBl o
=960, Ly, Lo & El ynEl gn 1 = 19211 Ly ‘€6 Bl El g 1 = 960 Lo Ln €7 El Bl i 2

+160, Ly, *Ln & Bl ynEl g . = 19201 Ly '€ ElynEl g 1= 981 Lol '€ 2B Bl g o

=160, Ly, " Lan ZEl 5Bl g 1 = 30 Linlan € Z ElonEl an 1= 321 Lombon ZEE ynEl 4 2

_32q1meLcln ZZeZEI meI cln,1+ 32:] 2meLcIn5e1( EI bm)2 + 321 szmLcInSeZ( EI bm)2
_64q2LcInSelz(E| bm)2 - 128:]2Lcln ee ( Ibm)2 - 64] 2Lclnsezz( EI bm)2 + 3a J‘mecIn %Z(EI bm)2
_128:11Lcln5ele2( EI bm)2 - 64lll‘cln e2 (EI bm)2 - 192dnsez ( EI bm)2 EI cln,1

120, Ly, Ly Bl o 1Bl gn 2= 240 L0 Lo @ El g Elgn = 241 Lon Lan © Bl Elg,
-144q,L,, ’L, % ’El y, Bl g, ,— 2881 L, Ly ep Bl Elg, ,~1440,L, °L,. %6, Bl El . ,
-24q,L, °L. e Ely, Ely, ,— 2881, °Ly.ee El g, Elg, ~ 14411, Ly e 5Bl Elg,
=480, Ly ZEl 4o 1Bl g 2= 960 Lin L BZ Elgn Elan 7 981 by Ly Z&E 4o 1El g »
=960, Ly, L Z8,El gn El g 5= 480 Lo Lo @ El Bl g 1= 481 Lo ’Lan € Bl yuEl g+
=960, Ly, Lon '€ El ynEl g 1 = 192014, Ly '€ El Bl g 1= 961 Lynln' 2El Bl g
-480 Ly, "Ly & Bl g El 3o, =1920,L4, Ly ‘08 El oy El 4 .= 961 Lonbn '€ 2Bl El g, -
+288L,, Ly &El 1 El 4 1El 1

+

80, Ly L El ynEl g » = 160,10 "Ly ‘€ El o El g 5= 161 Ly L BEl Bl
=960, L1 Lo € El ynEl 4 » = 19214 Ly €€ El Bl g o= 98] Lol € 2Bl El gy
~160,L,,, Ly ‘e El o El = 1920,L Lo e El Bl un o= 981 LymLan® 2Bl El g »
=320,L L *Z,El 4o El g = 640, L0l €2l o El 5= 640 Lol *Z £ ElonEl 4
—64q, L, L Z,8,E  El 5= 32 L Ly 2e(Eln)” = 38 Lonlan @ { El )’
~64q,L,, %6 (El,,)" = 12811y, €5 El ) = 641.Le 8, (Elon)’ = 38 Lonlon & (Elym)”
~128&qL,.%ee, (El ) - 641Ly.°e,2(El,,)" + 192, %,(El,,) El

cn,2
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The first step to simplify this formula is to find the same expressions on both sides of the

equation. The same expressions are neglected or combined together.

48qzl‘bm3|‘cln3e1EI cln, 1EI cln,2+ 48:‘ 2me3|‘clnseJEI cln EI cln ,2+ 481 l‘bm3|‘cln3e EI cln gl cn ,2

+48q1|‘bm cln Z e2EI cln, 1EI cln,2 + 48qzl‘bm2|-cln4elEI meI cln ,2+ 48:1 J‘bmzl‘clnzle EI meI cn ,2
_96q2|‘bm cln EIcln 2 192:] me cln eﬁZEI meI cln ,2_ 961 J'mecln‘le Z%EI meI cn ,2

+4800.me cln eZEI mechn,Z - 192:]1meLcln eﬁﬁl meI cln,2 - 96qll‘bml‘cln4822EI meI cln,2
~576L, L & El ynEl g 1El i 2

bm™—cln

cn,1

+
80, Ly L El ymEl g + 160,14, "Ly, B E me| anat 1811, L, B BBl
~960, L, Ly € ElynEl 4 1 = 1920, Ly €@ €El oo El g . = 960 ,L4, 0Ly € El o El 4 4
+160, Ly, Lo Bl ynEl 4 1 = 192 Ly Ly €€ £y El 4y 1~ 98] j_mec,n“ ZElynEl gn -
~160, L, *Lan ZoEl 5Bl g 1 = 38oLnlgn €Z ElomEl an 1= 321 LiraLan Z&El ynEl g 1
~320 Ly L Z&El yEl g 1+ 640 Ly, Ly, ey El bm) + 641 Ly Lo e { El bm)
+640, Ly Lo’e, (Elyn)” =192 %, (El ) El g 4

_48q2 me2 I‘(:InllelEI meI cn,1 - 48:1 2me2LcIn 4eZEI meI cln,1 - 96q2meLcln4e12E| meI cn,1
_192:]2 l‘bml‘clnzleleZEI meI cn,l - 96:1 2me I-<:In4e22E| meI cln ,1_ 4& .Jl‘bmzl‘cln4e EI meI cn 1
_1920u|-bm Lcln4eleZE| omEl ain 1 96 Lom Lcln4eZZE| bmEl ein 1

+

8qzl‘bm3|—cln4EI meI cln,2 _16q2me2Lcln4e1E| meI cln,2_ 164 2L|::m2|‘cln4€JEI meI cn ,2
_96q2|‘bm cln Elcln 2 192] me cln eszl meI cln 2_ 961 J'bml—cln4e 2EI meI cn ,2
_16q1me2Lcln ezEI mechn 2 192]1me|—cln e?ZEI meI cn ,2 960&me cln Elcln 2

_32q2me2Lcln ZZEI meI cn,2 - 6442meLCIn elz JEI meI cln ,2_ 64] J—bml—cln z ? El meI cn ,2

+24q2 mSLcIn Z EI cln,lEI cln,2+ 48:‘ 2me2|-cln361Z JEI cln ﬁl cln ,2+ 481 L‘bmchlngz ? EI cln gl cn ,2

_64q1me cln ZzezEI meI an2 T 192-c|nsez( El bm)2 El dn,2

The second step to simplify the formula is to combine the same expressions. All expressions

of the right part of the formula are inserted in the left part of the formula.
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480, Ly, L & El 40 1Bl g o+ 481 Lo L € El 5y Bl o+ 481 Lo Ly B Elg Bl
+240, L L ZoE g 1Bl an 2+ 481 L Lo €2 El g Elan o+ 481 Lo’ Lan'26 Bl Elgn 4
+480, L, "Ly 2,6, El o Bl o+ 480 Ly, 2Ly, ‘e El,y, (Bl o+ Ely, )

+4800, Ly, L €y (El gy 1 + El gy ) + 960 Ly L€ Bl (E g 1= El gy )
+1920, Ly, Ly ‘€8, o (El gy s~ El gy o) + 981 Lyl € Sl (El gy — El gy )
+480&me2Ldn4e2EI o (Elana + Elgn o) #1920, Ly ‘e £, (Ely, —Ely, )

+96q1me cln ( dn1” El cln,2) 576—bm cln eZEI meI cln EI cn 2
+

801, Lo L El i (E i = El i 2) + 160 Ly Ly €l iy ( El g1 + El g, )

+160, Ly, Loy €l (El gy 1+ El gy ) + 960 Loyl €7 BNy (=l o o+ Bl )
+1920, L, Ly, ‘@8 El (=Bl o+ Ely, o) + 981 Ly Ly, *e BN, (=Bl +Ely, )
+16q1me2LC,n492EI om(Elana+ Elgn ) #1920, Ly ‘e Bl (=Ely, ,+Ely, )
+960, Ly L "€, El y (=Bl 3 + El gy ) + 1680 2L 2 Ely (—El gy 1+ El )
+320, Ly L € Z,El y (—El g 1+ 2y, ) + 32 Ll '2 8 Ely (<Ely, + Ely, )
+320, Ly L ZEE o (=Bl g+ 2E1 ) + 840 Ly Ly € Bl ) + 641 Ly Lo ’e {El )

+64q1me cln ( I )2 - 191dn362( El bm)2 ( EI cln,l+ EI cln ,2)
=0

Some expressions are the same and these expressions can be combined together. This
results in the following formula:

48(:12I‘bmsl-clngelEI cln, 1EI cln,2+ 481 J‘bmchlnseJEI cln EI cln ,2+ 48] l‘bm:al-clnEe EI cln gl cn ,2
+24q2 bmchIn Z EI cln,lEI cln,2+ 481 J‘bmchlnselz ZEI cln EI cln ,2+ 48] mezl-clnaZ g EI cln gl cn ,
+480(Lme2Lcln Zz%El cln,lEI cn,2 + 64'q2me2|‘cln4elE| bm(EI cln ,l+ El cln 2)
+64q2me2Lcln4ezE| bm ( El cln,1+ El cln,2) + 6‘qlme2Lcln4eJE| bm(EI cin ,1+ El cln 2)
_576meLclnzezE| meI cln,1EI cn,2 + 8'~12|‘|::m3|-cln4E| bm ( El dnl El cln 2)
+16q2me2Lcln422E| bm(_EI cn,1 +2El cln,z) + 32:12meLcln4elzZE| bm (_EI cln 1+ Xl cln 2)
+32q2meLcIn Z e EI ( El cln,1+ 2E cln,z) + 3211me|‘cln4z§£| bm(_ cln 1+ Zl cln ;

2 2
+64q2 (El ) + 6‘qzl‘bml—cln5e (EI bm) + 64:]1me|—cln5€2( El bm)
-192, %(Elb ) (Elclnl+ Elgn 2) 0

The unknown value is e,. All expression of e, will be separated from the rest of the formula.
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~480, L, Loy &6l 4y 1El g o~ 481 Lo Ly B E 4 Bl 5~ 481 by Lo Z 0 Ely, Bl
~480, Ly, Ly Z&E gy El g o= 640 L Ly e El o (Bl 1+ Ely, )

—64q,L,, L, ‘e,El bm(El anat El cm,z) +57a,, Ly, 6El , El 4, El g,
=320, Ly, L 28 oy (=l g o + 2y, o) = 3L Ly 'z £ Bl (Bl g o+ Ely, )
~640, Ly, Ly, "8, (Elyn)” = 640 Lo Ln €,(El ) + 192y, %, (Elyy,)*(El gy 1+ El g, )

4'8C|2|‘bm3|—cln3elEI cln,lEI cln,2 + 24qZme3|—cln322E| cln 1EI cln ,2+ 4&1 J‘bmzl—clnse; EI cln gl cn ,2
+8qzl‘bm3|-cln4EI bm ( El ani El cln ,2)

+16c|2I‘bmzl‘clnzlzZEI bm(_Echn,1+ 2Elcln,z) + 321 2L|::m|—cln4e1Z JEI bm(_EI cln ,1+ El cln 9
+64q2meLcln5el( El bm)2 + 64:|2|‘bm2 I—cln4e.I.E| bm ( EI cn,1 + EI cln ,2)

Again some expressions are (partial) the same and can be combined together.
~3Lon L (Gu + Q2) El gniElan 2~ 3me2|‘dn22(q1+ q 2) Elgn Elon 2

161,76, | =4, Ly ” (0 + ) Bl (Bl gy 1+ Elgy o) = Amlian 201+ 0 ) Bl (Bl g i+ Ely, )
4L, Ly (0 +a,) (El bm)2 +12L (El bm)z(EI a1+ El cm,z) + 36a.,,El,,El 4,,El

bm —cln cln,2

6me2e.LE| dn,lEI cln,2 + 3I‘meZZEI cln 1EI cln ,2+ 6mee; EI cln ?I cn ,2
8meLcIn3q2 +8meLcInelE| bm ( EI cn,1 + EI cln ,2) + mezl-clnEI bm ( EI cln ,1_ EI cln ,2) + 8|-clnze 1( EI bm)2
+2Lc|n22 ( me + 2e1) EI bm (_EI cln,1 + 2EI cln,Z)

The total load (qiotal) is split in two loads g; and g,. These loads are already combined but
now the term qotal is used.

_3qtotaj m3|-clnEI cln,lEI cn,2 - 3qtotal me2 I—cInZZEl cln 1EI cln,2
16Lclnzez _4qtotal mezl—cln2EI bm ( El cin,1 +El cln,2) - thotal meLcInZZZEI bm (_EI cln ,1+ Zl cln ,2)
2 2
_4qtotal meLcIn3 ( El bm) + 12Lcln (EI bm) (EI cln,1 + EI cln,Z) + ‘?’G‘mel meI cln,lEI cln,2

6meze.LE| cln,1EI cn,2 + 3me222E| cln 1EI cln ,2+ 6meeg EI cln El cn ,2
8l‘bml-(:lng)qz +8meLcIne1E| bm ( EI cn,1 + EI cln ,2) + me2 I-cInEI bm ( EI cln ,1_ EI cln 2) + 8I‘clnze l( EI bm)2
+2Lc|n22 ( me + Zel) EI bm (_EI cln,1 + 2EI cln,Z)

The formula of e, is as follow.
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6L 6 El 4o 1Bl n >+ 3LomZE 4o Elan o+ Bn€Z Eln Elgn
O Ll | +8LirmLen@ Bl brn (Elgna + Elan2) * Loy “Ln Bl ( El gp 2= El ) + 8Ly € Ely,)
#2032, (Lo + 28) By (=Bl g 1 + 21, )
~30kotar L LanEl an 1Bl 2 = Lhotar L LainZoE! g 1l i 2
2| =40t Lo Letn B ( El s + Bl 2) = g Lo’ ZoE g (=Bl g 1+ 261, )
~40 e Lol (E! brn)2 +121, (El brn)2(E| +El )+ 36, El 4 El 4, El

2

cln,1 cn,2 cn,2

Check on dimensions
m?mNmM~2m*Nm~m*+ manNm m Nm™ m *+ mmmNm m Nm™ m *
Nm™mm +rrmmNm‘2m4(Nm‘2m4+ Nm‘zm“) +mMmNm M ”(Nm‘ fm = Nm M )+ m Fn(Nm‘ M )‘2

+mm(m+m) Nm?m* ( Nm°m*+ Nm‘2rn4)

Nm ™ m*mNmm*Nm - m*= Nm I mmNm ™ Nm™ m ¢
—Nm‘lmzmsz’2m4(Nm‘2m4+ Nm’zm“) - Nm™ fnm mNm™ 4(Nm’ m “+ Nm™ m )

—Nm‘lrrrn3(Nm‘2m4)2 + m( Nm‘zm“)z(Nm‘ m*+ Nm m “) +mNm™ m Nm™ m Nm™ M

. N°m’ +N’m’+ N’ + NmNm*+ Nm % + Nm {Nm >~ Nm }
m +m3(N2m4)+ NmS(Nm2+ Nmz)

N3m’ - N3m7—N2m5(Nm2+ Nmz)—N "m5(Nm 24 Nma

-N?(N’m*) +m(Nm‘)(Nm?+ Nm?) + N n’
m=—— Correct

The formula of the total deflection in the second load case is found. This formula is very
complex. It is very complex to find a formula for the additional horizontal reaction force
using this formula of the total deflection. The numerical value of the total deflection will be
used for the calculation of the horizontal reaction force.

The formula of the additional horizontal reaction force can be simplified. The formula of the
extra horizontal reaction force is:
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Lo LanEl an.2 = 205L0m Lan€El gn 2~ 20 Lo Lan Elan -~ 120 biynlan€3ElGn

~240,L1,,L88,E! 4 o~ 120 L Le€5 Bl = Al Lun Elan 7~ 241 bolsn€ Bl

~120, L, L€ El g » = AL LanZEl 4 » =80l ynlyn€Z £l gn o= 80 LoynlanZ € Ely, »

=80 LomLun Z&E! gn > = 40 Ll € om = 4 Ll € Bl = 81 Lo € 1l — 161 L BQ Bl

-8q,L,,’,El,, — 4q,L. L, e,El, . — 16 L, egEl, —8ql,  eEl,, +24eEl El
121, L, ’El,. ,+ 8. El, .,

cn,2

HA,2 =

cln,2

The simplified the formula the order is changed.
_120ﬂmeLcln%2E| cln,2 - 1ZIZLDmLcIneZZEI cln ,2_ 24] J-mecIne? 5' cln ,2_ zq L‘bml—clneq gl cn ,2

—80, L Lan 8l 4, ~ 8 Lpmlan 2 £ El 4 o~ A0 l—bmzl-clne = P L‘bmchlne Elan 2

_40umeLcln2e2E| bm 4Q2meLc|nzezE| bm 1&11LclnzeleZE| om — 160 ZLdnzep Elom

—8q1Ldn2e22EI bm 8qZLc|nzezzE| bm

+246,El, Ely, . + qZmeSLcInEI dn,2” 2q2me2LcIne£| an 2~ 12 i—bml—clneiElcln 2

=40, Lo LanZEl gn.> = 805 Lsn€Z El g 2 ~ 4Ll €E b, — 8Ly, € El
12meLcIn2E| an2 t 8|-c|n3EI bm

HA,2 =

If possible the total load is used instead of the two different loads separated.

_12qtotal,2meLclneZZE|cln,2 - 2‘qtotal ,2meLcIne?JE| cln ,2_ 8:Itotal ,Lhml—clnz ? EI cn ,2
_thotal,ZmechlneZEI cln,24qtotal ,2me|‘clnzezEI bm 16:Itotal ,J‘clnze? gl bm 8Jltotal ,L‘cln2e 22EI bm
+24%E| meI cln,2 + qZme3LcInEI cn,2 - 2q ZmechlnelEI cln ,2_ 12:] J‘meclneiEI cn ,2

_4q2me2LcInZZEI cln,2 - 8qzl‘bm|-clnelzJEI cln ,2_ 4q J‘bml-cln2e ﬁl bm 8] i'clnZe iEI bm
12meLcIn2E| + &-clngEI bm

HA,2 =

cln,2

Some expressions are combined together.
_qtotal,ZmeLclneZ[lzeZ + 2‘El-'- &2+ 2'bm] EI cln ,2+ qtotal ,J‘clnzez[ ‘me - 1§ 1 8 J EI bm

_ +24%E| meI cln,2 + qzl-bml‘cln[l‘bm2 - 2meel_ 1$12 - ‘meZZ_ &; 2} EIcln ,2_ q !‘clnze[ 4me + 81E| bm

H =
h 12meLcIn2 EI + a‘cln3E| bm

cln,2

The following formulas can be used to find the loads and the deflection in the second load
case (the additional load after first yielding).

Vo, =08+, (%L tete)

V,,=-06,+0,(%L,, —e,—e)

Mc, =0, (%l e+ e)) (et €+ 2)) +ae Sl 26+ e+ 2 ) +H, L,
Mg, =0 (% Lm—€—€) (et e) +ag (L., —2e,—e)—H, L
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_qtotal,ZmeLclneZ[lzeZ + 2‘El-'- &2+ 2'bm] EI cln ,2+ qtotal ,J‘clnzez[ ‘me - 1§ 1 8 J EI bm
_ +24%E| meI cln,2 + qzl-bml‘cln[l‘bm2 - 2meel_ 1$12 - ‘meZZ_ &; 2} EIcln ,2_ q !_canEI 4me + elEI bm

H =
A 12meLcIn2 EI + a‘cln3E| bm

cln,2

6Lor € El 4o 1Bl 2+ 3Lom ZEl 4 El g o+ 6L5n€Z Elgn Elun
G Lol | *8LomLn@E o (El g + Elgn.2) + Lo Lo Bl (El gy 2= El gy o) + 8L @ Ely)°
#2032, (Lo + 28) By (=Bl gy 1 + 21, )
~30kotar L LanEl an 1Bl an 2 = Hhotar L LainZoE! g 1l i 2
2| =40t Lo Letn B ( El s + Bl 2) = g Lo’ ZoE g (=Bl g 1+ 2B, )
~40 e Ll (! brn)2 +121, (El brn)2(E| +El c.n,z) + 36,,,El ,,El 4, El

cln,1 cn,2

K.2  Analysis if two parts yield

The formulas of the second load case are known. The same analysis as for the second load
case can be made for the third load case. The third load case starts if the stress in the left
flange reaches the yield level too. The stiffness decrease again, but the section is double
symmetric again. It is not necessary to take a shift of the centre of gravity into account. The
analysis starts again with the formulas of equilibrium.

Moment equilibrium:
> M|A=0
(qtotal,z) Lo (}/2 Lom * Gotal ,2) Vo total ,2me =0

The original load and the additional load are split.
(q1 tq,+ Q3) Lom (}/2 Ly T €€, + es) - (VD ,1+VD ,2+VD ; Lom =0

All expressions can be divided by L,m. There is only interest in the additional reaction force.
VD,1+VD,2+VD,3=ql(}/Zme+e])+ql(e2+e:)+q Z(%me‘*ef’e)w €3t q é}/Zme-'-e ite E"e);

The original reaction forces in the first load case and in the second load case are known

(VD’1 = (%Ll te)iVo .= A, a (KL, tete 9) These expressions can be neglected of
the formula. What is left is the following formula:

Vois = (Q1 + %) e+ Ch(% Lom T €17 €,F es)

Vertical equilibrium.

> vert=0

(thal,z) Lom = Vasotar,2 ™ Vo sora 2= 0

The original load and the additional load are split.
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(Ou +qQ,+ qs) me _VA,l_VA,z_VA ,3_VD ,l_VD ,Z_VD 3 0

Write out some expressions and change the order results in the following formula:
(qlme+q2me _VA,1_VA,2 D1 2)+q:!—bm A3 Vo 3_0

Some expressions are discussed before. From Appendix K.1 is known
thatq,l,, + Ly, =V, +V,,+V, 1V, . Also known is the change in the vertical reaction

force in point D (VD'3 = (0, +a,)e; +ay( %L, tete,+ e3)) . These expressions are filled in

the formula.
qsme _VA,3 _[(q1+ qz) e;+ Q3(}/2 me te,te,t eg] =0

The same expressions can be combined together.
VA3 - (ql + qz)es"' qs(}é me -6 -€e,- 63) =0

This results in a formula of V,, ;:

VA,3 = _(Ch + Q2) e+ Q3(}/2 me € e, 63)

Moment in point C.
To calculate the additional deflection it is necessary to calculate the extra moments. The

additional moment in point C (MCY?)) will be analyzed first. In the third load case both the

right flange and the left flange are partial yielded. The effective section is double symmetric
again. There is no shift in the centre of gravity.

MC,total,3 = D total ,ﬁota] ,3+ HAtotaJ ,3Lcln

The bending moments and the reaction forces can be split in an original part and an
additional part.

Mc,1+Mc,z+Mc,3:(VD,1+VD ,2+VD ,3)(el+eZ+e;+(HA it H, ,2+HA ,}L

cln

Some expressions must be split to get the original expressions.
MC,1+ MC,2+ MC,S

=VD,lel-'-VD,leZ-'-VD ,P3+VD ,2(e1+e)+VD ,? 3+VD ,ge J-.'-e E'-e )'3+ HA I,‘.k:ln + HA !'Z:In + HA I,‘&In

The original moments (Mc,1 =V, &+ HA,chIn) and (MCY2 =V, £,+V, (e +e)+H, ,g_dn)

can be neglected from the formula.
Mc,s = (VD,1+VD,2) e;+V, ,3(e1+ e,t 99 +H, ,!s-cln

The expression of V, ; (VD 2= (0 +0,) e+ qs( B L, + €1+ €5+ e?)) is found before and can
used in the formula. Also the formulas of the original reaction forces ( ql(}/2 Ly + el))

and ( =qe,t qz(}/2 L, te-+ ez)) can be used in the formula. This results in:
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Mcs=((Vor= A% Lm +€))+ (Vo ,=ag,* a {# L tete)))e.
+((q1 + qz)ea+ q3(}é Ly, T +e,+ eS))(el+ 82+e; +H, ,L‘cln

This formula can be made clearer. This results in the following formula:
MC,3 = e3(q1+ qZ)(}/Z me + 2e1+ 282+e3) + q3(}/2 me +e1+e2+eg(e 1+e 2+e )+ HA ,I?cln

Moment in point B.
The moment difference in point C has been formulated. The moment difference in point B
will be analysed. Starting with the following formula:

M Botal 3 — VA otal,Fotal ;37 HAtotaI ,3Lcln

Again the loads had been split in the original load and the additional load.
MB,1+ MB,2+ MB,3:(VA,1+VA,2+VA,3)(el+ez+e;_(HA i Ha Py Ha ,)zl-

cln

Some expressions are split to get the original formula.
|\/lB,l-'- MB,2+ MB,S

:VA,lel+VA,le2+VA ,p3+VA ,2(e1+e2)+VA & 3+VA ,Qe te +e )3_ HA I,‘.lcln - HA l,-zm - HA I,‘&In

Known are the original bending moments (M 81 = VA~ HA,chIn) and

(M 82 =Va s +VA]2(el+ ez) -H, 'g_c,n) . These moments are neglected from the formula.

The following formula is left.
M B.3 :VA,leS+VA,263+VA ,3(el+ e,+ e; - HA ,L‘cln

Also known is the formula for the additional vertical force in support A.
(VAY3 = —(ql + q2)83+ Q3(}/2 T A es)) This expression can be used in the formula.

Also the formula for the original vertical reaction forces (VAl = ql(}/2 — el)) and

(VA’2 =-0e,+q,(% Ly, — €~ ez)) can be used.

MB,3 = (%(% me - el))e3+ (_Q1e2+ Q2(}é me —€,- ez))es
+(_(Ou + qz)ez+ qs(}/z Lom — €, ez_es))(el+ e,t+ 99 —H, ,L‘cln

The formula has been changed to the following formula.
MB,a = e3(Q1+ Q2)(}/2me _Zel_ 262_93) + Qi}/z Lo _el_ez_e)(e itete )_ Ha ,|3cln

Remaining force in point D.

As discussed in Appendix |, the deflection depends on the remaining forces on the columns
too. These forces depend on the horizontal en vertical reaction force. First the difference in
the remaining force F, , is analyzed.

— e[otal,3
FR,D,total 3 _VD total ,3 +H D total ,2

L

cln



Change the term ‘total’ in the three different load cases.

+e +
I:R,D,1+ I:R,D,2+ I:R,D,3= (VD ,1+VD ,2+VD ,:)m-'- HD ,1+ HD ,2+ HD s

cln

Some expressions are written out to get the original formulas.
I:R,D,l + I:R,D,Z + FR D .3

ete,te,

+
:VD,li+VD,1&+VD,1&+VD,2€:L e2-l-VD ,2 e3 +VD ,3

L L L +HD,1+HD,2+HD,
cln cln cln cln cln cln

+
The original formulas (FR’D’1 :VD,lLi + HDJ and (FR’D’Z :VD'lLi +VD’2el . +H, 2}
cln

cln cln

can be neglected from this formula. This result in:

+e,+e
FR,D,3 :VD,lLi-'-VD,Z& +VD ,361—23 +H

D ,:
cln cln cln

The known formulas (VD'3 = (q1 + qz) e,+ CI3(}/2 L, tete,+ e3)) , (VD,l = ql(}/2 L, + el)) and
(VD’2 =0, +q,(% L, t et ez)) can be used.

Fros = (0L +)) 7+ (0824 QL verre )

cln cln
Et6 +6
+HD,3

cln

+((a+ )8+ 0y(S L+, 0,7 €)

Combine the same expressions results in the following formula.

+e +
FR,D,3 = (q1+ qz)(% me + 261+ 262+e3)|_i+ qs(% me + el+ ez+ e;m+ HD R

cln cln

Remaining force in point A.

The formula of the additional remaining force in point D is known. The same analysis can be
made for the additional remaining force in point D. This analysis starts with the following
formula.

F _V QOtaI,3 _ H

R,Atotal,3 ~ Y Atotal ,3 L Atotal ,3
cln

Total has been split in the different load cases.

+e +e
FR,A,l + FR,A,2+ FR/—\,3: (VA ,1+VA ,2+VA ;w —H, 1 Ha 2 Ha ,

cln

Some expressions are written out to get the original expressions.

Cl



FRHN1.+ FRJ&2.+ FR}\B
e,te,te,
I—cIn

+
:\/A,li'*'\/A,li'l'v/\,lLe_z-l_VA,Ze1 % +VA,2 = +VA 3

cln cln cln cln cln

- HA 1 HA 2 HA ,

+e
The original formulas (FR,A,I :VA,li - HAJ and (FR’A‘Z :VMLi +VA'2elL 2-H, ’2]
cln

cln

can be neglected from the formula.
+e,+e
=V &+VA,2&+VA,3el L2 ?- Hy

FR, A3

cln cln cln

The known formulas ( =—(0,+q,)e;+ Ay % Ly, — 63)) ( =0y (% Lo — ))
and (VA’2 = -0, +d,(¥% Ly — €~ ez)) can be used.

RA3 (Q1(}/2me ))Le3 "'(_qu"'(42(}/2|-bm_el_ea))Li

cln

+e +e
+(_(Ch + q2)e3 + Q3(}/2 Lom _e1_ez_e3))% —H, 3
cln

This can be made clearer.
Combine the same expressions results in the following formula.

+e +
RA3 (q1+q)(}/Zme—Zel—2e2—e3)Li+q3(}/2me—el—e2—e;el |_ez e3_HA

cln cln

A list of all analyzed formulas is made. These formulas can be used to make an analysis to
find a formula of the total deflection.

= (0, +0,) e+ A% Ly, te e, te)
Vi =—(0,+0,)e,+a,( %L, —e,—e,~e)
Mcs=€(0,+0,)(Mlon + 26, 28,4 €) +q Sl +ete ve)(ere re)+H, L
MB,szes(q1+q2)(}/2me_261_ 262_e3)+q3(}/2|-bm_el_eZ_e;(el-l-e2+e)_HA bain

+e +
Fros = (q1+q )(}/2me +2¢ + 2, +e3)i+q3(}§me +el+ez+e3)m+ Hop &
cn cn
+e +
Fras= (q1+ q2)(}/2 Lom —2€,— 292_93)% + Q3(}/2 Lym—€1-€,-€ ;% —“H, s
cln dn

As same as before the rotations in the point B and C can be calculated.
Gl MB,3me _ M by
Doz =

24EI 6B,  E,
_ q3me3 _ Mg sbom . Mc sbiom
¢B,3 - +
24E1, FE, 6l

ci



The additional deflection of column AB will be analysed. The analysis starts with the
following formula:
Fr aalgn
AB R,A,3=cIn
=—¢.L, +—= =
e\% ¢B cln 3E|c|n’1

The additional rotation is a known expression. This expression can be used in the formula.

eS)AB —_| = QBme3 _ MB,3me + MC,3me Lc|n + FR,A,3LcIn3
24E1,., eEl FEl g,

bm bm

There are also expressions known forMg ;, M ; and F, , ;. These expressions can be used
in the formula too.

AB — qSmechIn +

ST

L
[%(ql+q2)(}/2|-bm —2e - 262_63) +Q3(}/2 Lo ‘el‘ez—eg(eﬁefe ) -H, ,I:?cln] lz-?,blg N
bm

L
_I:%(q1+q2)(}él‘bm +2e+2e,+e)+a L, tetere)(erete)+H, yg‘cln] ko

6El,,
+e + L3
+ (o +0,) (% Ly — 26, - 2e2—e3)&+q3(}/2|_bm ~e-e _es)m_ H, |
I‘cln Lcln 3El anl
All expressions with H , ;will be separate from the rest of the formula. This results in:
3 3
HA,3LcIn mel—cln + HA,3Lc|n mel—cln + HA’3 Lcln — qSme Lcln +
Lo 6El,, FEly, 248,
L mL n
[%(q1+q2)(}/2me -2e,-2e,-e)+q 4L, —e,-e,~ej(ere e ):I 3bE| d
bm
L
[0+ ) il 20+ 2,4 0) +q (L Fere e (e e sre ) nke
bm
+e +e, | L,*®
+ (q1+q2)(}/2me—Zel—2€z—es)i+q3(}/2me—el—ez_egei © 3 cn -e
LcIn Lcln 3E|c|n,1

Combine all expressions of Ha 3.

HAS meLcln2+ I-cln3 :q3me3LcIn +
°\ 2B, 3E 24, .

cn,1

[e,(a+a,) (%L —26,- 26, ) +qy( %Ly —eme - ) (e te He ;]_;bEILcm

e (o + o) (B Lo+ 26,+ 26,4 €) +q %L, e re,+e)(efe Fe )]_mel‘dn

6El,,
+e + 3
{(qﬁqz)(}éme—2el—2e2—e3)Li+q3(}/2me—el—ez—eg)el L92 > 3:;'” &
cln cln cln,1
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To continue the analysis it is important to write out all expressions. To write out all
expressions in ones results in an unclear situation. The different expressions are written out

in parts. There are three expressions written out. The last three expressions of the right part
of the formula.

Write out the first part:

L.l
[%(q1+q2)(}éme—2€l—262—63)+q3(}éme—el—ez—eg(el+e2+e)] bm =cln

3El,,
- 0lll-bmzl-clnes _ 2C]1I-bm|-clnele3 _ 2q1meLcIne§3_ q l-mecIneg + q mezl—clne 3_ 2q L’bml—clne? 3
6El,, 3El,, Fl,. Fl,, &, El,,
_ 2q2meLcIneZes _ qzl-bml—cln%2 + q3me2Lclne1 + qSmechInez + q:!-bmzl—clne3_ q J—bml‘clne:l.2 _ q mel—clne? 2
3El,. 3El,. 6El, . 6El, 6El,, El, El,
_ qSmeLcIneleS _ qBmeLcInelez _ q:vamLclneZ2 _ q 4‘bm|-clne ? 3_ q g‘meclne@ 3 q3meLcInezeS _ qsl‘bml‘clne32
3El,, 3El,, < = El, <= 3El,, 3El,,

The second part:

L..L
_[%(q1+q2)(%me+2el+ 2e2+e3)+q3(}/2me+el+e2+eg(el+ez+e)] bm cin

6El, .
- — %qlmechln _ eSqll-bml—clnel _ eg J-mecIneZ_ eg 1-bm|—clne 3_ € 9 L’bmzl—cln _ € g IzmecIne 1
12El, . 3, Fl,, &l 1E,,. El,,

_ e\%qZmeLcInez _ e3,q2|-bm|—clne3 _ q3me2LcIne1 _ q3me2LcIne2_ q J-bmzl—clnes_ q ;meclnef _ q g’bml—clne? 2

36, 6El,, 1261, 1El,, 1El,, &, &l

_ qSmeLcIneleS _ qBmeLcInelez _ q:vamLclneZ2 _ q 4‘bm|-clne ? 3_ q g‘meclne% _ q3meLcInezeB _ qSmeLclne32
6El,, = 6El, . &l 6El, . 6El, . 6El, .

And the third part:

+e + L3
(0022, 28, i e, S

cln I—cln 3E| cln,1
- qlmeLcInze?: _ 2C]1|-cln2ele3 _ 2q1|—c|n2e§3_ q .Jl-clnze:%z + q l—mecln 28 3_ 2q L'cln ?EQ 3
6EI cln,1 3EI cn,1 35' cn,1 35' cn,1 GEI cn 1 EI cn 1
_ 2q2|—c|n2eze3 _ qZLcln2e32 + qé-bml—clnzel_'_ q J-meclnzez_'_ q ;—bml—cln 2e 3_ q L'cln ?e 12_ q L:cln éq Z
3EI cln,1 3EI cln,1 GEI cn,1 GEI cn,1 GEI cn 1 EI cn 1 :EI cn 1

_ qSLcInzeleS _ qSLcIn3eleZ _ qal—dn3e22 _ qSLcInz%eS _ qSLcInzele?, _ qal—cln2e§3_ q !-clnze?,z
3EI cln,1 3EI cn,1 35' cln,1 3EI cln,1 3EI cn,1 35' cn,1 EI

cln,1

The three expressions which are written out can be used in the formula. This results in the
following formula:
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{l‘bml-dn2 + I‘cln3 ] - qSmechIn
A3

2El,, 3Elg.. ) 24,
+ qlmechlne3 _ 2q1meLcInele3 _ 2qlmeLcIne§3_ q J‘mecIneg + q i'meLclne 3_ 2q meLdneQ 3
6El,, 3El,, <= <= &, =
_ 2q2meLcIne2e3 _ qzl-bml‘cln%2 + q3me2Ldnel + qSmechlnez + qé-bmzl-dnes_ q 3meLcIne12 _ q \lrmedne? 2
3El,, 3El,, 6El, 6El, . 6El, . El,, El,
_ q3meLcInele3 _ q3meLcInep2 _ q:meLclneZ2 _ q ;meclneg 3_ q meLclne? 3_ q I?meclnez% _ q3L|:)mLclne32
3El,, 3El,, <= El,, El,, 3El,, 3El,,

_ ChmechIn% _ qlmeLcIneleS _ qlmeLcIne§3_ q ;l-mecIneg _ q L—bmchlne 3_ q L—meclne? 3

12El, . <= El, &, 1El, El,
_ qumeclneZeS _ qZmeLclne32 _ qJ-bmchlnel_ qsmechIneZ _ q3me2LcIne3 _ q3L|:)mLclnel2 _ q:!—mecIneﬁz
3El,. 6El, . 12El, . 12El, . 12E1, . €&l &l
_ qSmeLdneleS _ qSmeLcInepz _ q:vamLclneZ2 _ q i'meclne§3_ q g‘meclne? 3_ q |ErmecIne % 3 q It,’bml‘clne 23
6El,, 6El,, 6El,, €l &I, &l 6El,,

+ qlmeLcln2e3 _ 2q1|_c|n29193 _ 2qll-t:ln2e§3_ q J-clnze?,2 + q ;-medn 2e 3_ 2q Lcln ?EQ 3

6E| cn,1 3E| cn,1 35' cn,1 35' cln,1 GEI cn 1 EI cn 1
_ 2q2Lcln2e2e3 _ quclnze:%2 + q3meLcInzel+ q J—meclnzez + qsmeLcIn2e3 _ q3LcInZel2 _ q3LcIn 28?2
3E| cn,1 3EI cn,1 6EI cn,1 6EI cn,1 6EI cn,1 aEI cn,1 35' cn,1
_ qSLcInzeleS _ qSLcInzeleZ _ q:«)LclnzeZ2 _ q i-dn2e ? 3_ q L‘cln 28? 3_ q I3<:In 29 % 3 q It.’c:ln % 23_ %
3EI cn,1 3EI cn,1 35' cn,1 35' cn,1 EI cn 1 :EI cn 1 3E| cn,1

Some expressions are the same and can be combined together.

H meLcan + I‘cln3 — qSmesLdn + qlmechlneS _ qlmeLcInep3_ qJ‘meclnegs_ q meLclneg
A2El,  3El 2 = 1El,,, El,. El,. 2El,

cln,1

+ q2 L!:)m2 Lclne3 _ qZmeLclneles _ qZmeLcIne§3_ q J-mecIneg + q3me2Lclnel + q3me2LcIneZ

12El, El,. El,. 2El, . 12El, 1261,
+ qSmechlneE, _ qal-bml-dnel2 _ qsmeLdnepz_ q J-meclne§3_ q g'mednei _ q gbml-dne 9 3
12El, 2El, El,. El,. 2El, El,.

_ qal‘bml-dn%2 + qlmeLcIn2e3 _ 2q1Ldn2e§3. _ 2ql|_c|n29293 _ qll-clnzeB2 + q J-meclnze3_ 2q J—dnze§3
2El,,, 6El . 3El 4, 3El . 3l el y, , EI

_ 2q2LcIn2eZe3 _ qZLdnze?;2 + q:smeLclnzel_'_ q ;meclnzez_'_ q ;—medn 2e 3_ q g—dnzel2

cn,1 cn,1

3E| cn,1 3EI cn,1 6E| cn,1 GEI cn,1 GEI cn 1 3E| cln,1
_ 2q3Lcln2e.Lez _ 2q3LcInze@3 _ q :Lclnzez2 _ 2q 4—cln 26 ? 3_ q L'cln 2e 32_ %
3EI cn,1 3EI cn,1 35' cn,1 El cn,1 EI cn 1
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Every expression in the formula is multiplied to get the same denominator. This results in:
H (:I'Zl-bml-cln2EI cln,1 + 8LdngEI bmJ — q3|-bm3LdnEI cn,1l + mlmechlne:sEl cin,1_ 241 J-medne? El cn 1
A3 -

24E| meI cn,1 24E| meI cn,1 2‘E| mel cln,1 2E| meI cn,1
_ 24ql|‘bm|‘clne2e3EI cn,1 _ 1211meLdn%2El cln,1 + 2qzl‘bmzl‘clne3E| cin, 1 _ 24q J‘meclne? EI cn ,1
24E| mel cln,1 24E| mel cn,1 24E| meI cn,1 ZLEI meI cn,1
_ 24q2meLdne2e3E| cin,1 _ 131 Zl-mecIneSzEI cln ,1+ 2] J-bmchlneEl cn ,1+ 2q3me2 LclnezEI cn,1
24kl El ., 24el, El . 2&l, El g, . 24kl El .,
+ 2q3me2Lclne3E| cn,1l _ 12q3|‘bm|‘clnel2EI cn,1_ 241 J—meclne? EI cn 1_ 241 L‘meclne? El cn 1
24E| meI cln,1 24E| meI cn,1 2£| meI cn,1 ZEl meI cn,1
_12q3meLclne22E| cn,l _ 24q3meLc|ne2e3E| cn,l _ 1m 3|‘meCIne32 El cn ,l+ 4q1meLcInzee>E| bm
24E| meI cln,1 24E| meI cln,1 24E| meI cn,1 ZLEI meI cn,1
_160U.Lcln2e.Le3E| bm __ 1611Lcln2e2e£|bm _ &Lc|n2932E| bm + 4q2meLcIn2e3E| bm
24E| meI cn,1 24E| mel cln,1 2‘E| meI cln,1 24E| meI cn,1
_16q2Ldn2ele3E|bm _ 16:]2Lcln2e2e£| bm __ &}clnzegEl bm + 41 i-meclnzeﬁl bm
24E| meI cln,1 24E| meI cn,1 ZLEI meI cn,1 ZEl meI cn,1
+ 4'q3|-bm|‘cln2e2EI bm + 4q3meLcIn2Ae3E| bm _ 8q3LcIn2e12EI bm _ 1®3Lclnzele2E| bm
24E| meI cln,1 24E| meI cln,1 24E| meI cn,1 ZLEI meI cln,1

_16q3Lclnzele3E| bm _ 8:I3|-dn2e22E|bm _ 16:];.6"129??' bm _ 8] é-clnze32EI bm _ 24%E| C|n,lE| bm
24El,_El 241, El,, 2%, E 2| El, , 24l El

cn,1 cn,1 cn,1

All denominators are the same and can be neglected. After neglect the denominators it is
possible to make a formula of H , ;.

oL, Ly, El ana ¥ 2q.L,°L, eEl,. 1249l L.eeEly, 20 L, L.eeEl,, ,
_120umeLdneszE| anat 2qZ|—bm2Lc|ne3E| dn1” 28 ) Lare e El g, 1 24 L lg.e e Ely, 1
=120, L1y, L1085 El gy 2 + 205 Lo El g1 + 203 Lyn@E g 17 20 b L@ El g 4
~1205LinL an& Bl gn 1~ 2403 L€ E iy 1= 240 b Lon€ Bl = 18 bynlgn® Elgy 2
—24q,L,, L.eLeEl  — 1 L. L, e’El, ot gL, L, °eEl, -16gl, eefFl,
—160 Ly, €85y, = 81l €5 Elyy + Al dpynlan ©Fl oy — 181 Ly €Q Ely — 16 Ly, B Bl
=80, Lgn € Elpy + 405 mLan ©E oy + 40 mLin BE i + A dimnban € E o = 81 4, & El
—160;Ly, €EE 1y — 160y, €L E b — Bldyy €, Bl — 181 Ly, @ £ Flyy — 8 Ly ® Elyy
—24e,El, El,

HA,3 =

12meLdn2E| cln,1 + a-<:In3E| bm

The formula above is the result of the difference of deflection in column AB. It is also
possible to make the same analysis for the difference of deflection in column CD. Column CD
is partial yielded and has a reduced stiffness. The analysis starts with the following formula.
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L ns
%CD = _¢c,3l—c|n + FR'D'33ETdn’3

P 5 is known and can be used in:

e =- Ol + Mgsbom  Mcsbim
24El, . ©El,, EI

3
I—cI n

35' cn,3

JLcln + I:R,D,3

bm

Also the expressions forMg ;, M ; and F; ; are known. These expressions can be used in
the formula too.

cD _ _ qSmeSLcIn

24El, .
L.L
_[%(ql + qz)(}/z Lom — 26, 262—63) + qg(}/z Lo — el—ez—eg(eﬁ ete ; -H, '|3°'”:|_6b|2| dn
bm
L
+[%(q1+ qz)(}/z L., +2e+ 2e,+ e3) +q3(}/2me +ete,+ eg(e1+e +e ) +H, ’g‘dn:l l:;b|2| dn
bm
+e + L3
-{(ql * qz)(% me * 2e1+ 262+ e3)|_i + qs(}/z me tete,+ e3)¥ + HD ,3} 3ETIn
cln cln cn,3

Has and Hps are equal together (horizontal equilibrium). Put all expressions of Ha 3 to one
side of the equation.
3 3
_H |_ meLcIn _ H L meLcln _ H Lcln - — q3L L
A,3cln

bm —cIn

6El, S~ < = N i =

ey (6 + 0) (HLom — 26~ 26, €) + Q| #Lyy —€,-€ -0 ) (6 € s+ e ) msn

6E|bm
L. L
+[e3(q1 + qz)(}/? Lo + 2€1+ 262"' es) + Q3(}/2 Lo t€,1 €% ei)(el-'- e,te ﬂﬁ
bm
L 3
J{(Ou’f%)(% Lo + 26, + Zez+eg)L&+q3(}é Lim +el+ez+es)el+f2+e3}3E‘;'” -e,
cln cln cln,3
Combine all expressions of Ha 3.
_HAs(meLcln2 + I—<:In3 ]: _qSmechln
~\ 2El,, 3El dan.3 241,
L L
_[e3(q1 + qZ)(}/2 L —2€,~ 282—63) + Q3(}/2 Lo _el_ez_e;(ef'_ e;te )]ﬁ
bm
L
+|:%(ql+ %)(}/2 Ly +2€,+ 20, + e3) + Q3(}/2 Ly +€,F ez"'eg(el"' e,+e ;]%
bm
|_ 3
+{(Oll +0,) (YL + 26 + 28, + es)l_i +ay(HL, te,te,re ) +fz % E
cln cln cln,3
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To continue the analysis it is important to write out all expressions. To write out all
expressions in ones results in an unclear situation. The different expressions are written out
in parts. There are three expressions written out. The last three expressions of the right part
of the formula.

Write out the first part:

_[%(Ch*'qz)(}é Lom =28, 262_63) +q3(}é Lo _el_ez_eg(ef*_e ;te )] ko

6El,.

- — qlmechln% + qlmeLcInele3 + qlmeLcIneﬁS_'_ q J-mecIneg _ q ;—bmzl—clne 3+ q L'mecIneq 3
12El, . 3, Fl,, &, 1El, . El,,

+ qZmeLcIneZes + qZmel—cIneI%2 _ q3me2Lclne1 _ qSmechlneZ _ q:!‘bmchlne3+ q J'bml—clnel2 + q meLclne? 2
3El,. 6El, . 12El, . 1El, 1El, = &l

+ q3meLcInele3 + q3meLcInep2 + QSmeLcInGZ2 + q §meclne§ 3+ q g'meclne@ 3+ q3meLcIneZeS + qBmeLclne32
6El, 6El, . 6El, . el &, 6El,. 6El, .

The second part:

L
[%(q1+q2)(}éme+2el+ 2e,+e,) + (%L +el+e2+e3)(el+ez+e)] Lo

3El,,
- 0lll-bmzl-clnes + 2qlmeLclnele3 + 2q1meLcIne§3+ q J-bml—clneg + q ;—bmzl—clne 3+ 2q meLclneq 3
6El,, 3El,, Fl,. Fl,, &l El,,
+ 2q2meLcIneZe3 + qZmeLclne32 + qSmechInel + q3me2Lclne2 + q:!-bmchlne3+ q é-bml—clnel2 + q ;—meclne? 2
3El,. 3El,. 6El, 6El, &l . El,. El,
+ q3meLcInele3 + q3meLcInep2 + QSmeLcInGZ2 + q §meclne§ 3+ q g'meclne@ 3+ q3meLcIneZeS + qBmeLclne32
3El,, 3El,, <= <= <= 3El,, 3El,,

The third part:

+e + L 3
[(q+qz)(yszm+zq+ze2+e3)—% QA e e re)Stete | L
I-cln I—cln 3E|c|n,3

- qlmeLcInze?: + 2qll-clnze’o’el_'_ 2q1Lcln2e:§2+ q ;'.-clnzeis2 + q meLanE 3+ 2q L'cln ?eg 1
6EI 3EI 35' cn,3 EI cln,3 GEI cln ,3 :EI cn ,3

+ 2q2Lcln2%e2 + q2LcIn2e32 + qJ‘meclnzel_,_ q J‘mecInze2+ q ;mecIn 28 3+ q L‘cln 2e 12+ q L:cln éq :
3El 44 3El g 5 6EI el €l F,, &

+ q3|—clnzeleS + qBLcInzeleZ + q:vl—clnzez2 + qSLcInzezeS + qBLcInzele3 + q:vl—clnze?fs‘_'_ q !-clnze?,z
3El 3El g3 FEly, 5 3El 5 3El, 5 FEly, 5 I

cn,3 cn,3

cn,3 cn,3 cn,3 cn ,3

cln,3 cn,3

The three expressions which are written out can be used in the formula. This results in the
following formula.
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2 3
_HA3 meLdn + I-dn -
S\ 2El,,  3El.,

_ qSmechIn _ qlmechlne3 + qlmeLdnep3+ qJ-medne§3+ q meLclneg _ q &-bmzl-dne 3+ q E'medneq 3
24El, 12El,, El,, El,, &I, 1El,, Bl
+ qZmeLcIneze3 + qzl‘bml-clne:}2 _ q3me2Ldne1 _ qSmechlnez _ qJ‘bmchlneS_*_ q J‘bml‘clnel2 + q meLclne? 2
3El,, 6El, 12El, . 1, 1El, &, &,
+ qSmeLclneJ.e3 + q3meLcIne@2 + q:!‘bml‘clnez2 + q ;meclneg 3+ q meLclne? 3+ q I?mecln%es + q3meLclne32
6El,. 6El, . 6El, . el &, = 6El,

+ qlmechInes + 2q1meLcIneleS + 2q1meLcIne§3+ q .JL‘meclne?f + q mechlne 3+ 2q L‘meclne? 3
6El, . 3El, <= El, &l El,

+ 2q2meLclneZe3 + qumecIneE}2 + qJ-bmchlnel_'_ qsmechIneZ + qsmechlne3 + qsl-bml‘clnel2 + q:!—mecIneﬁz
3El, . 3El, . 6El, . 6El,. 6El, <= =

+ qBmeLcInele3 + q3meLclne1e2 + qJ‘meclneZ2 + q i'meclne§3+ q g‘meclneQ 3+ q ISbml‘clne g 3‘+ q I?bml‘cln%2
3El,, 3El,, Fl,, <= E,, = 3El,,

+ qlmeLdnzeE, + 2q1Ldn2e3el+ 2q1Lcln2e§2+ ql-dnze?,z + q i'mecln 2e 3+ 2q Lcln ?eg 1

6EI cn,3 3E| cln,3 aEl cn,3 35' cln,3 GEI cn,3 EI cn ,3
+ 2q2LcInzesez + quc|n2832 + q3meLclnze1+ q J-mecInz% + qsmeLclnze3 + q3LcInZel2 + qJ-cIn 26?2
3E| cn,3 3E| cln,3 6EI cn,3 6E| cn,3 6E| cln,3 3E| cln,3 35' cn,3

+ qSLcInzeleS + q3LcIn2ep2 + q:vl-dnzez2 + q i—dn2e ? 3+ q g'cln 2e§ 3+ q |Ercln % g 3_|_ q I3<:In %2 —
3El 3El FElys FElg, EH E 3El

&

cn,3 cn,3 cn,3 cn ,3 cn,3

Some expressions are the same and can be combined together.

_H mel-dn2 + I-cln3 - — qSmechln + qlmeZLcIne3 + qlmeLcInep3+ qJ‘meclne§3+ q l‘medneg
A 2|l 3E 24, 1El,, El,. El,. 2El,

cln,3

2

+ qumeLdn% + qumeclneles + qJ-meclneﬁs_l_ q J—mecIne3 + qSmeZLdnel + qSmechlnez

12El, . El,. El,. 2El, 12El, 1261,
+ qSmeZLclnej + qsl-bml‘clnel2 + qsmeLdnep2+ q J-meclne? 3+ q g'mednei + q E‘bml‘clne g 3
12El, . 2El, El,. El,. 2El, El,.

+ (:I:«’,I-bml‘clnej2 + qlmeLdn2e3 + 2q1Ldn2%e1 + 2(qll-cln2e3e2 + (t11|-dn2e32 + q J-mecln2e3+ 2q 4-cln2e§ 1
2El,, 6El 5 3El 4, 3 3Bl 5 3El el y, 5 Ely, 5

+ 2q2LcIn2e3e2 + q2LcIn2e32 + q:!-meclnzel_l_ q J-mecInzez_l_ q i—mecln 29 3+ q g'clnze.l.2

cn,3

3E| cln,3 3E| cln,3 6EI cn,3 GEI cn,3 65' cn,3 3E| cn,3
+ 2qSLclnzeJ.eZ + 2q3LcInzep3 + QILcInZeZ2 + Z:I J-dn2e ? 3+ q L"cln 2e 32_ %
3EI cn,3 3E| cln,3 35' cn,3 35' cn,3 EI cn,3
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Make every where the same denominator.

_H 12meLcIn2E| cln,3 + 8Lcln3EI bm - _ qSmeSLdnEI cn,3 + mlmezLdneﬁl cn ,3+ 24] meLclne? El cn S
. 24El,_El 24|, El 2|, El 2E| . El,.

+ 24q1meLdneze3E| cln,3 + 12:]1meLcln%2E|dn,3 + 2qzl-bmzl-clne3E| cln,3+ 24q J‘mednepgl cn ,3
24El, El,. , 24El, El,, , 24el, El o 2&l1, El,

+ 24q2meLcIneZe3E|dn,3 + 131 2meLclne32EI cln ,3+ 21 J—bmchlne EI cln ,3+ 2q3me2Ldne2E| cn,3
24E1, El . 24E1, El 241, El,. 24El, El

+ 2q3me2LcIne3E|cIn,3 + 12q3meLclnel2E| cln ,3+ 241 J—meclne? El cln ,3+ 241 gmeclne? gl cdn ,3
24E, El, . 241, El 241, El 2£|, El

+12q3meLcIne22E| cn,3 + 24q3meLclne2e3E|cIn,3 + 1m3meL(:|ne32E|C|n ,3+ 4q1meLdn2e3E| bm
24El, Ely, 4 24E1, El 40 s 24|, El 2|, El

+160uLcln2e3elE| bm + 1611Lcln2e:§2E| bm + &Lclnze;El bm + 4q2meLcln2e3E|bm
24, El, . 241, El 2/, El 24E1, El,

+16q2LcIn2e3elE| bm + 16:]2Lcln2e££| bm + 81J-dn2e32E| bm + 4:lé-bml‘clnzeﬁl bm
24E1, El 45 241, El . 4 2/, El 2|, El
+ 4q3meLcln2e2E| bm + 4q3meLcln2e3E| bm + 8q3|‘cln2e12EI bm + :LmchlnzeleZEI bm
24El, El . 24El, El . 24El, El 5 2&1, El
+16q3Ldn2e1e3E| bm + 8q3|-dn2e22E|bm + 16}4_(:"129??' bm + &}clngefEl bm __ 2483E| meI cn,3
24El, Ely.,  24El,El 24, Ely. , 2E| El,, , 24ElEl

cln,3 cn,3 cn,3

cn,3 cn,3

cln,3 cn,3 cn,3

cln,3 cln,3

cn,3 cn,3

cln,3 cln,3

cln,3 cn,3

All denominators are the same and can be neglected. After neglecting the denominators, it is
possible to make a formula of H , ;.

OsLom LanEl an s = 20bom Lan€sEl 5~ 240 Ly Lon€B El g 5= 240 bonlun@ 8 El gy

=120, Ly L€ El o5~ Db LanElan 5~ 240 bonlon® Elan 5 240 Linlon€ € Flan 5
=120, L, L4085 El 40 5~ 206 Lim LanEl a5~ 205 Lin€El an s~ 2 dom L€ El g 5

~120, L1148 El o5 = 203l E an 5~ 24 bl Elgn 5 18 byulgo® PEl gy
—24q.L,, Le6El, 5~ 1qu_mecme32El an 3~ qumeLan%El bm —16q1Ldn2e3elEI bm
_160uLc|n2%ezE| bm ~ &J—dnzeszEl bm ~ 41z|—|om|-c|nze£| om — 181 Ly, 29??' — P ® ¢ Elun
=80, L €"El i ~ 40slimbon ! = 40 omban € El o = X dombon € E o — 814, 6 El
~160,L,, €€,El,, — 181y, CLE o ~ B1dun €, Bl — 1811, B2 Ely — 8 Ly ® Ely,
+24eEl, El 4

HA,3 =

121, L, ’El, .+ 8., El,,

cln,3

There are two formulas for the difference in horizontal reaction force. These formulas can be
compared together. The following formula is created:
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q3me3LcInE| ana ¥ 2q1me2LcIne3E| dn1 249 L Lane e El g, 1 24 L, Lye e Ely, 1
~120, L, L€ El 1+ Qb LynEl an 1~ 240 Linlan € El g = 241 Ly L€ @ Bl
=120, Ly, L8 El g1 + b Lan& Bl s + 2003k Lo Bl g 1% 20 4o L@ El g 4
~1205LiynL n® El o 1~ 2808 E a1~ 240 b L8 Bl = 18 byln® El gy 2
~240 Ly Lan€,8El 4, 1 1 3|—|omLc|nes2 Ely, .t 4 .Jl-mecInzesEl bm _16q1Lclnzele3E| bm
160, Ly €65E  p, = By €5 El py + M Ll € F oy = 181 L, B Ely = 16 Ly B 0 B,
=80, L, € El iy + 405LomLsn B! m + 40 elpmlgn BE i + 4 Ll BE o — 81 kg, ©El
_16q3LcIn2ele2E| bm 163]3Lc|nze1e£| bm ~ 81J—c|n2ezzE| om ~ 161 L, ® ekl — 8Ly, e 32E| bm
—24e,El , El

12meLcIn2E| cln,1 + a-cln3EI bm

Lo LanElan.s = 20ibon Lan@El g5 ~ 240, L5 Lyn€8E 4o 5~ 240 LinLgn€ £ El g
_12%meLc|n%2E| dn,3 ™ 2q2me2LclneSE| cdn,3" 24 ) lgee Elg, 3 24 L L.eeEly, 3
-12q,L, L, e El an3” 2., °L,.eEl,, s~ 4 L 2L, eEl ans 2q.L,, L, eEl,, 3
=120, L L& El g s = 280 sbomlan € El g 5~ 28 domlan€€ Elan 5 12 Lpmlon® Elan 5
~2405L L o€ g 5~ 12804443 El g 5~ B bl € Eloy = 161 Ly, @ @ L,
_160uLc|n2%ezE| bm _8qch|nzeszE| bm ~ 4Qz|—mec|nzeJE| om — 160 L, %?El om — 181 by, ® ¢ Elyn
=80, L, € El by ~ Aalimbn & o ~ A dimbon ©E o = X doynLan ©El o — &1 4, BN,

_16q3LclnzeleZE| bm 16:]3Lcln2e1%El bm 8q3|-cln2822EI bm 1& J-clnzezeﬁl bm 8:] J-CIn2e 32E| bm
+24e,El,_El

cn,3

12meLdn2E| cln,3 + 8-dn3E| bm

The denominators are not the same. This has been seen before (in the analysis of the second
load case in Appendix K.1). The expressions must be multiplied by the both denominators.
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(12meLC|I"I2 El cn,3 + a‘cln3EI bm)

q3me3LcInE| ana ¥ 2q1me2LcIne3E| dn1 249 L Lane e El g, 1 24 L, Lye e Elg, 1
=120 Ly Lo El o 1+ 2k Lan€E a1~ 20 Linlan€8 Elan = 241 b Lo € By,
‘1ZQ2meLc|n%2E| ana ¥ 2q3me2LclnelE|cIn at ZH—bmchmeEIcln PR &-meLcmAe Elan 1
—12q3meLC|ne12EI ana~ 2L Loee Bl .~ 28 L Le.ee By, 18 L, L€ ZZEI an 1
~240; Ly Ln€,85E c|n,1_12%meLc|n%2 Elgnt 4q1meLcInze3E| om — 16 1Lc|nze? Elyn,
160, Ly, €65E !y, = By €5 El py + 4 Ll € F oy = 161 Ly, B Ely = 16 Ly B 2 B,
=80, L & El yy + 4L L BB o + 40 drnlin B o + Dhlimban &El o = 80akgn € El i
—160,Ly, 6 6,E by, = 1601y, €L El = 81y, € Bl — 161 Ly, B Fly — 8 Ly, B E,
—24e,El, El

(:I'Zl‘bml‘cln2 El cn,1 + 8|-cIn3E| bm)

q3me3LcInE| dn3 2q1me2Lclne3E| an.s” 280 mlan€BEl g s~ 28 L L€ @ Bl 5
~120, L, L Bl 5~ Aok Lon€Elan 5~ 240 Lol an€ € Elan 5= 240 bymlan@ € Bl 5
=120, L 08 El g5~ Do Lan@El s = 205kom Lan€oElan s~ 20 Lo Lun€ El o
~120: Lol n® Bl gp 3 = 280 L omL B El o 5= 240 Lo Lon€8 Elon 5 121 byl gy
—240 Ly Lan8:El 4y s~ 14 3|—mec|neszE| an 3~ 4 ;l-mecInzesEI bm _16(311Lc|nzese1E| bm
160 Ly, ©.8E = 8yl €3 Bl = Ay L € Flp — 181 Ly, @0l — 161 Ly B @ B,
=80, Ly € "El by = A0l Ltn E1E oy = Al Lin B iy = L B Flpy = 81 Ly B 1 E

_16q3LcInzele2E| bm 16:]3Lcln2e1e£| bm 8:]31_C|n2622E| bm 16‘ é-cln 29 ? ?I bm 81 L‘cln Ze :35' bm
+24e,El,_El

cn,3

Write out the formula.
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120,14 Ly 2Bl o 1El g 5+ 240,10 Ly BEl 3 Bl o= 288 Lyl e Bl Bl 5 288 L2y e 8 Ely, By o
—144q,L, 2Ly e El 4 El o 5+ 240 Lo Ly BE 4 Elun 5= 288 Lo ZLy,88El 4 Elyn 5~ 28801 2Ly e £ El o Elun
—1440, L, Ly %8 El 4 Bl gn o+ 240 L Lo B El g Eln o 241 Lon Lan € Elgn Elan # 24 Ly Lon 8Bl Blgn 5
~144q,L,, 2L, %8Bl El 4 5 — 2880510 2Ly 0@ El o Elun o= 288 Lol e Ely, Elg, + 144 L,.2L, % 2Bl Bl |
~2880, Ly, 2Ly 8 El 4o El gy 5= 1441 Ly 2Ly @ 2Bl Elyn o+ 48 b Loy @ ElonElyy 5+ 1981, Ly @ €El Bl 4o 5
~1924 Ly Lo @8l 1 El gy 5= 981y Lo @2l Ely o+ 48] Lo 2Ly @ El Bl & 198 by Lo ‘e@ Bl El . &
~1920,L,, Ly e 8E Bl 4o s — 981 Lyl '@ 2B El o o+ 48] Lo 2lon & El Bl 4 5 + 480510 2y €E Bl 4
+480 L, 2Ly, ‘el El 5~ 969 meLc,n“eZEI ol o= 19214, L *ee Bl Bl o+~ 198 L, L ‘e Bl L, Bl .
~960, Ly, L '€, 2El o El g 5 — 1920 L Lo & &El 3ol 4 5 — 960 dyn L €2l oo El 4 5= 288 Lyn @ El g ElorEl g 5
+
8q,L,, L, ‘El me| st 160, 2 e El Bl - 1921, L tee El, Bl — 198 Ly, Ly ‘eeEl, Ely.
-96q,L,. dn“ 2Bl El o o+ 160,00 Lo @l ool 1= 1921 4oLy ‘@@ Bl Bl — 198 L L ‘e e Bl Ely,
-96q,L,,L,, e El me| anat 1601 2Ly 0Bl Bl o+ 161 L Ly e Bl Bl +160.0,, Ly, ‘@ E Bl g, o
~960, Ly, L ‘€ 2El o El 4o 1 — 19291, Ly @€ El ol = 192 L, Ly ‘@@ Bl El g, — 98 Ly Ly e 2Bl El . 4
—1920,L, Lo S8 E o El 1 — 981 Ly Ln '€ 2El o El g1 + 320,10 Lo %85 (El o)’ — 1281y, e84 Bl )
-12&gL, %es(El bm) - 64L,,%e, (EI bm) + 32 L, L, es( El bm) - 124§ J—cmse?:(El bm)2
—12&12Ldn5e2e3(El o) = 641,102 (Eln ) + 32 L Lan ey Eln) + 38 Lyl e {Elyn )
+320,L,,L, cIn (EI ) - 64:'3Ldnselz(E|bm)2_ lz&chlnSeFZ(Elbm)Z_ 1264—cln5e?{Elbm)2
—64q,L,°e,2(El,,)" - 1281, %eLy(El ) - 6411y, 2(El,,) - 1981, El,, {El,.)°

120,10, Ly El g 1Bl g s = 201 Lo @ g Bl 5= 288 by Lon € Ely, By 5 288 Ly, Ly eeEly, Ely,
~1440 Ly, "Ly € El o El g 5= 240 Lo Lo BE o Elan 5= 288 ko Lun 8851, Elans ~ 2880 Ly Ly, @ £E 4y El gy 5
~144q,L,, °L,. %6 Bl Ely, 5= 240 L, Ly B Fl g Ely, o~ 241 L, Ly B Bl Ely, 5 24 L, 1, 8By, Bl
—1440, L, "Ly 8 %El 4o 1Bl g s = 28800, Ly 8 €,E 4 £l = 288 Ly Lyn @€ Elyy Elgn 5+ 144 g_bmzl_ e %El gl an -
-2880,L,,, Ly 80 El 4 Elyy o= 144 L Ly e 2Bl gy Bl + 48 by ’Ly, € By, Bl — 196L,,.L. e8El, E
~1920, Ly, Lo * €8 E 4 El o = 981 Lgmnlan € 2] g Elom = 48) L ’Lyn @ El gy Bl — 198 Ly Lo '@ € Bl Bl
-1920,L,, L, "ee.Ely, El,, — 961.L, Ly, ‘e El,, jEI om = 481 Ly Lo 8 El g, Bl — 480,12l el Elyn
—48q3|_bm2Ldn4e3E| an. 1El om — 980 Lol '€ 2Bl Elyn — 1921 L, Lo "ee Ely, Elow — 198 Lyoly.'ee Ely, Bl
~960, Ly L €, °El 4 1Bl o = 1920 Ly €65l o, 1El om —960LoLon "€ 2El o, Ely + 28%8 1, Ly "l Ely, Elg,
+

8q3me3Lc,n“EI onEl s — 160, 2L, e El Bl o— 1921, L, *ee Bl El,, +~ 1981, L, ‘eeEl, El,. ,
~960 L, Ly, '€ 2El o El o 5 — 169,10 2Ly @1 o Bl o~ 1921 4y Ly te Bl Bl +~ 198 L, L, *eeEl, El,. |
~960, Ly, Ly "€, 2El o El 1 5 — 16900 2L B E o El g 5= 161 4y L B Bl El g 5 = 1605L0 2L, ‘@Bl El o 5
~960,L,, Ly, 2Bl El s~ 1929, Ly e Fl Bl 5= 19214, L, ‘e Bl Ely, + 96 L,.L. ‘e 2Bl Ely 4
—1920,L,, Lo ‘@8 Bl El g 5= 981 LpnLar @ 2Bl Bl 4 s = 320,Lo Ly o8y (El ) — 1281.L,%e8y(El )
-128L,, %ez(El bm) - 64", ( bm) - 161 L, Lo, e3(EI bm) - 124 J—cmse?(El bm)2
~1280,L, %8, (El o)’ = 641,10 2(El o) = 32 Lomlon i Eln) = 38 Lol € {Eln )
—-320,L,,,L cIn (EI ) _6413Ldnselz(E|bm)2_ lz&chlnSeFZ(Elbm)Z_ 12&4—c|nse?{Elbm)2
—64q,L,°€,2(El,n)” - 1281, %eL5(El )’ = 6411y, 2(El,,) + 1984, %(El,, ) Ely, ,
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The first step to simplify this formula is to find the same expressions on both sides of the
equation. The same expressions are neglected or combined together.

480[[me cln %El cln, 1EI cln, 3+ 48] ZmeSLcIn eﬁl cln ﬁl cln ,3
+48q3 bm cIn elEI cln, 1EI cln, 3+ 48:'4‘bm3|‘cln eJEldn JEldn 3+ 481 !‘»‘bm:al-dn?e EI cln gldn ,3
+480U.me2LcIn e3E| meI cn,3 - 19211meLcIn epﬁl meI cn,3
_192qlmeLdn4e2e3E| meI cln,3_ 96Jll‘bml-dn‘1e32EI meI cln ,3+ 48‘ J-bmzl-dn4e gl meI cln 3_ 19a L‘mecIn4e? EI meI cn ,3
_192q2meLcln4e2e3E| mechn,3_ 96:]2meLcln4eSZE| mel cln ,3+ 4& 4‘bm2LcIn4eE| meI cn ,3 48q3me2Lcln eZEI mel cln,3
+48q3me2Lcln4e3E| meI cln, 3_ 96:] mel-dn4e12EI meldn ,3_ 19a J‘medn‘le? EI meldn ,3_ 19a !%'medn e? EI bm dn2EI cn ,3
_96q3me cln Elcln 3 19m me cln ezeJEI meI cln ,3_ 96q3meLcIn4eszE| meI cn,3 - 576‘mecInzei%El cn 1EI Elcln 3

+
8q3|‘bm3|‘cln4EI meI cn,1 + 1®1me2Lcln4esE| meI cln ,1_ 1921 J‘mecln4e? gl meI cln ,1_ 19a !.‘bml‘cln4e § EI meI cdn 1
_96q1meLdn EI meI cn,1 +16q2me2Ldn4e3E| meI cln ,1_ 1921 J‘medn“ep EI meI cln 1_ 192‘ i‘bml‘cln4e § gl meI cn 1
_96q2me cln Elcln 1+ 16:] L 2L 4elE| mechn ,1+ 1@ J‘meLclnde!EI meI cn 1 1@ gbm cln esEI mechnl
_96q3|‘bm cIn bm cIn 1 19a me cln eleﬁl meldn ,1_ 1921 ;mecln“e? gl meI cln ,1_ ga g‘bml-dn4e 22EI meI cn 1
_192q3meLcln4e2e EI mel cln 1_ 9613mel‘cln4e 2E| meI cn 1
+640U.meLcIn5 ( ) + 64q2 bm cln (El ) + 6®3me|‘cln e (E ) + 64’]3meLcIn € (EI )2
+64Aq3meLcIn e3(E|b ) 192‘cln e3E| cln 1( I m)2

_480U.me2Lcln4e3E| cln,lEI bm 19&1meLcln4e:§1E| cn gl bm
_192qlmeLdn4%e2E| c:ln,lEI bm - 96qll‘bml‘t:ln4e32E| cln ﬁl bm - 48:‘ Zl‘bmzl-cln4e EI cln ﬁl bm - 192‘ l'bml‘cln4e @ gl cln 5' bm
_192q2meLcln4%e2El cln,lEI bm 96:] 2meLcIn4e32E|cIn gl bm 4& 4—|:Jm2LcIn4e Elcln El bm 4a L‘bm 2Lcln 4e EI cln,lEI bm
_48q3me2 I-c:In4e3E| cln, 1EI bm - 96q3|‘bm|‘cln4e12EI cln El bm - 19a J‘mecIn4e? El cln gl bm - 19a g‘mecln“e@ gl cln 5' bm
_96q3me cln cln 1 - 19213meLcln4e2e£| cn gl bm 9@ J'mecIn“e;El cIn,lEI bm

+
8q3|‘bm3|‘cln4EI EI cn,3 - :Lmll‘bm2|‘<:ln4e3E|meI cln,3_ 1921 :J‘medn4e? EI mel cln ,3_ 19a L’bml‘cln4e g EI mel cn ,3
_96q1meLdn El meI cn,3 - 16}2me2|‘ 4€3E| meI cln 3_ 192‘ J‘mecIn“ele?.El meI cln,3 _19212meLcln4e2e3E| meI cln,3
_96q2me cln El mechn 3 1@ meZL e El meI cn, 3 1@ J—bmchIn“eJEl mechn 3 16 \lfbm2L ‘é EI mel cn ,3
_96q3|‘bm cIn ElmeI cn,3 19213|‘bm|‘cln epﬁlmel cn,3 192qSme cln ele El meI cln, 3~ 96} :»mel‘cln4e 2E| meIdn 3
_192q3|‘bm cln eze3E| meI cln,3_ 96:131‘medn4e32E| meI cln ,3+ 1924—cln (EI bm) El cn ,3

The second step to simplify the formula is to combine the same expressions. All expressions
of the right part of the formula are inserted in the left part of the formula.
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48q1me cln %El cin, 1EI cin, 3+ 481 2me3Ldn eﬁ' cln EI cln 3+ 48] g‘bmﬁ‘cln%gldn gldn 3

+48q3 bm cln e2E|cln 1E|cln 3+ 4m;bm3Lcln3e:E| cln ﬁl cln 3+ 4& !.‘bmchInAe EI bm(EI cn 1 + El cln )
+192qlmeLdn elejEI bm(EI cln,1 - El dn,3) +192ql|‘bm|-cln ezeaEl bm ( El cln ,1_ EI cln 9
+960U.meLcIn4eszE| bm ( El dna” El cln ,3) + 48] Zme2 LclnzleﬁI bm ( El cln ,1+ El cln :)

+192q2 l‘bml‘cln“eleSEI bm ( El cln,1 - El cln ,3) + 192] J‘medn4e§£| bm ( El cln ,1_ El cIn,S)

+96q2 meLcIn4 2E| (El dnd” El cln ,3) + 48:1 J‘bmchln‘leﬁl bm ( El cln ,1+ El cln :)

+48q3 bmchIn e El bm(EI cn, 1+ El cln,3) + 48:]4‘bm2|‘cln4e£| bm(EIdn ,1+ Eldn 3)

+96q3me cln (El cn,1 —El cln,3) + 19mJ‘mecIn4e? JEI bm ( El dnl El cIn,3)

+192q3|‘bm|‘cln eleSEl bm cln (EI cln,l_ EI cln ,3) + 96} :»mel‘clnd'ez2EI bm ( El cln ,1_ EI cln ;

+96q3meLcln462e3E| bm( 2E dn,a El cln ,3) + 96} J‘mecln“e?gl bm ( El dn 1 El cln )
_576meLdn2%E| meI dn,lEI cn,3

+

80Loy L “El i (Bl iy = El g ) + 160 Ly L ‘€ o (Bl gy 1+ El g )
+1920 L, Ly, ‘@e.El y (~El g1+ El gy o) + 1921 L, Ly ‘e B, (<El, +Ely, )
+960; Ly Ly € El iy (=Bl gy + El g 5) +1600 L, Ly, e Elyy (El gy 1+ El gy )
+1920,L,,, Ly, 80y (~El g2+ El gy o) + 1921 Ly Ly e £ Bl (-El g +El g, )
+9601, Ly L € El yy (~El gy + El g 5) + 160 Ly L ‘€ Elyy (El g 1+ El gy )
+160; Ly, 2Ly €y (El g2+ El gy o) + 1680 Ly 2Ly €l (El gy 1+ Elg 3
+960, Ly, L € El iy (=Bl g 1+ El gy ) + 1921 Ly Ly €8 Ely (~El gy 1+ El g, )
#1920, Ly Ly ‘€8, iy (Bl gna* El gy ) + 981 Ly Ly "€ 2Bl (=Bl g + El )
+1920,L, Ly, ‘€08 o (=Bl o+ Bl o) + 981 Ly Ly, "€ 3B, (=Bl +Ely,
+64g, L, Ly, (El ) + 640,L, Ly 65(El ) + 641 LymLan @ (El )’
+640, Ly L, 6, (Elyn)” + 640,y Ly €5(El,y,)* = 192, %, (Bl ) (El gy, + Elg, )
=0

Some equal expressions can be combined together. This results in the following formula:
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480 Ly, Lo BBl g El g 5+ 481y, L ©E 4 Bl o+ 481 L Ly BE L, Elan
+480,L,, Ly & Bl 4 El g o+ 481 Ly, Ly, B El g, Elyy o+ 641 Ly Ly B Bl (Bl #Ely, )
+640,Ly, 2Ly ‘Bl (El gy * El g o) + 640, L @y (El g 2+ El gy

+640,L,, Ly €l (El gy El g o) + 640 L Ly @l (Bl 1+ Bl )

~576L,,, Ly 8Bl Bl 4 1Bl g 5+ &Ly Ly El bm(El an 1~ Elgn ,3) + 641 Ly Lo & (El bm)2
+640, Ly Lo’ (El o)’ + 645l Ln 1 (El ) + 641 Limlan@x(Elom)” + 641 Lol o El )
~1920 %, (El y) (El gy + El o z) = O

2

cn,1

Put all expressions of e3 to the left side of the equation.

48q2 bm cIn esEl cn, 1EI cn,3 48:11meSLcIn e:EI cln glcln 3 48] meaLcIn:b EI cln gl cn
_64q1me cln Q’.El bm(EI cn, 1+ El cln 3) - 6431 J-bmchIn eﬁ' bm(EIdn ,1+ Eldn 3)
_64q3me2Lcln %EI bm( cn, 1+ Elcln 3) + 576‘ I-clnzesEl mechn,lEchn,3
2
—64Chme cln ( ) 6‘n2meLcln e (El bm)
2
_64q3meLdn ( ) + 192‘cln (Elb ) (EI cln, 1 EI cln,3)

48q3 bm cln e.LEI cn, 1EI cln, 3+ 48:IJ‘bm3Lcln eﬁl cln gl cln ,3
-|-64qsl‘bm2 I‘cln elEl bm ( El cln,1 + El cln,3) + 64qSme2 I‘c:ln eZEI bm ( EI cn,1

+8q?>megl‘cln‘lEI ( El cn,1 - EI cln,S) + 64q3meLdn5el( El bm)2 + 641 :»mel-cln5e 2( EI bm)2

+ EI cln ,3)

Combine some expressions
_3me3Lcln (q2 + ql + q3) EI cIn,lEI cln ,3_ 4'L|:)m2 LcIn2 (q1+ q 2+ q 9 EI bm ( EI cln ,1+ El cln ;

16Lc|nzes _4meLcln (ql + q2 + q3) ( El bm)2 + 36'me| mel cIn,lEI cn,3
+12Lc|n (EI bm)2 ( EI cn,1 + EI cIn,3)

6me2 (el + ez) EI cln,lEI cn3 + 8mel-dn (el + e2) El bm(EI dn,1+ EI cln ,3)
+8Ldn2 (el + eZ)(EI bm)2 + l‘bmzl‘clnEI bm(EI cln,1 - EI dn,3)

The term total load (gtotal) can be used instead of the different terms g1, g, and qgs.

CXVI



2
_3me3LcInqtotal El cln,lEI dn3 4me2 Ldnzqtotal El bm ( El cn,1 +El cln,3) - 4mel‘clngq'(otal (EI bm)

16L,, %, ,
+36meE| meI cln,lEI cn,3 + 12—dn ( EI bm) (EI cln,1+ EI cln ,3)
8L L 3 6me2 (el + eZ) El cln,lEI cln,3+ 8meLcIn (el + ez) El bm(EI cIn,1+ El c|n,3)
e +8Lc|n2 (e.L + e2) ( EI bm)2 + L!:)m2|‘<:lnEI bm ( EI cn,1 - EI cIn,3)

The formula of e3 can be found.
6me2 (el + ez) El dn,lEI dn,3+ 8I‘bml‘cln (el+ ez) EI bm ( EI cln ,1+ EI cln :)}

+8Lc|n2 (e.L + ez) ( El bm)2 + mezl-clnEI bm ( El cn,1 - EI cln,S)
2 _3me3Ldnqtotal El c:ln,lEI cn,3 - 4me2LcIn2qtotaI El bm ( El cln,1 + El cln,3) - 4meLdn3qtotal (El bm)2
+36meE| meI EI cn,3 + 1z‘cln ( El bm)2 ( El cn,1 + El cln ,3)

q3 me I‘cln {

cn,1

Check the dimensions
m? (m+m) Nmm*Nm~’m*+ mm(m+ m) Nm‘Qm“( Nm™ m *+ Nm™ ‘)

+m? (m+ m)(Nm‘Zm“)2 + mZmNm‘zm“( Nm m*-= Nm m 4)
m’mNm*Nm2m*Nm m*-mmANm Nm™ m ‘(Nm‘ m 4+ Nm™ m j— mm Rim™ me‘ m )‘2

+mNmM2m*Nm™—m*Nm m*+ m( Nm™ m 4)2 ( Nm™  “+ Nm™ fn j

Nm*mm

m=

_ Nm[N’m’"+N’m’+N’m’+N 7|
[N =N =N+ NI+ N ]

N3*m?
m= N3*m’

The dimensions are correct.

In Appendix K.1 a formula is found for the total deflection in the second load case. In
Appendix K.2 a formula for the total deflection in the third load case is found. To check the
formulas the formulas will be compared together. The following formulas were found in
Appendix K.1:
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6Lor € El 4o 1Bl 2+ 3Lom ZEl 4 El g o+ 6L5n€Z Elgn Elun
G LomLan | *8LomLn@E n (El g + Elgn.2) + Lo Legn El o (El gy 2= El gy o) + 8L @ Ely)”
#2032, (Lo + 28) By (=Bl g 1 + 21, )
~30kotar L LanEl an 1Bl 2 = Lhotar L LainZoE! g 1l i 2
2| =40t Lo Letn B ( El s + Bl 2) = g Lo’ ZoE g (=Bl g 1+ 261, )
~40 e Lol (E! brn)2 +121, (El brn)2(E| an1+ El c.n,z) + 36, El Bl 4o El g

One big difference between the second load case and the third load case is the shift of the
centre of gravity. Suppose this shift is equal to zero. The following formula remains.

6L € E gy 1Bl g 5 + Bl Lan € o ( El g 1+ El )
Lo Lo Bl (El gy = El g 2) + 8Ly €4 (Elyy)”

~30%ta Lo Lt B in 1Bl a2 = Dt Lo Lt El o ( El iy + El g )

~A0a Lo Letn” (Elim)” +12L5 (Ely)” (El g + El g 2) + 365, Bl El g El g,

q2 me I‘cl n

%:

The formula of the additional deflection in the third load case is the following formula.

6me2 (el + ez) El dn,lEI dn,3+ 8I‘bml‘cln (el+ ez) EI bm ( EI cln ,1+ EI cln :)

+8Lc|n2 (e.L + ez) ( El bm)2 + mezl-clnEI bm ( El cn,1 - EI cln,S)

2 _3me3Ldnqtotal El c:ln,lEI cn,3 - 4me2LcIn2qtotaI El bm ( El cln,1 + El cln,3) - 4meLdn3qtotal (El bm)2
+36meE| meI EI cn,3 + 1z‘cln ( El bm)2 ( El cn,1 + El cln ,3)

q3 me I‘cl n

ej:

cn,1

If the formula of e, and the formula of e3 are compared together, the following conclusions
can be made:
= The signs and the numerical parameters are the same in both formulas.
= Somme differences between the formulas are the stiffness (El.n, compare with
Elan 3), the load (g, become qs3) and the starting deflection (e; compare with e;+e;).

If there is an error in one formula, the error is including the other formula too. The
probability of making twice the same mistake is small and this concludes that the signs and
the characters in both formulas are correct.

The formula of the total deflection in the second load case is found. This formula is very
complex. It is very complex to find a formula for the additional horizontal reaction force
using this formula of the total deflection. The numerical value of the total deflection will be
used for the calculation of the horizontal reaction force.

The formula of the additional horizontal reaction force can be simplified. The formula of the
additional horizontal reaction force is:
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GsLom LanElan.s = 20ibom Lan€sEl an s~ 240 Lomban€B Elan 5= 28 bonlan€ € Elan
_120(LmeLclne:32E|cIn,3_ 2qZ|—bm2|—c|nesE| an 3~ 28 nla€ Elyn 5 24 L Lo € By,
=120, Ly, Ly El g 5= 205L Lyn€El 4 3= 205 Lan€El gn 5~ 2 L’ Lgn€ Elgn 5
_12q3meLcInele|cIn,3_ 240 mlan€fE 4 5= 24 Lnlan€€ Elan 5 12 Lynlgo® 22E|c|n 3
—2405L,, Lyn€8sEl g, 5~ 1msl—mec|neszE| dn,3" ‘bumeLclnz%El bm _16qch|nzeae1E| bm
160, Ly €2,E !y, = Bilgn €5 El iy = Al Lo € El iy — 181 Ly, € Fl — 161 Ly, B G B,
=80}, Lo € El i = 40dalimLon B irn = Akt Lon ©E on = 40 Lo € El i — 8140, 6 El
_16q3LcInzele2E| bm ~ 1613|—c|nze1e£| bm ~ 8”—dn2ezzE| om — 18] J—dnge el — 8Ly, e 32E| bm
+24eEl, El . ,

HA,3 =

121, L, 2El,, .+ 8., El,,

cn,3

To simplify the formula the order is changed.

_2q1me2Ldn%E|dn,3 - 2q2me2LC,ne3EI an 3~ A J‘bmzLdneEI dn 3

—24q L, Lyn@8:El o s~ 24 Ly L@ El g, s~ 24 Lo El g,

—240) Loy Lan€8sEl 4 5~ 20 L Lan€ £ El o 5~ 240 Liomlan€ @ Bl g s

_12q1meLclne32E| dn3 12:]2meLc|ne32E| an 3~ 12 J-meclne??El cn ,3

_40umeLc|n2%E| bm 4Q2meLc|nzesE| bm — 4q3meLcIn2e£| bm

_160uLc|n2%e1E| bm 163]2Lc|nzeee1E| —_— :J-clnze? Elon

-16q,L,, €&l ,, — 160, L, €,El,, — 160l e £ El

_80uLc|n2%2E| bm 8q2Lc,n2e32EI ¢ 2e32E| bm

_2q3me2Lclne2E| 3" 2q3me2LcIne3E|cIn 37 1x J—meclnefEl dn,3 24 L, Loee Elg, 3

_12q3meLdnezz El dn3 4q3meLcIn2qu bm 4q3meLc|nzezE| bm 8q3|-c|n2912E| bm

_16q3LcInze.Le2E| bm &3Lc|nzezzE| om + 2BElEl g, 50 J—bmSLclnEl dn ,3
12meLC|n2EI + 8Ldn3EI bm

HA,3 =

cln,3

If possible the total load is used instead of the three different loads separated.
_2qtotal,3me2Lcln%E| cln,3_ 24qtotal ,J‘meclnepﬁl cln ,3_ 24qtotal ,é‘bml-dne ? EI cn ,3

_lzqtotal,3meLcIne32E| an 3~ Do ,J-meclnzeJEI bm ~ 1 &hota ,J-clnze§g| om ~ 1 Bhota ,!s-clnzeg Elom
~8%a sl € El i = 205Lem Lin€E! gn 2~ 204t L€ El a5~ 180 by L€ 1E 4y 5

—24q,L,, Ly 86,E! dn,3" 1Z|3|—mec|nezzE| an 3~ 4l &meclnze Elpm— 4 meLclnze Elon— 8 L'clnze iEI bm
—16q3LC|nzele2E| bm &:]3Ldn2922EI om T 246El El o+ qubm3LC|nEI dn 3

HA,3 =

12meLcIn2E| cln,3 + g-dn3E| bm

Some expressions are combined together.
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~Choua sbomban| 2L + 2408, + 222+ 127 Bl |

~Choua sban | AL + 1628, + 162, + &7 |El,,

0L Lom™ =~ 2Lin® ~ 2Ly~ 127 — 24g,~ 127 |El, ,

~Oyly,’[ ALy + AL, 0, + & + 16, + & |El, + 240l El
120, L 2El 5 + 8Ly, Bl

HA,3 =

cln,3

The following formulas can be used to find the loads and the deflection in the second and in
the third load case.

Vo, =06, +d,( %Ly, tete,)
Va2 = =08+ 0,( %L — - €))
Mc, = G(%Lmte+e)) (et eyt 2,)+ae Sl +2ere+2)+H, L,
Mg, =0 (KL —& - &) (e + &) +ag 4L, —2e,-8) - H, L,
~Choe 2Lomban€[126, + 248, + &,+ 2, |El, ,+ Oy Lon €] 44— 16— 8]El,,
y 248, El Bl o, + Aol | Lo = 2@~ 12 = 4,,7,~ 82,|El,, ~qLy‘e[ 4,,+ 8]El,,
e 120, L El g, + 8y, El,

6Lor € El 4o 1El g 2+ 3Lom ZEl 4 El g o+ 6L5n€Z Elgn Elun
G LomLan | *8LomLn@E o (El g + Elgn2) + Lo Lo El o (El gy 2= El gy o) + 8L @ Ely)*
) #2042, (Lo + 28) By (=Bl gy 1 + 21, )
~30kotar L LanEl an 1Bl 4 2 = Hhotas L Lan ZoE! an 2
2| =40t Lo Letn B ( El s + Bl 2) = 20t Lo’ ZoE g (=Bl g 1+ 26 g, )
~40 e Lol (E! brn)2 +121, (El brn)2(E| an1 + El c.n,z) + 36,,,El ,,El 4, El

El

cn,T

cn,2
Voi=(0h+0,)€+ s hLon e+ € )

VA,3 :_(Q1+Q2)63+Q3(}/2me_e1_e2_e3)

Mc,s zes((h"'%)(}/z Lo +2€,+ 2e2+e3) +q3(}/2me +el+ez+eg(e1+e ;e )"’ Ha ,l?cln
MB,3 :es(Q1+Q2)(}/2 me —281— 262—83) +Q3(}/2 me _el_eZ_e;(e ttese )_ HA ,I?cln

_qtotaj,3meLcIn |:2me83 + 24ele3 + 2@263‘*‘ 1%3?} EI

_qtotal,3Lcln2 [4mee3 + 1&361"' 1633ez+ &32] El bm

+q3meLcln[me2 —2L,,8 — 2,65 1$12 - 2%p,- 1222} Eln 3

_q3Lcln2 |:4me%. + 4mee2 + &12 + 1@p2+ &22} EI bm + 24%E| meI cln,3
12meLcIn2E| cn,3 + a‘cln?,EI bm

cn ,3
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6me2 (e.L + ez) El cIn,lEI cIn,3+ 8meLcln (el+ ez) EI bm ( EI cln ,1+ EI cn :)
+8L 2(e1 + eZ)(El bm)2 + L 2L El bm(EI cn,1 - EI cln,3)

cln bm ™cln

q3 me I‘cln |:

2
2 _3me3LcInqtotal El cln,lEI cn,3 - 4me2Lcln2qtotal El bm ( El cln,1 + El cln,S) - 4meLcIn3qtotal (El bm)
+36meE| meI EI cn,3 + 12-cln ( El bm)2 ( El cln,1 + El cln ,3)

cln,1
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Appendix L Calculation example of an unbraced portal frame

In this Appendix a calculation example of an unbraced portal frame has been made. This
calculation is based on formulas of the non-linear analysis from Appendices J and Appendix
K. The linear analysis has been made to understand the non-linear analysis better. The linear
analysis will not be used in this calculation. Because of the complication of the formulas, a
computer program has been used to make the iterations. The calculation file can be found in
Appendix L.2. Appendix L.1 is about the use of the formulas.

L.1  Calculation example.

This Appendix is a calculation example for an unbraced portal

frame. In this Appendix it becomes clear what to do with the
formulas found in Appendices J and K. Because of the complexity

of the formulas not every step will be made manually. The
calculations are made by the computer program MatLab. The
calculation file can be found in Appendix L.2. <

The column of this calculation example has a length ten meters.
The section of the column is a HE 360A section. The beam has a
length of five meters and has section HE 900A (Fig. L.1).

The section properties are: o Ao

Ly, =10000 mm Figure L.1:

L — 5000 mm Structure
bm -

& =10 mm

Elg,, =6.959*10" Nmm®

Elg,, =5.263*10" Nmm®

El s =3.573*10" Nmm?

Zy,, =1.891*10°mm’

Zy,, =1.432%10°mm’

Zyns =9.721*10° mm’

El,, =8.864*10" Nmm?’

f., =177.5N/mm’ (first critical stress)

f., =5325 N/mm? (second critical stress)

Ay: = 14280 mm’
A, =11655mm’
Ayns =7280 mm’
Z =39.6 mm

The first load is:
V1 = 479 N/mm (kN/m)
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The deflection can be calculated.
12yL, El,

12El,,.El dnl qlmeZCIECIn El cIn,IlilZ:hmeLclanl bm

_ 12*0.004*10000*8.864*18 *6.959*10

as 12*8.864*10" *6.959*16°~ 479*5000 *10000*6.9520"
(—2*479*5000*10006 *8.864*1Y ]

_ 2.961*10"

"~ 3.073*10°
g =96.5mm

e.l.:

The reaction forces can be calculated:
Vo= Q1(1/2me + e1)

V. =479 %2*5000+ 96.5

e 1244*1GN

— mechInEchnl 12Z/IEI meI cln,1 i
D1~ ql 2 ’ 3 - ql cln 2 ' 2
12meLcln EI cln,1+ g—cln El bm 125' meI cln,l_qlme I—clnElcln,l_ almeLcln EI bm
H. =479 5000 *10000*6.959*18
bl “12*5000*10008 *6.959*18 + 8*10000 *8.864*10

12*0.004*8.864*18* *6.959*18
(12*8.864*164 *6.959*13°- 479*5000 *10000*6.959*ij

—-2*479*5000*10000 *8.864*1Y

-479*1000

_ 4.167*10"
bl 7509*1G7
H,,=5104N

*1 @7 2
_4.79*103( 2.961 16)

3.073*1¢

Calculate the bending moment in point C.

M¢, = C11(1/2me + el) e+H, Ly,
MC’1:479(1/2*5000+ 96.}5 96.5 5104*100(
M, =171.1*16Nmm

Calculate the stresses
VD,l _ Mc,1

Abln,l chn,l
_ 1244*10 171.1*16
Jright 1= -

' 14280  1.891*10

Jright,l ==
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Origns = —177.6N fmm?’® first critical stress
O —__ VD,]. + MC,l
1= T
Atln,l chn,l

o = _1244*10 | 171.1*10
left 1 14280  1.891*10

Oier = 3.4N /mn’ Tension
V,
Jcentre,l = -
Atln,l
__1244*10

ag =
centre: 1 14280
O rer = —87.IN /mn?

The second load is:
Y2 = 153 N/mm (kN/m)

The additional deflection can be calculated.

6I‘bmze.l.EI cln,lEI cn,2 + 3l‘bm222E| cln 1EI cln ,2+ 6mee; El cln ?I cn ,2

q2 meLcIn +8meLcIne1E| bm ( EI cn,1 + EI cln ,2) + mezl‘clnEI bm ( EI cln ,1_ EI cln 2) + 8Lc|nzel( EI bm)2

+2Lcln22 ( me + Zel) EI bm(_EI cln,1+ 2EI cln,2)

_3qtotal mesl‘clnEI cln,lEI dn2 3qtotal I‘bm2 I—canZEl cn 1EI cn,2
2 _4qtotal I‘bm2 I—cln2E| bm ( El cn,1 +El cln,2) - 2qtotal mel—cInZZZEI bm (_EI cln ,1+ 2E cln ,2)

_4qtotal mel‘cln3 ( EI bm)2 + 12Lcln ( EI bm)2 ( EI + EI cln,2) + 36—me| meI

CXXIV



153*5000*10000+ 8*5000*10000*96.5*8.864*14(( 6.959*10 62"1013)

6*5000F *96.5*6.959*14° *5.263*16°
+3*5000° *39.6*6.959*16° *5.263*1&’
+6*5000*96.5*39.6*6.959*18 *5.263*1H

+5000 *10000*8.864*15‘( ®59*10° - 5.263*163)

+8*10000 *96.5 8.864*16?)2

+2*10000*39.6 5006 2*96) 8.864*1t(- 6.959*f6 2*5.263*1)

_ 5.263*1¢°

%= 041 10°
e, =179mm

~3*632*500F *10000*6.959*18 *5.263*18
~3*632*500¢ *10000*39.6*6.89*10" *5.263*10°
~4*632*500¢ *10000 *8.864*15‘( 6.959*16+ 5.263*1@)

-2*632*5000*10000 *39.6*8.864*10(- 6.959*1%+ 2*5.263*1)

—4*632*5000*10006( 8.864*1ﬁ)2

+12*1oooc( 8.864*16)2( 6.959*10+ 5.263*1%)
+36*5000*8.864*10 *6.959*10° *5.263*16?

The reaction forces can be calculated:

Vb, =08, + Q2(}/2 Ly, + €, ez)

V,, =479*179+ 1534 % *5000+ 96.5 17k
Voo = 510*1C0°N

_ _qZLclnz

_qtotaI,ZmeLclnez[lzez + 2Lbl-i_ &2+ 2—bm] EI cln ,2+ qtotal ,J‘clnzez[ lme - 16 1 8 J EI bm
+24%E| meI cln,2 + QZmeLcln[me2 - 2meel_ 1k12 - LmeZZ_ &12 2] EI cn ,2

e.L[4me + 8el] EI bm

12meLcIn2E| cln,2 + 8|—cln3E| bm
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-632*5000*10000*179 12*179 24*96.5 8*39#6 2050 5.263*1¢
+632*10006 *17¢ 4*5000- 16*96.5 8*1719 8.864*10
+24*179*8.864*10" *5.263*1¢°

5000 - 2*5000%96.54 12*96%
+153*5000*1000 5.263*10°
-4*5000*39.6- 8*96.5*39%
. -153*10006 *96.5 4*5000- 8*965 *8.864*1014
b2 12*5000*10000 *5.263*18 + 8*10000 *8.864*10
Ho = -5.238*1F*
©2 7.407*1F
Hy,=-7072N

Calculate the bending moment in point C.

MC,Z = qZ(}/Z me +el+62)(el+ez+ Zz) +q?i}/2|-bm +Zel+eZ+ z ; + HA ,E‘cln
M., =153} *5000+ 96.5 17§ 965 179 39.6

+479*179 % *5000+ 2*96.5 179 39)6- 7072*100

M., =312.7*16 Nmm

Calculate the stresses
_ _ VD,2 _ Mc,z
Jright,z - Jright,l 7
Atln,z

cln,2

510*10 312.7*16

o =-177.6— -
right.2 11655 1.432*16
Trign.2 = ~439. N fmm’
V, M
Ot = Olet 1~ A:z + 7 2
In,2 cln,2

510*10° + 312.7*10
11655  1.432*10
O » =178.0N /mn?’ Tension, first critical stress

qu:SA—

V
Jcentre,z = Jcentre,l -—22
Atln,z
510*10°
g =-87.1-——
oenire.2 11655
Orer = ~130.N frn?

Interesting is the left flange. Yielding due to tension stress. The tension stress due to the
bending moment is larger than the compression stress due to the normal force. Both the
right flange as the left flanges are partial yielded.
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The third load case:
The calculation of this third load case starts at the calculation of the denominator of the

formula of the extra deflection. The extra load of the third load case is not jet taken into
account.

e = numer ator
B 2
_3me3Ldnqtotal El cln,lEI cn,3 - 4me2LcIn2qtotal El bm ( El cln,1 + El cln,3) - 4meLdn3qtotal (El bm)
+36meE| meI cln,lEI cn,3 + 1z‘cln ( El bm)2 ( El cln,1 + El cln ,3)

numerator
-3*5000® *10000*632*6.959*18 *3.573*18

—4*500¢ *10006 *632*8.864*16‘( 6.959*1018 3.573*?@)

2

2| -4*5000*10008 *63% 8.864*16)
+36*5000*8.864*10" *6.959*1¢ *3.573*18
+12+1000(( 8.864*18)"( 6.959¢0° + 3.573*1¢")

_ numerator
% -4.01*10"

The denominator of the additional deflection formula is negative. A positive denominator
means that an extra positive load results in an extra positive deflection. If the denominator
becomes zero, the deflection of the column will be infinity. The column fails. If the
denominator is negative, the column cannot resist the load. The denominator can only be
negative at the shift to another (reduced) stiffness. The reduced column should fail at a
lower load. The reduction of the stiffness is too much. The column fails at the maximum load
in the second load case.

The ultimate load is 632 N/mm (=kN/m)

It is assumed that the column is critical. To check this assumption, the stress of the beam
must be calculated.

%(ql + qz) I-bm2 _ Mtop,2

f <
g me me

- %*632*5000° (171.1+ 312.7 *10
Y7 9.485*10 9.485*16

f,<157.N Imm?  The assumption is correct.

L.2  Computer calculation file

The formulas of Appendix J and Appendix K are very complex. It is very difficult and time-

consuming to make these calculations manually. The computer program MatLab has been
used to use the make iterations and to calculate the ultimate load. The calculation file can
been found in this Appendix.
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clear; clf; clc; close;
E=210000;

fy=355;

gg=1; %belastingsstap
psi=0.004;

Lbm=5000;
LcIin=10000;

%input profiles

4.525E+03 5.383E+03
25E+04 1.244E+04

HEA=[2.124E+03 2.534E+03 3.142E+03 3.877E+03
6.434E+03 7.684E+03 8.682E+03 9.726E+03 1.1

1.335E+04 1.428E+04 1.590E+04 1.780E+04 1.9 75E+04 2.118E+04
2.265E+04 2.416E+04 2.605E+04 2.858E+04 3.2 05E+04 3.468E+04; %A
(cross-section)

3.492E+06 6.062E+06 1.033E+07 1.673E+07 2.5 10E+07 3.692E+07
5.410E+07 7.763E+07 1.046E+08 1.367E+08 1.8 26E+08 2.293E+08
2.769E+08 3.309E+08 4.507E+08 6.372E+08 8.6 98E+08 1.119E+09
1.412E+09 1.752E+09 2.153E+09 3.034E+09 4.2 21E+09 5.538E+09; %l
(moment of inertia)

8.301E+04 1.195E+05 1.735E+05 2.451E+05 3.2 49E+05 4.295E+05
5.685E+05 7.446E+05 9.198E+05 1.112E+06 1.3 83E+06 1.628E+06
1.850E+06 2.088E+06 2.562E+06 3.216E+06 3.9 49E+06 4.622E+06
5.350E+06 6.136E+06 7.032E+06 8.699E+06 1.0 81E+07 1.282E+07; %Z
plastic (Section modulus)

7.276E+04 1.063E+05 1.554E+05 2.201E+05 2.9 36E+05 3.886E+05
5.152E+05 6.751E+05 8.364E+05 1.013E+06 1.2 60E+06 1.479E+06
1.678E+06 1.891E+06 2.311E+06 2.896E+06 3.5 50E+06 4.146E+06
4.787E+06 5.474E+06 6.241E+06 7.682E+06 9.4 85E+06 1.119E+07; %Z
elastic (Section modulus)

4.055E+01 4.891E+01 5.734E+01 6.569E+01 7.4 48E+01 8.282E+01
9.170E+01 1.005E+02 1.097E+02 1.186E+02 1.2 74E+02 1.358E+02
1.440E+02 1.522E+02 1.684E+02 1.892E+02 2.0 99E+02 2.299E+02
2.497E+02 2.693E+02 2.875E+02 3.258E+02 3.6 29E+02 3.996E+02; %i

(Gyration radius)

96 114 133 152 171 190 210 230 250 270 290 310 330
640 690 790 890 990; %h height

350 390 440 490 540 590

100 120 140 160 180 200 220 240 260 280 300 300 300
300 300 300 300 300; %Db width

300 300 300 300 300 300

8885995101112125131415516.517.519 2123 24 25 26 27 28 30

31; %tf thickness flange

5555666577575885995101111.512 1251313514515 16

16.5]; 9%tw thickness web

cln=14;
AcIn(1,1)=HEA(1,cln);
Icin(1,1)=HEA(2,cln);
Zcin(1,1)=HEA(4,clIn);
hcln=HEA(6,cln);
bcln=HEA(7,cln);
tfcin=HEA(8,clIn);
twcln=HEA(9,clIn);
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bm=23;
Abm(1,1)=HEA(1,bm);
Ibm(1,1)=HEA(2,bm);
Zbm(1,1)=HEA(4,bm);

Npcin=AcIn(1,1)*fy;
Mpcin=ZcIn(1,1)*fy;

if cln<=14;
S=0.5;
ak=0.34;
else
if cln<=24;
S=0.3;
ak=0.21;
else
if ¢ln<=38;
S=0.5;
ak=0.49;
else
S=0.3;
ak=0.34;
end % if
end % if
end % if
yield1=-(1-S)*fy;
yield2=-(1+S)*fy;

AcIn(1,2)=AcIn(1,1)-2*(0.25*bcln)*tfcln;
AclIn(1,3)=AcIn(1,2)-2*(0.25*bcln)*tfcin;
IcIn(1,2)=lcIn(1,1)-2*(0.25*bcln)*tfcln*(0.5*hcIn)?
IcIn(1,3)=lIcIn(1,2)-2*(0.25*bcln)*tfcln*(0.5*hcln)?
Zcln(1,2)=2*IcIn(1,2)/hcln;
Zcln(1,3)=2*IcIn(1,3)/hcln;

z(1,1)=0;

z(1,2)=(0.5*bclIn*tfcin*0.5*tfcIn+(hcln-
2*tfcln)*twcln*0.5*hcIn+bcln*tfcin*(hcln-0.5*tfcln)
2*tfcln)*twcln+bcln*tfcin)-0.5*hcln;

z(1,3)=0;

sigmatop(1,1)=0;
q1=0;
while sigmatop(1,1)>yieldl;

ql=ql+1;

Q1(91)=ql*qq;

Q(q1)=Q1(q1);

Qmax(1,1)=max(Q1);
hulp1(ql)=12*psi*LcIn*E*Ibm*E*IcIn(1,1);
hulp2(q1)=12*E*Ibm*E*IcIn(1,1)-Q(ql)*Lbm"2*Lcl

2*Q(gl)*Lbm*LcIn~2*E*Ibm;
e1(ql)=hulpl(gql)/hulp2(ql);
e(ql)=el(ql);

emax(1,1)=max(e);

hulp3(q1)=Q(gl)*Lbm”3*LcIn*E*IcIn(1,1)/(12*Lbm*LcIn
E*lbm(1,1));

)/(0.5*bclIn*tfcin+(hcln-

n*E*lcin(1,1)-

A2*E*IcIn(1,1)+8*LcIn"3*
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hulp4(gl)=12*psi*E*lbm(1,1)*E*IcIn(1,1)/(12*E*|
Q(gl)*Lbm”2*LcIn*E*Icin(1,1)-2*Q(gl)*Lbm*LcIn"2*E*|
HD(q1)=hulp3(gq1)-Q(ql)*Lcln*hulp4(q1)"2;

VD(g1)=Q(gl)*(0.5*Lbm+e(ql));
VA(q1)=Q(q1)*(0.5*Lbm-e(ql));
MC(q1)=VD(ql)*e(ql)+HD(gl)*Lcln;

sigmatop(1,1)=-MC(ql1)/ZcIn(1,1)-VD(q1)/Acln(1,1
sigmatop1(1,1)=sigmatop(1,1);
sigmabottom(1,1)=MC(q1)/ZcIn(1,1)-VD(ql)/Acin(1
sigmabottom1(1,1)=sigmabottom(1,1);

end % while

hulpa=12*LcIn*E*lbm(1,1)*E*lbm(1,1)*E*(IcIn(1,1)+Ic
36*Lbm*E*Ibm(1,1)*E*IcIn(1,1)*E*IcIn(1,2) -
(Qmax+2*qq)*LcIn*(3*Lbm"2*(Lbm+2z(1,2))*E*IcIn(1,1)*
2*Lbm*Lcln*(2*Lbm*E*IcIn(1,1)+2*Lbm*E*IcIn(1,2)+2*L
z(1,2)*E*IcIn(1,1)+2*z(1,2)*E*IcIn(1,2))*E*Ibm(1,1)

q2=0;
if hulpa>0;

while sigmabottom(1,1)<-yield1l & sigmatop(1,1)>yield2;

02=02+1;

Q2(92)=g2*qq;

Q(q1+g2)=Q1(q1)+Q2(q2);

Qmax(1,1)=max(Q);

hulp5(g2)=Q2(g2)*Lbm*LcIn*(6*Lbm~2*e(ql1)*E
3*Lbm~2*z(1,2)*E*IcIn(1,1)*E*IcIn(1,2) +
+6*Lbm*e(ql)*z(1,2)*E*Icin(1,1)*E*IcIn(1,2) +
8*Lbm*Lcln*e(ql)*E*Ibm(1,1)*E*(IcIn(1,1)+IcIn(1,2))
Lbm~2*LcIn*E*Ibm(1,1)*E*(IcIn(1,1)-IcIn(1,2)) +
8*LcIn*2*e(gql)*E*Ibm(1,1)*E*lbm(1,1) +
2*LcIn*z(1,2)*(Lbm+2*e(ql))*E*Ibm*E*(-Icin(1,1)+2*

hulp6(g2)=2*(-3*Q(gq1+g2)*Lbm”3*LcIn*E*IcIn
3*Q(q1+g2)*Lbm"2*Lcln*z(1,2)*E*IcIin(1,1)*E*IcIn(1,2
4*Q(gq1+g2)*Lbm~2*LcIn”2*E*Ibm(1,1)*E*(IcIn(1,1)+Icl
2*Q(gql+g2)*Lbm*LcIn*2*z(1,2)*E*Ibm(1,1)*E*(-IcIn(1,
4*Q(ql+g2)*Lbm*LcIn*3*E*lbm(1,1)*E*lbm(1,1) +
12*LcIn*E*Ibm(1,1)*E*Ibm(1,1)*E*(Icin(1,1)+IcIn(1,2
36*Lbm*E*lbm(1,1)*E*IcIn(1,1)*E*IcIn(1,2));

e2(g2)=hulp5(q2)/hulp6(g2);

e(ql+g2)=el(ql)+e2(q2);

emax(1,1)=max(e);

hulp7(g2)=Q2(g2)*Lbm”3*LcIn*E*IcIn(1,2) -
2*Q2(g2)*Lbm”2*Lcln*e(ql)*E*IcIn(1,2) -
2*Q2(g2)*Lbm”2*Lcln*e2(g2)*E*IcIn(1,2) -
12*Q2(g2)*Lbm*Lcln*e(gl)*e(ql)*E*IcIn(1,2)
24*Q2(g2)*Lbm*Lcln*e(ql)*e2(g2)*E*IcIn(1,2) -
12*Q2(g2)*Lbm*Lcln*e2(g2)*e2(q2)*E*IcIn(1,2) -
2*Q(gl)*Lbm”2*Lcln*e2(q2)*E*IcIn(1,2) -
24*Q(gl)*Lbm*Lcln*e(ql)*e2(q2)*E*IcIn(1,2)
12*Q(ql)*Lbm*Lcln*e2(g2)*e2(g2)*E*IcIn(1,2) -
4*Q2(g2)*Lbm~2*LcIn*z(1,2)*E*IcIn(1,2) -
8*Q2(q2)*Lbm*Lcln*e(ql)*z(1,2)*E*IcIn(1,2) -
8*Q2(g2)*Lbm*Lcln*z(1,2)*e2(g2)*E*IcIn(1,2)
8*Q(gql)*Lbm*LcIn*z(1,2)*e2(q2)*E*IcIn(1,2) -
4*Q2(g2)*Lbm*LcIn"2*e(q1)*E*Ibm(1,1) -

bm(1,1)*E*IcIn(1,1)-
bm(1,1));

In(1,2)) +
E*lcIn(1,2) +
cln*E*lbm(1,1)-

*IcIn(1,1)*E*IcIn(1,2) +

cIn(1,2)));
(1,2)*E*IcIn(1,2) -
) -

n(1,2)) -
1)+2*IcIn(1,2)) -

) +
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4*Q2(g2)*Lbm*LcIn~2*e2(q2)*E*Ibm(1,1) -
8*Q2(g2)*LcIn"2*e(ql)*e(ql)*E*Ibm(1,1) -
16*Q2(g2)*LcIn*2*e(gql)*e2(g2)*E*Ibm(1,1) -
8*Q2(g2)*LcIn"2*e2(q2)*e2(q2)*E*Ibm(1,1) -
4*Q(g1)*Lbm*LcIn"2*e2(q2)*E*Ibm(1,1) -
16*Q(ql)*LcIn"2*e(ql)*e2(g2)*E*Ibm(1,1) -
8*Q(gl)*LcIn"2*e2(q2)*e2(q2)*E*Ibm(1,1) + 24*e2(q2)
hulp8(g2)=12*Lbm*LcIn"2*E*IcIn(1,2)+8*Lcln
deltaHD(g2)=hulp7(g2)/hulp8(g2);
HD(q1+qg2)=HD(ql)+deltaHD(qg2);
deltavVD(g2)=Q(ql)*e2(q2)+Q2(g2)*(0.5*Lbm+e(
VD(ql1+g2)=VD(ql)+deltaVD(qg2);
deltaVA(g2)=-Q(gl)*e2(g2)+Q2(g2)*(0.5*Lbm-e
VA(ql1+g2)=VA(ql)+deltaVA(g2);
deltaMC(g2)=0Q2(q2)*(0.5*Lbm+e(ql+g2))*(e(ql
Q(gl)*e2(q2)*(0.5*Lbm+2*e(ql)+e2(q2)+z(1,2)) + delt
MC(g1+g2)=MC(ql)+deltaMC(g2);

sigmatop(1,1)=sigmatopl1(1,1)-deltaMC(q2)/Zc
deltavVD(g2)/AcIn(1,2);
sigmatop2(1,1)=sigmatop(1,1);
sigmabottom(1,1)=sigmabottom1(1,1)+deltaMC(
deltavD(g2)/AcIn(1,2);
sigmabottom?2(1,1)=sigmabottom(1,1);

end %while

else
Q2=0;
e2=0;
sigmatop2=sigmatop1;
sigmabottom2=sigmabottom1;
Qmax=Qmax;

end %oif

hulpb=-3*Lbm"3*LcIn*(Q(ql1+q2)+2*qq)*E*IcIin(1,1)*E*l
4*Lbm”2*LcIn"2*(Q(gl+g2)+2*qq)*E*Ibm(1,1)*E*(Icin(1
4*Lbm*LcIn"3*(Q(ql1+g2)+2*qq)*E*lbm(1,1)*E*lbm(1,1)
36*Lbm*E*Ibm(1,1)*E*IcIn(1,1)*E*IcIn(1,3) +
12*LcIn*E*Ibm(1,1)*E*Ibm(1,1)*E*(IcIn(1,1)+IcIn(1,3

q3=0;

if hulpb>0;
while sigmatop(1,1)>yield2;
03=03+1;
Q3(g3)=03*qq;
Q(q1+92+g3)=Q1(q1)+Q2(q2)+Q3(q3);
Qmax(1,1)=max(Q);

hulp9(g3)=Q3(g3)*Lbm*Lcln*(6*Lbm~2*e(q1+qg2)*E*IcIn(
8*Lbm*Lcln*e(ql+g2)*E*lbm(1,1)*E*(IcIn(1,1)+IcIn(1,
8*LcIn"2*e(ql+g2)*E*lbm(1,1)*E*lbm(1,1) +
Lbm~2*Lcin*E*Ibm(1,1)*E*(IcIn(1,1)-IcIn(1,3)));
hulp10(g3)=2*(-3*Lbm"3*LcIn*Q(ql1+q2+q3)*E*
4*Lbm”2*LcIn"2*Q(q1+q2+q3)*E*Ibm(1,1)*E*(IcIin(1,1)+
4*Lbm*LcIn"3*Q(ql+q2+g3)*E*Ibm(1,1)*E*Ibm(1,1) +
36*Lbm*E*lbm(1,1)*E*IcIn(1,1)*E*IcIn(1,3) +
12*LcIn*E*Ibm(1,1)*E*Ibm(1,1)*E*(IcIn(1,1)+IcIn(1,3
€3(q3)=hulp9(g3)/hulp10(g3);
e(ql+g2+gq3)=el(ql)+e2(q2)+e3(q3);

*Exlbm(1,1)*E*lcIn(L,2);
AZ¥E*lbm;

q1+g2));
(91+92));
+02)+2(1,2)) +
aHD(g2)*Lcln;

In(1,2)-

g2)/Zcin(1,2)-

cIn(1,3) -
,1)+lcIn(1,3)) -
+

)

1,1)*E*lcIn(1,3) +
3) +

IcIn(1,1)*E*IcIn(1,3) -
IcIn(1,3)) -

)L
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emax(1,1)=max(e);

hulp11(g3)=-2*Q(ql+q2+q3)*Lbm"2*LcIn*e3(q3 )*E*lcIn(1,3) -
24*Q(ql+g2+g3)*Lbm*LcIn*e(ql+qg2)*e3(q3)*E*IcIn(1,3) -
12*Q(ql+qg2+qg3)*Lbm*Lcln*e3(g3)*e3(g3)*E*IcIn(1,3) -
2*Q3(g3)*Lbm”2*Lcln*e(ql+g2)*E*IcIn(1,3) -
12*Q3(g3)*Lbm*Lcin*e(gql+g2)*e(ql+g2)*E*IcIn(1,3) +
Q3(g3)*Lbm~3*LcIn*E*IcIn(1,3) -
4*Q(g1+g2+g3)*Lbm*LcIn*2*e3(g3)*E*Ibm(1,1) -
16*Q(ql+qg2+qg3)*LcIn*2*e3(g3)*e(ql+g2)*E*Ibm(1,1) -
8*Q(gql+g2+9g3)*LcIn*2&e3(q3)*e3(q3)*E*Ibm(1,1) -
4*Q3(g3)*Lbm*LcIn*2*e(q1+q2)*E*Ibm(1,1) -
8*Q3(g3)*LcIn*2*e(ql1+g2)*e(ql+g2)*E*Ibm(1,1) +
24*e3(g3)*E*Ibm(1,1)*E*IcIn(1,3);

hulp12(g3)=12*Lbm*LcIn*2*E*IcIn(1,3)+8*Lcl n"3*E*lbm;

deltaHD(g3)=hulp11(g3)/hulp12(g3);

HD(g1+g2+q3)=HD(gql+g2)+deltaHD(g3);

deltavVD(q3)=Q(ql+g2)*e3(q3)+Q3(g3)*(0.5*Lbm +e(ql+q2+q3));
VD(gl+g2+q3)=VD(ql+q2)+deltaVD(g3);
deltaMC(g3)=e3(g3)*Q(q1+g2)*(0.5*Lbm+2*e(gql +g2)+e3(q3)) +
Q3(g3)*(0.5*Lbm+e(gq1+g2+q3))*e(ql+g2+g3) + deltaHD( g3)*Lcln;
MC(q1+g2+qg3)=MC(ql+qg2)+deltaMC(qg3);
sigmatop(1,1)=sigmatop2(1,1)-deltaMC(q3)/Zc In(1,3)-

deltavVD(q3)/AcIn(1,3);
sigmatop3(1,1)=sigmatop(1,1);
sigmabottom(1,1)=sigmabottom2(1,1)+deltaMC( g3)/Zcln(1,3)-
deltavD(g3)/AcIn(1,3);
sigmabottom3(1,1)=sigmabottom(1,1);

end %while

else
Q3=0;
e3=0;
sigmatop3=sigmatop2;
sigmabottom3=sigmabottom2;
Qmax=Qmax;

end %if

clear hulpl ;clear  hulp2 ;clear hulp3 ;clear hulp4 ;clear  hulp5 ;clear  hulp6 ;
clear hulp7 ;clear hulp8 ;clear hulp9 ;clear hulpl0 ;clear hulpll ;clear hulpl2 ;
clear hulpa ;clear hulpb ;clear  qq;

clear ak;clear cln ;clear b

clear deltaHD ;clear deltaMC ;clear deltaVA ;clear deltaVD ;

clear QILclear Q2Zclear Q3clear el;clear e2;clear €3;

Qmax
%plot(e,Q);xlabel('deflection in the midsection (mm )");ylabel(load g
(kN/m)");title('Length is 10 meter");grid

L.3  Calculation according to Matrix Frame

The calculation has also been made by another computer calculation. This calculation is
based on the finite element method. This computer program (Matrix Frame) has been used
as reference. The calculation file of Matrix Frame can be found in this Appendix.
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Appendix M Linear analysis braced portal frame

Appendices G till L were related to an unbraced 2000 ———
portal frame. The main subject of this Appendix is 1800f ~ — [ - —f--p--p--f--7--7--7--77%
a braced portal frame. The main difference 1600777}7}7%7—%——%——%——%——1 —4:———
between a braced and an unbraced portal frame is e e el Hil i il Bl ol Il
the support in lateral direction. This Appendix is g R S SF SEt REE EEEEEE
about the linear analysis of a braced portal frame. %1°°°***f**f”T”T”T”f”f”f”ﬁ*”
The load-deflection graphic of the linear analysis = 8"0”’3’”3’”3’”: ”f”’i”’i”’i”’i’”
can be found in Figure M.1. jj:”f"f": "T"T”T”T”T’T”

. G il St Bl Aty B

3 T T R R B
The portal frame is a two degrees statically 2007"1 R
undetermined structure. Fortunately the portal oow oy R
frame is symmetric. This is the case in a straight Figure M.1: Column: Length 5 m
situation but also in the deformed situation (Fig. M.2). Load-deflection HE 360A

Graphic Beam: Length 10 m

Because of symmetry the horizontal reaction force in
support Cis zero. The bending moments in point B and
in point C are equal.

HE 900A

The beam of the portal frame can be schematized as a beam
supported on two supports. This beam is loaded by an
uniformly distributed load and a bending moment at both ends
(Fig. M.3). The rotation of both ends can be calculated by the
following formulas:

Llclnd

3
@, = %o Lo (rotation due to uniformly
24El,
distributed load) Figure M.2:
Structure
ML, ML, . q
=——7"20 - —— rotation due to MB L | Me
. 3El,,, 6El,, ( q )
P, = ——Q/IEIIbm bending moment) :f:,.r: M3
bm
The rotation due to the uniformly distributed load can be calculated ke B

easily. The rotation due to the bending moments cannot be calculated
that easy. The bending moments depend on the stiffness of the column
and the stiffness of the beam. The bending moments are unknown (and
desired) values. To calculate these bending moments a better look at
the column must be made (Fig. M.4). The column is connected to the
beam. The bending moment in B is the multiplication of the horizontal
reaction force in A and the column length. Point B is connected to the %;;ﬁ
beam and cannot rotate free. The influence of the beam is taken into account by

Figure M.4:
Column

a rotation spring. The stiffness of this spring is 2Bl (according to ¢,).

m
To make calculations, the support is schematized as a free end with a horizontal force. The
total displacement of point A must be zero.
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The deformation of point A (called d) has been split in three parts. The summation of these
parts is zero.

3
) = Ao Lo, Deflection due to the rotation of the beam.
24El
— I:Ldns i
, = —— Deflection due to the force F.
3El,,
2
0, =~ Mbon — _ Flimbon Deflection due to the rotation spring.
K. 2El,,

24E,  2El,, El,

qumchIn _ I:mel‘clnz I:Lcln3 - O

The unknown value is F. This value will be placed to the left side of the equation. All
expressions without the value F will be placed to the right side.
I:I‘bml‘clnz + I:Lcln3 — qumSLdn
2El,, 3El,, 24,

Make everywhere the same denominator.
12FmeLdn2E| cn + g:I‘cln:aEI bm — qumSL Eldn

cln

24E|  El, 241 El,

Neglect the denominator.
F (:I'ZI‘bml—cIanI cln + a—cIn3EI bm) = ql-bmsl‘clnEI cln

The formula of F can be found.
QmeSEl cln
4'Lcln (3meE| cln + 2|—cInEI bm)

F is the horizontal reaction force of support A. The portal frame is symmetric and this can be
used to determine all reaction forces.

qum3E| cn
HA =
4Lcln(3meE|cIn + 2|‘clnEI bm)
VA = O&]me
qumsEchn
HD =
4|-dn (3meE| cln + 2|-dnEI bm)
VD = O&]me

With these reaction forces all values can be found.
Mg =H,L (moment in B)

cln
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Mg

Mg

qum3E| cln

I—cIn
4|-dn (3meE| cln + 2|-cInEI bm)
qum3E| cln

4(3meE| cln + 2Lcln El bm)

M.L, 2

—B dn_ (total deflection, in the middle of the column)

16El
Qme3E| cn I‘clnz

4(3meE| cln + 2LclnEl bm) 165' cln
ql‘bmsl‘cln2

64( 3‘mel cn + 2‘cln EI bm)

In the linear analysis, the total deflection does not have any influence on the reaction forces
or to the internal moment distribution. This influence is taken into account at the second
order analysis. The second order analysis is made in Appendix N. In the linear analysis the
critical cross-section is point B. At this point both the bending moment and the normal force
are largest. The unity check must be made as this point.
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Appendix N Non-linear analysis braced portal frame

Appendix M was a linear analysis of a portal
frame. In this appendix a non-linear analyses has
been made. The non-linear analysis is an
extension of the linear analysis. The load-
deflection graphic of the non-linear analysis can
be found in Figure N.1.

2000

18001 — — — —

— -
]

1600f — —— -+ ——— -4 ——— - —

14001 - - — -

- — 4 - —
4

1200f - - — - L1 _ ]

1000f - — — —

load (N/mm)
—— 4 ——

— — N —

@©
=]
=]

In the linear analysis the largest bending ol

|
. . . oy . JF 777777777777777 T
moment was in point B. Point B was the critical wol /L L]
cross-section of the portal frame. In the non- 200 ,,,L,,,,i ,,,,,,,,,,,,,,, L ,,,,,
linear analysis, the internal moments depend on o 1 1 ‘ 1
. 10 20 30 40 50 60 70
the deflection of the structure. The displacement (mm)
displacement of point B is zero. It is possible that ,
. . . Figure N.1: Column: Length 10m
the maximum bending moment is located elsewhere | ;4-deflection HE 360A
in the column. There are two logical location for the  Graphic Beam: Length5m
HE 900A

maximum bending moment: point B and the middle
of the column. It is not clear which is critical so both locations must be calculated.
At the non-linear analysis the deflection influences the reaction MDQ
forces. To start the non-linear analysis the formulas of the B : E
deflection has been derived. The total deflection of the column ! :
is split in four parts. These four parts are:

1. Deflection due to moment (linear analysis)

2. Starting deflection

3. Deflection due to the rotation spring

4. Additional deflection PGy PG

. Ldom) ,

Llclnd

The calculation of the reaction force (as result of the linear analysis) has been zigure N.2:

analysed in Appendix M. The result of this analyse is: tructure
3

HA =F - qum EIdn

4Lc|n (3meE| cn + 2|—cInEl bm)

This reaction force is the linear reaction force. The influence of the additional deformation is
not (yet) taken into account.

The four deflection parts are analysed.

Deflection due to moment

M, = F(Ly, = X)
-F(L X
= (ElcIn )

CXul



-F(2 — 2
-5 e

cn

—F (3L4,%* = X°)
6El

Y = +Cx+C,

cn

Use the boundary conditions to solve the integral constants.
yl,x=0 =0 > =0
2FL,,°

Yore,, =0 > G 6El

cn

The formula of the deflection is:
F (2L % = 3Lypx* + )
6El

Y. =

cln

The formula of F is known and can be used.

Vi = qumSEI dn (2L°'”2X ~ 3LC'”X2 * X3)
' 4Lc|n (3meE| cn + 2|—cInEl bm) GElcln
ql-bm3 (2Ldn2X - 3I-cInX2 + XS)
Y1

B 24'|—cln(3‘meI cn + z—clnEI bm)
The deflection of this load type is positive for: 0< x< L,

Starting deflection

R
I‘cln

Deflection due to rotation spring:

The deflection of the rotation spring is influenced by the aditional deflection. The original
deflection is already taken into account at the calculation of the force F.

Iv|3,x:0 = _¢extra,x:0kr

The moment depends on the position in the column.
M = _¢extra,x=0kr (Lcln - X)
° L

cln

= ¢extra,x=0kr (Lcln - X)
I—cln El cln

K3
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- ¢extra,xzokr (2Lclnx - Xz)

+C
¢3 2|‘clnEl cln :
axcok (3L X2 = x°
ySzcbm,_okf( . )+C1x+CZ

6|‘clnEl cln

Use the boundary conditions to solve the integral constants.

yS,x=0=O > =0

20, ok Ly 2
B :O 9 C = extra,x=0 cln
yS’X_Lcm ' 6|—cln El cn

_ ¢extra,x:0kr (_2Lc|n2X+ 3|_an2 - X3)
) 6|‘cln EI cn

Y3

Use the formula of k; in this formula.

ZS bm (—2Lc,n2x + 3L, X = x3)

¢@<tra,x:0

y3 B 6I‘cInEI cn

_ ¢extra,x:0E| bm (_2Lc|n2X + 3LcInX2 - X3)
) 3meLcIn EI cln

3

This deflection is negative.

Extra deflection

r
I-dn

Summation of all parts of the total deflection.

_ ql-bm3 (2Ldn2X - 3I-cInX2 + XS)
yl B 24'|—cln(3‘meI cn + z—clnEI bm)

Y, = eosin(ﬂj
I‘cln

_ ¢extra,x:0E| bm (_2Lc|n2X + 3LcInX2 - X3)
) 3meLcIn EI cln

3

—
LcIn
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The deflections y; and y, are the known deflections. These deflections are the same as
deflection y3 and y4in the linear analysis. The additional deflections y; and y, are important
to calculate the additional rotation. The derivatives of these deflections are:

= ¢extra,x:0E| bm (_2LC|n2X + ?’I‘clnx2 - XS)

3

3meLcIn El cln
b, = ¢extra,x:OE| bm (_2Lcln2 + 6Ly, x - 3X2)
’ 3me I-cln El cln
. = oo x-oEl o (6L — 6X)
3me I-cln El cln

—
Lcln

The additional rotation can be calculated.

¢e<tra,x=0 = ¢3,x=0 + ¢4x= 0

¢e<tra,x=0 - + e.l.

_ ¢e<tra,x=OE| bm(_2|‘cln2 + 6|‘cln *0- 3*02) m co 710
3mel-dnEIdn

Neglect some expressions.

_2 Lcln2¢extra ><—OEI bm n
0= — +
¢@¢fayx—0 3meLclnE| cln el I‘cln

There are two unknown values (@, ,-o and € ). The expressions of @, .., will be placed
on the left side of the equation and the expression of € will be placed on the right side.

2|-<:In2¢extra,x:OEI bm = e,|, m

.+
¢9<Trav><—0 3mel-dnEI cn L

cln

Make everywhere the same denominator.

¢ 3mel‘clnEI cln + 2I-cInZEI bm | — %‘bme.LEl cln
eae 3me LcIn EI cln 3me I—cIn El cln

The formula of @, .-, can be described as function of €.

¢ _ 377mee_|_E| cln
extra,x=0 Ly (3meE| an T 2L El bm)
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This formula can be used for the deflection ys.
_ ¢E><Tra,X:OEI bm (_2Lcln2X + 3Lc|nX2 _ X3)

y3 3meLcIn EI cln
.= 3nt, eFl,, El (2L "X+ 3Ly = X°)
: I—cln (3meE| cln + 2I—cInEI bm) 3‘bml‘clnEI cn

This results in the following formulas.
T8 Bl (2L 7% + 3Ly X = X°)
I-clnz (3meE| cln + 2I‘clnEI bm)

Ys =

ﬂe.l.EI bm (_2|‘cln2 + 6|—clnx - 3(2)
I-<:In2 (3meE| cln + 2I‘clnEI bm)

meEl ., (6L, — 6x)
> I‘cln2 (3meE| cln + 2I-cInEI bm)

;=

With the formulas found before a differential equation can be made. The differential
equation is based on equilibrium between the internal moments and the external moments.
The internal moments are the stiffness multiplied by the second order bending. The external
moments are the vertical load multiplied by the total deflection and the bending moments
at the end of the column.

M =M

intern extern

M BX _ kr¢extra,xz0x
L L

cln clen

_KEchn = Nytotal +

M gX _ kr¢extra,xzox
L Ly,

cln

_(K3+K4) El,, = N(y1+ Y, + Y+ y4)+

Use the known formulas in this formula.

El (6L, —6X
- zﬂel om (Bl ) -e 7722 sin| 22X El, =
I‘cln (3meE| cln + 2|—c|nEI bm) I‘cln

cln

3(2L, *x-3L, x*+x3 El, (-2, °x+ 3, x*-x°
N qum ( cln cln ) +eOSin 7TX + YEl Izam( cn cn )+elSin ﬂ
2L]'I-tzln(a-meldn + 2-cInEI bm) I—dn ( 3-mel cln + chnEI bm)

cln cln

+ M BX _ kr¢extra,x=ox
L, L,

cln cln

Write out some expressions to neglect the brackets.
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El,_El, (6L, —6Xx
_ ﬂ?- bm™—" cln ( cn ) + el n2E|2<:In Sin JTX
Lan (3meE| an + 2Ly El bm) Ln Lan

aNL,, (2Lc,n2x -3, X+ x3) (mx) nNeEl,, (_2Lcln2X +3L,, X~ x3)
+ Ng,sin +
24Lcln ( 3‘meI cln + Z‘clnEI bm) L

cln

+ Ne sin s
I-dnz( 3'meI cln + chnEI bm) el I-dn
+ qum3E| clnX _ 6ﬂe.l.EI mechnX

4Lc|n (3meE|dn + 2I‘cInEI bm) I‘clnz ( 3‘meI cln + 2-dnEI bm)

The portal frame is symmetric. The portal frame is loaded by a uniformly distributed load.

The vertical reaction forces of support A and support D are equal together. The load on the
column is the half the load on the portal frame. N = % qL,,

_ mzalEI omElan (BLy = 6X) . an|2dn sin| ™
I—cln (3meE| cln + 2|—dnEI bm) I—dn I-cln

L& sin ™ L, sin =
cIzl-bmll(ZLCIan - 3I—clnx2 + Xs) q meO Lcln nqume.LEl bm (_2Lcln2X + 3I‘clnx2 - Xs) q mel Lcln
+ + +
4'8Lcln(3‘me|cIn + Z-(:InEI bm) 2 2—(:In2( $'me| cn + chnEI bm) 2
+ qum3E| cInX _ 67YQE| meI clnX

4'l—cln (3meE| cln + 2LclnEl bm) I‘cln2 ( 3‘mel cn + 2—clnEl bm)

The value e; is the additional deflection in the middle of the column. To find e;, all
expressions must be calculated in the middle of the column (X = O.5Lcm).

3ITLCInelEI meI cln + e.L ﬂ2E| cln
I-clnz(?:'l‘meI cln + 2I‘dnEI bm) I‘dnz

— 3q2me4Ldn3 + qumQ) _ 3nql‘bml‘clngelEl bm + qumel
384Lcln ( 3‘meIdn + 2‘cInEI bm) 2 16‘dn2( BmeIdn + 2clnEI bm) 2
ql‘bm3EI cn _ 3ne1E| meI cln

8(3meE| cln + 2I‘cInEI bm) Ldn (3meE| cln + 2I-cInEI bm)

The only unknown value is the value of e;. To calculate this value, all expressions of e; must

be separate from the rest of the formula. All expressions of e; will be placed on one side of
the equation.

3ﬂLclne.LEl meI cln + 3nql‘!:)ml‘clnge.l.El bm + el 7T2E| cn _ qume.L
I—cln2 (3meE| cln + 2I—cInEI bm) 1G‘cln2( 3'mechn + lclnEI bm) I—cln2 2
377.e.l.EI meI cln — 3q2me4LcIn3 + qumQ) + qum3E| cln

I‘cln (3meE| cn + 2I‘cInEI bm) B 384‘cln( 3'me| cln + chnEl bm) 2 8(3meE|cIn + 2LclnEl bm)

Two expressions are equal but have a different sign. These expressions can be neglected.
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3nqumLcIn3elE| bm + e.L ITZEIdn _ qumel
16Lcln2 ( a‘meI cln + Z-cInEI bm) Ldn2 2
— 3q2me4LcIn3 + qumeO + qumSEIdn
384Lcln(3‘me| cln + 2‘c:InEI bm) 2 Q :B'meIdn + P—cInEI bm)

To calculate the value e; it is necessary to have one denominator. The same denominator for

all expressions of e; will be made.
3L, Ly, El,,, . 1677El g, (LBl g + L gnElp)

bm =cln

16Lcln2(a‘me| cln + Z‘c:InEI bm) el 16‘cln2( $'me|dn + chnEI bm)

8qumLcln2(3meE| cln + 2|-cInEI bm) - 3q2me4Lc,n3 + CImeeO + Qme3E| dn
16Lc|n2(a‘me| cln + Z‘clnEl bm) 384‘cln( :B'meI cn + chnEI bm) 2 8( a‘meI cln + Z‘clnEl bm)

&

Make one denominator for all expressions of e;. Combine some expressions.
37-[qumLt:In3EI bm + (16772E|c|n - 8]meLcln2)( 3'meI cln + 2-clnEl bm)
el 16Lc|n2(a‘me|cln + chnEI bm)

= 3qzl‘bmlll‘cln:‘} + qumeO + ql‘bm3EI cln
384I-cln ( 3‘meI cln + 2-cInEl bm) 2 Q :B'mechn + P—cInEl bm)

Make everywhere the same denominator.
24[ 3:Iﬂ.l‘bml-clnsEl bm + ( 1672E|cln - 8]l‘bml‘clnz)( $me|dn + 2clnEI bm)j|
el 384I-dn2 ( 3‘mel cln + 2‘cInEI bm)

_ 3qzl‘bmzll‘clnzl + 192:]me|‘cln2%( 3'mel cln + 2—clnEI bm) + 4al‘bmsl‘cln2EI cln
384L,,7 (LBl 4o + L y,Ely)

cln

This results in a formula of e;.
_ qumLcIn2 (qumBLcIn2 + 64@0 ( 3‘meI cln + lcInEI bm) + 16'bszI cln)
8|:3ﬂq|‘bm|‘cln3EI bm + (1672E| dn — 8:]mel‘clnz)( 3'meI cln + 2—cInEI bm)}

A formula for the additional deflection is found. This formula can be used to calculate the
additional rotation and the additional bending moments. The ultimate load can be
calculated by these values. As summary of this Appendix the formulas will be repeated.

qumLcIn2 (qumBLcIn2 + 64@0 ( 3‘meI cln + lcInEI bm) + 16'bszI cln)
8|:3ﬂq|‘bm|‘cln3EI bm + (1672E| dn 8:]mel‘clnz)( 3'meI cln + 2—cInEI bm)}

3 2 2
el,total = ql—bm Lcln + Q) _ ¢9<T|’a,X=OLCIn El bm +
64( 3‘meI cln + Z-cInEI bm) 8_me| an
¢ = 3]TmeelEI cln
extra,x=0 Lcln (3meE| dn + 2LcInEI bm)
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F = qum3E| cln
4Ldn (3meE| cln + 2|-cInEI bm)

The force F is the linear reaction force. The second order deflection has influence on the
rotation of the beam and on the reaction forces. The second order reaction force is smaller
than the first order reaction force. The difference between these forces is called AF and can
be calculated by the following formula:

F = 3¢e><tra,><=0E| cln

A
LcI n2

The bending moments in the column can be calculated.
Mtop :(F _AF) I-cIn

M middle = 05( F - AF) I‘cln + O"L_qumQOtal

The critical load can be calculated by a well known formula.

The formulas become more clear at the calculation example in Appendix P.
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Appendix O Residual stress in non-linear analysis

Appendix N was about the non linear analysis of a portal frame. Residual stress was not
taken into account. This Appendix is about the
influence of residual stress. The Appendix is split in
three parts. The order of this Appendix is the order of
loading. The first part is about the second load case.
The second load case starts if the right flange starts 1000
to yield. The second part is about the third load case.
The third load case starts if the left flange starts to
yield too. The third part is the conclusion of this

1400

1200

800

load (N/mm)

600

Appendix. It is possible that the third or even the 400

second load case does not occur. There are two 00

possibilities that results in failure before the third

load case starts. First: the stiffness has reduced too % O et (o

much. Second: the left flange does not yield before Figure 0.1: Column: Length 10m
the right flange fully yields. The analysis in this Load-deflection HE 360A
Appendix is the same analysis as in Appendix N but Graphic Beam: hi“gggi m

more expended and more complex. The load-
deflection graphic of the analysis can be found in Figure O.1.

0.1 Analysis if one part yields

The portal frame is loaded by a load g;. By this load the column starts to yield. The effective
cross-section and the effective stiffness decrease. A part of the right flange is not effective
anymore. This results in an asymmetric section. The centre of gravity has been shift. This
results in extra bending moments and in an extra deflection. This influence is also taken into
account at the analysis. The braced portal frame is a symmetric structure. Both columns of
the portal frame yield. The stiffness of both columns decreases.

There are five deflection parts. (F%

1. Deflection due to moment (linear analysis) W?\Aﬁ ’

2. Starting deflection I

3. Deflection due to the rotation spring H

4. Additional deflection \

5. Deflection due to the shift of point of gravity. -

%74;/% Figure 0.2:

The moment distribution is a little bit difference than discussed in rz Column

Appendix N. The section is not symmetric. There is an eccentric moment. This eccentric
moment results in an extra deflection (Fig. 0.2).

The equilibrium of the displacement of point A is the follow formula:
qZmechln + N,Z,L ’ — ML Fl ’ =

cln cln _ cn  — O

264El, ~ 2El,, k FE

cln,2

Know is the vertical load (N, = %q,L,,).
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qZmechln + qZmeLcln222 - I:Zl‘bml‘clnz - I:2|—cln3 =0
24E| bm 4EI cln,2 ZEI bm EI cln,2

The expressions of F, has been separate from the other expressions.

I:Zl‘bml-cln2 + I:2Lc|n3 — qZmeSLcIn + qZmeLcInZZZ
2El,.  3E 241, El, ,

cln,2

There can be made one denominator for all expressions.

12F2meLc|n2E| cln,2 + 8:2|—cln3E| bm — qZmechInEI cln ,2+ 6:] J‘mecanZ JEI bm

24El, LEl,. 24E1, LEl

cln,2 bm

The same denominator can be neglected.
4F2Ldn2 (3meE| cln,2 + 2|-dnEI bm) = q2meLcIn ( me2E| cln ,2+ a‘canZEI bm)

The formula of F, can be found.

— qZme ( me2E| cln,2 + 6Lc|nZZE| bm)

F
’ 4Ldn (3meE| cn,2 + 2I‘clnEI bm)

Known from Appendix N is the formula of F;.
— qlmeSEchn,l

' 4|-cIn (3meE| cn,1 + 2|-cInEl bm)

With these formulas the deflections can be calculated.

Deflection due to moment
M1,2 = FZ(LcIn - X)

K .= _FZ(LcIn - X)
127 g
cln,2
—F2(2Lc,nx—x2)
b= +C
b2 2E| cln,2 '
—F, (3LyyX* = X°)
Vi, = +Cx+C
1,2 6E| dn2 1 2

Use the following boundary conditions to find the integral constants.
yl,2,x:O:O -> C2=0
2F2Ldn2

. =0 =>C =
yl,ZVX—LcIn ! 6E|c|n,2

This results in the follow formula.

CL



F, (ZLC,nzx -3, X+ x3)
6El

Yi2=

cln,2

Use the formula of F,

_ qZme ( me2E| cln,2 + 6|‘canZEI bm) (2Lcln2X - 3‘clnx2 + XS)
) 4Lc|n (3meE| cln,2 + 2I‘cInEI bm) 6El cln,2

Yi2

_ qZme ( me2E| cn,2 + 6Lc|nZZE| bm)( 2Lc|n2X - 3Lc|nx2 + X3)
ylvz ) 24'I‘clnE| cln,z(a‘meI + Z-dnEI bm)

cln,2

Starting deflection

Yy, = eosin(ﬂj
I‘cln

This deflection does not change at another load case.

Deflection due to rotation spring:
M, = 2

M3,2,x=0 = _¢extra,2x= (!(r

|\/|3‘2 = _¢e<tra,2,><:okr (Lcln - )()

Lcln
K — ¢extra,2,x=0kr (Lcln B X)
220 L, El
cln cn,2
_ ¢e<tra,2,x:0kr (2Lc|nX - Xz)

¢3,2 - + Cl
2Lc|nE|c|n,2
_k (3L, X =x°

y3’2 — ¢extra,2,x—0kr ( cln ) + Clx + Cz

6|-dnEIdn,Z

Use the boundary conditions.
y3,2,><=0:0 > =0

_2¢e<tra,2,x=0kr I‘cln2
6|-dn EI cln,2

Y32x=1, =0 2 C =

This results in the following formula.
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_ ¢extra,2,x:0kr (_2Lcln2X + 3Lc|nX2 - X3)
Yoz = 6L, El

cn,2

Use the formula of k; in this formula.

%(—Adnzx + 3L, x* =X

¢extra,2,x=0

—_ m
y3,2 -

6L, El

cln,2

_ ¢extra,2,x:0E| bm (_2Lcln2X + 3LcInX2 - X3)
) 3L L, El

bm™=cln cln,2

Y32

Additional deflection

Yao = ezsin(ﬂj
’ I-dn

Deflection due to shift of the centre of gravity.
M 5,2 = N 222

Use the formula of N,.
M5,2 = %qumeZ

K5‘2 - _qumeZ
2E| cln,2
- _qumeZX +C
¢5,2 2EI dn2 1

_ 2
qZmeZZX + C1X+ C2

Ys.2 =

cln,2

Use the boundary conditions to find the integral constants.
y5,2,x:0 =0 -> Cz =0

_ e N 2
3/5,2,><=|_CIn =0 2> Cl _%

cn,2

This results in the following formula.
y — qZmeZZ(LcInX_Xz)
52 4El,,
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There follows a list of all deflection formulas. The formulas are found in this Appendix and in
Appendix N.

_ q2me ( me2E| cn,2 + 6|-anZEI bm)( 2|-dnzx - 3-clnx2 + X3)

Y;
v 24'I‘clnE| cln,2(3‘meI cn,2 + lcInEl bm)
_ qlmes(ZLanX - 3I-clnx2 + Xs)
yl'l B 24'Lcln ( 3‘mel cn,1 + Z‘clnEI bm)
Y, = §Sin ELA
? I‘cln
B 2o o (2L X+ 3Ly X2 = X°)  BowarneoBl o (2L X + 3Ly X2 = XF)
y3,2 B 3meLcInE| cln,2 y3’1 B 3meLcInE| cn
Vi, = eysin| 7% Vi = esin| 1
2 2 Lcln o I‘cln
Ve, = qZmeZZ( I‘clnx - X2)
52 4Ely,,
y — qlmechlnz + qumecIn2 ( me2E| cn,2 + 6|-cInZZEI bm) + eo _ ¢e><tra,1,><=0LcIn2 El bm
o2 64( &meldn,l + lclnEI bm) 6l cln,2( 1me|dn,2+ 2dnE| bm) 8meE| cn
- ¢e<tra,2,x=OLcln2E| bm + e1 + ez + qumedn222
8meE| cln,2 16El cln,2

To calculate the additional rotation only deflection y; ; and y,,; are important. The influence
of ys » is already taken into account at the calculation of y, ;. The follow derivatives are
important.

— ¢extra,2,x:0E| bm (_ZLanX + "_’:.I_dn)(2 - X3)
Y30 = 3L L E

bm —cIn cln,2
¢ _ ¢e<tra,2,x:OE| bm (_2Lcln2 + 6I‘clnx_ 3(2)
32 3meLc|nE| cln,2

K - ¢e<tra,2,x=0E| bm (6Lcln B 6X)
. 3I‘bml—clnElcln,Z

Yao = eZSin(ﬂj
’ I-dn

¢ :le co ﬂ
e I‘cln ? L

cln

_ - [
K4'2—?925|n :

With these formulas the additional rotation can be calculated as function of the additional
deflection.
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¢e(tra,2,x:O = ¢3,2x: 0+ ¢ 4,2¢= (

L +
¢e<tra,2,><—0 3me|—c|nE| cn,2 Lcln

_ ¢extra,2,x=0E| bm (_Zl—cln2 + 6|‘cln *0- 3*02) T {H*OJ
€,Co

cln

Neglect some expressions.

¢extra,21x:0 = _2¢extra,2,x:o|—c|nE| bm + T
3meE| cln,2 |_

cln

&

Separate the expressions of @, » ,-o-
2¢extra,2,x:0LclnE| bm _ m

P
¢ex"a’2!x-0 3meE|c|n,2 Lcln

Make everywhere the same denominator.

¢ 3I‘bml‘clnElcln,Z-'-2|‘<:In2E|bm _ 37TmeezE|cln,2
eura.2x=0 3L, L, El 3LgnLomEl an 2

bm—cln cln,2

Find the formula of @, > ,-o-

¢ _ 3m_bmegE| cln,2
eura2x=0 I-cln (3meE| cln,2 + 2I-cInEI bm)

This formula can be used for the deflection y; .

v = 3L, &El 4. El,, (—2Ldn2x + 3L, X - x3)
> I‘cln (3meE| cln,2 + 2I‘clnEI bm) 3meLclnE| cn,2
_ TREl, (-2L,, %+ 3L, X - x°)
y3’2 ) I‘cln2 (3meE| cln,2 + 2I‘clnEI bm)
neZEI bm(_2|‘cln2 + 6LcInX_ 3(2)
¢3,2 =

I‘cln2 (3meE| cln,2 + 2I‘clnEI bm)

K — 677€2E| bm ( LcIn - X)
w2 LcIn2 (3meE|c|n,2 + 2LcInEI bm)

Known from earlier analysis was the following formula:
meEl, (—ZLCmZx +3L, X - x3)

LcIn2 (3meE| cn,1 + 2I‘cln El bm)

Ya1=

All necessary formulas are known. The differential equation can start. The differential
equation is based on the equilibrium between the internal and the external moments.

CLIV



AM intern = AM extern

M B2X _ kr¢extra,2,x:OX
L, L,

cln cln

_AKZ = N1y2 + NZytotaJ P

~(KaatKa2) TNVt Yot Yat Y s)PN LY (7Y 13V 3Y &Y By HY &Y L)

All known formulas can be used in this formula.

6.kl (L, — X - .
- 2 ﬂ% bm( = ) + nz eZSIn ﬂ EI cn,2
I‘cln (3meE| cn,2 + 2I-clnEl bm) I-cln L '

cln

q2 me ( me2 El cln,2 + 6I‘cInZZEI bm) ( 2I‘clnzx - 3‘clnx2 + X3) + ﬂe?EI bm (_ z-clnzx + 3'clnx2 - X3)

=N 24'I‘clnE| cln,2(3‘meI cln,2 + Z‘clnEI bm) LcIn2( 3'melcln,Z + 2Lc|nE| bm)
-
Lz (L, Xx—Xx°
+eZSin JTX +q2 bm 2( cn )
I‘cln 4E| cln,2
qlmes(ZLcanX_ 3I‘clnx2 + X3) + qZme(me2E| cln,2 + 6|-cInZZEl bm)( z-dnzx_ 3—an2 + XS)
24Lc|n(3‘me| cIn,1+ lclnEI bm) 24—clnE|c|n,2( 3'melcln,z-'-chlnEl bm)
El,_(-2L,°x+ 3L, x*-x° El, (-2, >+ 3, x*-x°
+N2 +eOSin( ﬂXj_'_ ﬂe.l. me( cln cn ) + TTE, me( cn cln )
I‘cln I-cln (3meE| cln,1+ 2I-dnEl bm) I-cln (3‘me| cln,2 + z-cInEl bm)
Lz (L, X=X
+elSin E +925i JTX +q2 bm 2( cn )
I‘cln I‘cln 4E| cln,2
+ qZme ( me2E| cln,2 + 6LcInZZEI bm) X — 677?2E| meI cn,2

4I‘cln (3meE| cn,2 + 2|-cInEl bm) I-dn2 ( 3‘meI cn,2 + 2‘cInEI bm) §

Write out some expressions to neglect the brackets.
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_627792E|me|cln,2(Lcln _X) + ﬂzElczln,ZeZSin ﬂ
I-cln (3meE| cln,2 + 2I-cInEl bm) I-cln I-cln

qZNlme ( me2E| cln,2 + 6|-cInZZEl bm)(ZLcInZX - a-clnx2 + X3) ﬂNleZEI bm (_ Z‘clnzx + 3'cInX2 - X3)
= . +
24Lc|nE| cn,2 ( 3‘mel cn,2 + Z‘clnEI bm) LcIn2( 3'mel cn,2 + 2|‘clnEl bm)

N, L Zo Ly X = X2
+NleZSin 7TX +q2 1-bm 2( cln )
Ly, 4El

qlNZme3 (2Lcln2X - 3I‘clnx2 + Xs) qZNZme ( me ZEl cn,2 + 6|‘canZEI bm)( Z‘clnzx - 3'clnx2 + X3)

+ + .
24"-(:In ( 3-mel cln,1 + lclnEI bm) 24-dnEl dn,z( $'me| cn,2 + lclnEl bm)
. 7TN2e1E| bm(_2Lcln2X+ 3Lan2 - XS) nNZeZEl bm(_2Lcln 2X+ &dnxz_ Xs)

+N,g,sin + 5 + 5
I‘dn I-cln (3meE| cn,1 + 2Lc|nE| bm) I-cln (3‘me| cln,2 + Z‘clnEl bm)

N,L z X = X*
Nyesin| X |+ N, sif 7 4 BNoLom Z(Lcln )
L L 4El,, ,

cn,2

cln cln

+ qubm ( I‘meEI cln,2 + 6|-cInZZEl bm) X _ 677@2E| meI cln,zx
4Lc|n (3meE| cln,2 + 2LcInEI bm) Lcln2( 3‘meI cln,2 + lclnEI bm)

The portal frame and the loads on the portal frame are symmetric. The values of N, and N,
can beused (N, = %q,l,.,; N, =%0q,L,,). This results in the following formula.

_67792E|me|cln,2(Lcln _X) + ﬂZEldn’zeZSin A
I-cln2 (3meE| cln,2 + 2I-dnEl bm) I‘cln2 I-cln
qqume2 ( mezEI cln,2 + 6LanZE| bm)(ZLanX - 3-dnx2 + XS) ﬂqlmeezEI bm (_ z-clnzx + 3'clnx2 - X3)
= i +
4'8I‘clnE| cln,2 ( 3‘meI cn,2 + Z‘clnEI bm) z‘cln2 (3meE| cln,2 + 2LcInEI bm)

%meezsin(nxj 2 2
Lcln + qlqubm ZZ(Ldnx_x )
2 8El ..,

+ quszm4 (2Lcln2X - 3I‘clnx2 + Xs) + q2q2me 2( me 2EI cn,2 + 6|-cInZZEl bm)( z-dnzx - 3—an2 + XS)
48Lcln ( 3‘mel cn,1 + Z‘clnEI bm) 4'8'clnE| cln,2( $‘me| cln,2 + 2|‘clnEI bm)

+

cln

2 2|‘cln2 (BmeEI cln,1 + 2|‘clnEI bm) lclnz( 3'meI cn,2 + 2—clnEI bm)

0,L,n& SN = oL, Si e 2] 2 2
L + Lgn + % "Lom Zz(l-cmx_x )

In

2 2 8El .,

+ qZme ( I‘meEI cln,2 + 6|-canZEl bm) X _ 67762E| meI cln,ZX
4Lc|n (3meE| cln,2 + 2LcInEI bm) Lclnz( 3‘meI cn,2 + z‘clnEI bm)

.| TIX
qZmeeOSIn(Lj + HQZmeelEl bm (_2Ldn2X + 3I-clnx2 - XS) + ﬂqubmeZEl bm (_2Lcln2X + 3-dnx2 - XS)

+

+
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As same as in Appendix N the deflection must be calculated at the half of the column.
Deflection at x=0.5Lgp.

_37792E| meI cln,2 + ﬂzezEldn,Z - qlqubmzLdnz(mezEl cn,2 + 6LclnzzEl bm)

I-cln (3meE| cn,2 + 2I‘clnEI bm) Ldn2 12&l cln,2( 3'mel cln,2 + 2—dnEl bm)
- 3HUI.I.I‘mecIneZEI bm + qlmeeZ + qlq ZmechIn222+ Ou.qZme4Ldn2

16( 3‘mel cn,2 + Z‘clnEI bm) 2 32El cln,2 128( 3‘meI cn,1 + z-clnEl bm)
+ q22 me2 ( Lclnszm *El an2t 6LcInZZEI bm) + a, meeo _ 377q2me|_c|nelE| bm

128l cln,2( 3‘mel cn,2 + Z‘clnEI bm) 2 14 :B'meI cn,1 + P‘cInEl bm)

- 3ﬂqZmeLclneZEl bm + qubme.l. + qZmeeZ + qZZmeZLcInZZZ

16( 3‘mel cln,2 + Z‘clnEI bm) 2 2 le cn,2
+ QZme(meZEI cln,2 + 6|-cInZZEl bm) _ 37782E| mel cln,2

8(3meE| cn,2 + 2|‘clnEl bm) Lcln ( 3‘meI cln,2 + chnEI bm)

On expression is the same at both sides of the equation. These expressions can be
neglected.

772€2E| cn,2 _ qqu|‘bm2|—dn2(|‘bm2EI cIn,2+6LcIn22EI bm)

I‘cln2 128l cln,2( 3‘meI cn,2 + Z‘clnEI bm)
- 3ﬂq1meLclnezE| bm + qlmeez + qlq J‘bmzLanZZ + q g J‘bmzll-cln2
16( 3-mel cln,2 + 2-cInEI bm) 2 32El cln,2 124 :B'meI cn,1 + P-cInEl bm)
+ q22 mez(LcInszm 2EI cn,2 + 6LcInZZEI bm) + q2 meeo _ 3ﬂq2meLc|nelE| bm
128El cln,2( 3‘mel cln,2 + 2‘clnEI bm) 2 14 :B'meI cn,1 + P—dnEl bm)
—_ 377112|‘bm|‘clne2E| bm + qubmel + qubmeZ + q 22mechan22
16( 3‘mel cln,2 + Z‘clnEI bm) 2 2 3l cln,2
+ qZme ( me2E| cln,2 + 6LcInZZEI bm)
8(3meE| cln,2 + 2I‘clnEl bm)

In this formula e, is the only unknown. To find the unknown value all expressions of e, will
be placed on one side of the equation.

3ﬂq1meLclne2E| bm + 3HQZmeLclneZEl bm + ﬂ2%E| cn,2
16( a-melcln,Z + lclnEI bm) 14 3'melcln,Z + 2clnEI bm) I‘cln2

_ qlmeez _ qubmez - qqumechlnz(mezEldn,z + 6|-cInZZEI bm) + qlqubmchlnzzz
2 2 128E|dn,2(3_me| ot Ay El bm) 32F|

cln,2

qqume4LcIn2 + q22me2Ldn2( me2E| dn,2 + 6|-canZEl bm) + qubmeo
128( 3‘mel cn,1 + lcInEI bm) 12&l cln,2( B'mel cn,2 + 2clnEI bm) 2

— 3HQZmeLcIneJ.El bm + qZmeel + q22me2Lcln222 + qubm ( me2E| cin.2 M 6L°|nZZEI bm)
16( 3‘mel cln,1 + z-clnEl bm) 2 32EIdn,Z 8(3meE|dn,2 + 2LdnEI bm)
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All expressions must have the same denominator. To start with the expressions of e;.

377(’]1I-bm Lcln?,EI bm + 3”q2 me LcIn3EI bm
16Lc|n2(3‘me|c|n,2 + lcInEl bm) 16‘cln2( $‘me| cln,2 + chnEI bm)

+16ﬂ2E|cln,2(3‘me|cln,2+ z-cInElbm) _ 8qll‘bml‘clnz( 3'melcln,2+ chnEIbm)

% 16Lcln2 ( 3‘meI cln,2 + Z‘clnEI bm) 16‘cln2( 3'meI cln,2 + 2LcInEI bm)
8q2 mel‘cln2 (3meE| cln,2 + 2|-cInEI bm)
16Lc|n2 ( 3‘mel cln,2 + lcln El bm)
- q.l.QZme2 Lcln2 ( me2E| an2 ¥ 6I‘canZEl bm) + qlqubmchlnzzz
128El cln,2( 3‘meI cn,2 + z‘clnEI bm) 32El cln,2

+ qqume4LcIn2 + q22me2Lc|n2( me2E| an2 ¥ 6LcInZZEI bm) + qZmeeO

128( 3‘mel cn,1 + 2-cInEl bm) 12&l cln,2( B'meI cn,2 + 2cInEI bm) 2

2

- 3HQZmeLclnelE| bm + qubmel + q22me2LcIn222 + qubm ( me El cn,2 * 6LC'”ZZEI bm)

16( 3‘mel cn,1 + chnEl bm) 2 32E|c|r1,2 8(3meE|c|n,2 + 2LcInEl bm)

Make one denominator for all expressions of e;.
377.qlmeLcln3E| bm + 3ﬂqZmeLclnaEl bm + 1@T2E| cln,2( 3'meI cln,2+ 2—clnEI bm)

_8q1meLcln2 (3meE| cn,2 + 2I‘cInEI bm) - 8]2me|_dn2( 3'mel cn,2 + chnEI bm)

16Lc|n2 ( 3‘mel cn,2 + Z‘clnEI bm)
- q.l.qZme2 Lcln2 ( me2E| an2 ¥ 6I‘clnzzEI bm) + anszmch,nzzz
128E| cln,2( 3‘meI cn,2 + 2‘cInEI bm) 32E| cn,2
+ qqume4LcIn2 + q22me2Ldn2( me2E| dn,2 + 6|-cInZZEl bm) + qubmeo
128( 3‘mel cn,1 + 2-clnEl bm) 12&I cln,2( B'meI cn,2 + 2clnEI bm) 2
2
- 377q2 mel‘clnelEI bm + 0. meel + qZZmeZLcInZZZ + % me ( me El cin,2 + 6LCInZZEI bm)
16( 3-mel cn,1 + 2LclnEI bm) 2 32El cn,2 8( 1bm El cn,2 + lclnEI bm)
Simplify the numerator
3”(q1 + qz) meLdn3E| bm + 8( 2]TZE| cln,2 - (ql + qZ) meLcInz)( 3‘mel cln ,2+ z‘clnEI bm)
16Ldn2 ( 3meEI cn,2 + Z-cInEI bm)
— qqume2 Lcln2 ( me2E| cn,2 + 6|‘canZEl bm) + qqumechanZZ
128El cln,2( 3‘meI cn,2 + 2‘clnEI bm) 32El cn,2
+ qqume4LcIn2 + q22me2Ldn2( me2E| dn,2 + 6|-canZEl bm) + qubmeo
128( 3‘mel cn,1 + lcInEI bm) 12&l cln,2( B'mel cn,2 + 2clnEI bm) 2
2
- 3HQZmeLcIneJ.El bm + qZmeel + q22me2Lcln222 + qubm ( me El cin,2 M 6L°|n22EI bm)
16( 3‘mel cn,1 + z-clnEl bm) 2 32Elcln,z 8(3meE|dn,2 + 2LdnEI bm)
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It is a complex situation to find everywhere the same denominator. The stiffness of the
column is not equally in every denominator. This results in a complex formula. In the
following formula every expression has the same denominator.

3ﬂ-(ql + qz) meLdn3E| bm

+8( 2ﬂ2EI cn,2 - (ql + q2) meLcInz) ( 3‘meI cn,2 + Z‘clnEI bm)
128Lc|n2E| cln,2( 3‘meI cln,1 + lclnEI bm)( 3'me| cn,2 + 2;clnEI bm)

_ qqume2 Lcln4 (3meE| cn,1 + 2LcIn El bm) ( me2 El cn,2 + 6|‘canZEI bm)

) 128‘cln2 El cln,2( 3‘mel cn,1 + 2-clnEl bm)( 3'mel cn,2 + lclnEI bm)

+ 4q1q2me2 I‘cln“ZZ(SmeEI cn ,1+ 2|‘clnEI bm)( 3‘meI cln ,2+ chnEl bm)
128‘clanldn,Z(a‘mel cln,1+ 2-clnEI bm)( 3'mel cln,2+ ldnEl bm)

qqume4Lcln4E| cln,2 (3meE| cn,2 + 2I‘clnEI bm)
128‘(:In2E| cln,2( 3‘mel cn,1 + 2-clnEl bm)( 3'mel cln,2+ lclnEI bm)

+ q22 l‘bmzl‘cln4(3|‘meI cln,1 + 2I-cInEl bm) ( I‘meEI cln,2 + 6|-canZEl bm)
128‘cln2 El cn,2 ( 3‘mel cn,1 + chnEl bm)( 3'mel cn,2 + 2—clnEI bm)
+ 64qzl‘bm|-cln2e0EI dn,2( 3‘mel dn,1+ Z‘clnEI bm)( 3'mel cln ,2+ 2—dnEl bm)
128Lc|n2E| cln,2 ( 3‘meI cln,1 + Z‘clnEl bm)( 3'me| cn,2 + chnEI bm)
24ﬂq2meLc|nselE| meI cln,2( 3‘mel cln,2 + z-cln El bm)
128Lc|n2E| cln,2( 3‘meI cnl + 2Lc|nE| bm)(BmeEI cn,2 + 2|‘clnEI bm)

+64q2meLcIn2elE|dn,Z(a‘meldn,l-l- Z‘clnEIbm)( 3'melcln,Z-*- 2—clnElbm)
128‘cln2E| cln,2(3‘meI cln,1+ chnEl bm)( 3'mel cln,2+ 2—clnEl bm)

+ 4q22me2Lc|n4ZZ(3meE| cln,1+ 2Lc|nE| bm)( 3‘meI cn 2 + 2|‘clnEI bm)
128‘cln2E| cln,2(3‘meI cln,1+ lcInEl bm)( 3'me| cln,2+ 2—clnEI bm)
+16q2L L 2Elcln,z(a‘melcln,l-'- Z‘clnEIbm)(l‘bszlcln,Z-'- G‘canJEIbm)

8El cn,2 (3meE| cn,1 + 2I-cln El bm)

&

bm —cln

128‘(:In2E| cln,z(a‘meI cln,l+ 2-dnEl bm)( 3'meI cln,2+ lclnEI bm)

The same denominator can be neglected. This has been done in the following formula.
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377(0y + ) Lol El o
+8(277°El 4, , = (0 + 9z) Lyman” ) (LomElan 2+ 2 El )
= 00 L Loty (3LomEl i1+ 2Ly Bl ) (Lo El g 2+ 6LgnZ Eliyy)
#4001 L *Z, (Lo Bl g2+ 2 Bl ) (3L El g2 + 2L El )
40" Lan "Bl 2(BLimEl a2+ 2L El )

+0, Loy "Lan* (3L El a1 + 2Lgn Bl ) (Lo El g 2 + 6LsnZEl )
+640, L Ly "&0E g »( LBl an 1+ 2Bl ) ( LBl 2+ 2Bl
~24710, Ly, L 8 El Bl g (BLignEl a2+ 2L Bl )

+640,L,, Lo 22 El o o( LBl gn 1+ 2Bl ) ( 3mElan 2+ LgnEli)
+40," Lo, "L 2o (Lol s + 2inEl ) ( LomElan 2+ LBl
160, Ly Loty "E g 5 BBl g1+ 2l ) Lo Bl g2 + 6L Z,El )

928E| cln,2(3|‘bmEI + 2|-cInEI bm)

cn,1

This formula can result in a formula of e,.
qqumechln4(3meE| cln,l+ 2I-dnEl bm)(me2E| cln,2+ 6|-cInZZEl bm)

+4q1q2me2Lcln422(3meE| cn ,l+ 2I‘cInEI bm)( 3‘mel cln ,2+ 2-dnEl bm)
+Oﬂ.q2me4Lc|n4E| cIn,2(3meEI cIn,2+ 2LcInEI bm)

+q22me2LcIn4(3meE| cn,1 + 2I‘cInEI bm) ( me2 El cln,2 + 6LcInZZEI bm)
+64q2meLcIn2e0E| cIn,2( 3‘mel cln,1+ Z‘cInEI bm)( 3'meI cn ,2+ 2—CInEl bm)
_2477q2 I‘bml-clnselEI meI cln,2( 3‘meI cn,2 + z-cln El bm)

+64q2meLcInzelE| cIn,2( a‘mel cln,1+ 2‘cInEI bm)( 3'mel cn ,2+ 2—clnEl bm)
+4q22 me2 Lcln422 (3meE| cln,1 + 2I‘cInEl bm) ( 3‘meI cln,2 + Z‘cInEI bm)
+16q2 meLcIn2EI cln,Z( 3‘meI cn,1 + 2‘cln El bm) ( me2E| cn,2 + &clnzﬁl bm)

%= 317( 0 + 0 ) Ly L El o

bm —cIn

8El 4, (3meE| ana* 2ol bm) +8(2772E| an2 "~ (Ch + G12) meLdnz)(a‘mel an 2+ Aol bm)

This formula is quite difficult. This formula can be simplified by combine the same
expressions. The following formula is the result.
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((ql + qz) mel-dn2 +16E| dn,z)( 3‘mel cln ,1+ 2‘cInEI bm)( me2E| cln ,2+ G‘canJEI bm)
4(q1 + q2) meLcanZZ(ngmEl dn,l+ 2I‘clnEI bm)
+(3meE| cln,2 + 2I‘clnEI bm) +LcInEI cln,z(qlmechln - 247761E| bm)
+64E| cln,2 ( 3meEI cn,1 + ldnEI bm) (eO + el)

q2 me I‘clnz

%= 3r7( 0, + d,) Lyl El

bm —cIn

8El cn,2 (3meE| dn'1+ 2LCInE| bm) +8(2772E| dn2 (q1 + qz) mel-dnz)(a_meI

+ Z‘cln El bm)

cln,2

To avoid mistakes in the formula, the formula has been checked on several aspects. The first
check is the check on the dimensions.

(( Nm™ + Nm‘l) mm? + Nmz)(mNm2+ mNm 2)(m Nm 2+ mmNm 2)

Ny (Nm‘1 + Nm‘l) mmzm(mNm2+ mNmz)
m™mm

+(mNm2 + mNmz) +mNm2( Nm ™ mim-mNm 2)

+Nm? (mNm2 + mNmz) (m+m)

me - (mNm2 N (Nm‘1 + Nm‘l) mm>3Nm?
+( Nm? —(Nm‘1 + Nm‘l) mmz)(mNm2+ mNmz)
. Nmz((Nmz)( Nm®)(Nm?) +(Nm3)(( Nm)m4(Nm 3 + Nm{Nm 3+ Nm {Nm j(m)))
Nm? ( Nm3)(( Nm‘l) Nm® + ( Nmz)(Nm3))
o N
N“4m?©

The dimensions are correct.

The second check is to find the original formula (App. N). There are a few differences
between the starting position of this formula and the starting position in Appendix N. The
first difference is the shift of the centre of gravity. This is neglected from the formula.

(o + ) LimLan” +16E1 g, ,)(AnBl gy 1+ 2y Bl ) (Lo El g )

Lol g 5 (ol Ly — 24705, }
+64E1 4, 5 ( Bl gny + LBl ) (4 €)
3r7( 0, + d,) Lyl El
+8(277°El 4, = (0 + 0y) Lymlan” ) ( o El g o + 2B bm)}

2

qZmeLdn
+(3meE| cn,2 + 2Lc|nE| bm)

92 =
8EI cln,2 (3meE| cln,1 + 2I‘clnEl bm)(
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The second difference is the original load. In the formula of Appendix N, there is no original
load. The original load must be neglected. g, = 0. This also results in e; = 0.

(q2 l‘bml‘cln2 + 16E| cln,z) ( 3‘meI cn,1 + Z‘cln EI bm) ( mezEI cln ,2)
+(3meE| cn,2 + 2I‘cInEl bm)( 6AEOEI cIn,Z( 3'meI cn ,1+ chnEI bm))

3q2anm I‘cln3E| bm
+8( anEI dn2 qZmeLcInz) ( 3‘mel cn,2 + 2LclnEI bm)

q2 me I‘cln2

% =
8EI cln,2 (3meE| cln,1 + 2I‘clnEl bm)

Again some expressions can be neglected.
qumedn2 ((qZmechln2 + 16E| dn,2) + 6@0( 3'mel cln ,2+ 2—clnEl bm))

% =
8($2anmLcln3El bm + 8( ZTzEIcIn,z - qZmeLclnz)( 3'meI cln,2 + chnEI bm))

The formula what is found in Appendix N is the following one:

_ qlmeLcIn2 (qlmengn2 + 64e0( a‘meI cIn,1+ ldnEl bm) + 16‘bm2E| cIn,l)
) 8|:3ﬂql|‘bm|-cln3EI bm + (1872E| cln,1 - 8:lll‘bml-clnz)( 3'meI cln,1+ chnEl bm)}

The only difference between these two formulas is the stiffness and the load. If g, will be
replaced by qs, Elqn, will be replaced by El, ; and if e; will be replaced by e; the original
formula is found. It is proven that the formula does not have big mistakes.

The formula of e; has been found. If e; has been found all reaction forces and internal
stresses can be calculated. This could be done if the formulas from the begin of this
Appendix are used. How to use these formulas become clear at the calculation example in
Appendix P.

0.2  Analysis if two parts yield

If both the right flange as the left flange partial yield and the stiffness of the reduced section
is large enough to resist more loads, the third load case starts. The portal frame is loaded by
load q; and by load q,. Load q; results in yield in the right flange. Load q; results in yield in
the left flange. Due to g, the stress in the right flange increase, but does not reaches the
second critical stress. In the analysis of Appendix 0.1 a shift of the centre of gravity has
taken into account. In the third load case, both the right flange as well as the left flange
partial yield. In the middle of the column the effective section is double symmetric again.
There is no shift in the centre of gravity anymore. The stress in the midsection has been
generalized whole in the structure. There will be no extra deflection due to the shift of the
centre of gravity. The deflection of the second load case must be taken into account at the
calculation of the external moment. Because of this the shift of the point of gravity has a
small influence on the total deflection in the third load case.

Again the analysis starts with the calculation of the horizontal reaction force in support A.
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q3me3Lcln - M3LC|n — F3L°|n3 =0
24E1 ko FElgns

Use the formula of k..

qSmeSLcIn _ I:Sl‘bml-dnz — I:3|-dn3 — O
24El, 26, FEI

cn,3

All expressions of F, has been separate from the rest of the formula.

I:3me|-dn2 + I:3|-<:In3 — q3me3Ldn
2El,,  3El 24,

cln,3

Make the same denominator.
12F3meLcln2E|c|n,3 + g:3Lcln3E| bm _ q3me3LclnE| cn,3
24Kl El . 24E| , .El

cln,3 cn,3 bm

Neglect the denominator.
FS (12l‘bml‘cln2EI cn,3 + a—cIn3E| bm) = qSmechlnEI cn,3

Find the formula of F;

- q3me3E| cln,3
’ 4Lc|n (3meE| cn,3 + 2|-cInEI bm)

This formula looks like the formula found in Appendix N. The formulas found in Appendix N

and in Appendix 0.1 are:

The deflections are the follow.

Deflection due to moment
M1,3 = Fs( Lan — X)

— _FS(LcIn B X)
K1’3 B EIdn,3
-F, (2L, x- X
b:= 3(2E,' e,

cn,3

qlmeSEI cn,1 F. = qZme ( me2E| cn,2 + 6LcanZEI bm)
' 4|-cln (3meE| cn,1 + 2|-cInEI bm) ’ 4Lc|n (3meE| cn,2 + 2|-cInEI bm)
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—F3(3Lc,nx2 - x3)
6El

Yis= +Cx+C,

cn,3

Find the integration constants.
yl,3,x:O =0 -> Cz =0
2|:3Lc|n2

., =0 =>C =
Y13x=L,, 1 6El,,

F, (2L % = 3Ly,x* + )
6El

Yiz=

cn,3

Use the formula of F;.

— qSme3E| cln,3 (2L0|n2X - 3I—(:Inx2 + X3)
y1v3 ) 4Lcln (3meE| cn,3 + 2LclnEI bm) 6El cln,3
qSme3 (2Lcln2X - 3Lc|nx2 + Xs)
Yis=

B 24'I-c|n ( 3‘meI cn,3 + 2—cInEI bm)

Starting deflection

e
I‘cln

This deflection does not change.

Deflection due to rotation spring:

M 33~ _¢3kr

M 3,3x=0 = _¢e<tra ,3x= (}(r

M;s= _¢6<tra,3,x:Ekr (Lcln B X)
cln

- ¢extra,3,x=0kr (Lcln B X)

K3,3

I‘clnEI cn,3
_ ¢extra,3,x:0kr (2Lc|nX - XZ)
¢3,3 - + Cl
2Lc|nEI cn,3
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_k (3L, x*-x3
_ Junzsed (X X +Cx+C,

y3’3 6Lc|nE| dn,3

Find the integration constants.

y3,3,x:0 =0 -> Cz =0

_2¢e<tra,3,x: Okr I‘cln2
6Lc|nE| cln,3

Y3 3x=L,, =0 2> C=

y3’3 i 6LClnEI cn,3

Use the formula of k.

2El,,
¢extra,3,x:0 Lbr:

y3’3 i 6|‘clnEl cln,3

(_ZLCIHZX + 3|‘clnx2 - X3)

Y33~ 3L, Ly, El a3

Additional deflection

Vis= egsin(ﬂj
’ I‘cln

Here follows a list of all deflection formulas.
_ qSme3 (2Lcln2X - 3|-an2 + X3)
o™ 24L,, ( I i = bm)
Gy (2L X = 3L+ )
ha = 24L g (BBl gy + Ly El )
_ Ol ( Lo El an2 T 6Ly, ZEl bm)( 2Ly, X = 3y, X" + Xa)
ha = 241, El g0 o (BBl gz + 2yl

y, =& sin .2
: I‘cln

" 3I‘mecInEI cn,3

_ Porarx=oE! bm(_2|—c|n2X + 3Ldnx2 - x3)
Ya1= 3L, Ly El g,

_ Powazx=oF! bm(—ZLc,nzx +3L, X% - x3)
e 3LomLnEl 4n
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_ . JTX
y4,3 - essm(gj

_ . JTX
y4,1 - eﬁ'”(gj

_ . JTX
y4’2 = 625|n(gj

y — qumeZ(LclnX_ XZ)
>2 4Ely,,

On_mesL 2 + qZI‘mecIn2 ( me2E| an,2 + 6LcInZZEI bm) + q3me3Lcln2

cln

ytota|,3 B 64( 1melcln,l + Z‘CInEI bm) 64| cln,2( $.me| cln,2+ lcmEI bm) 6(1 BomEI cn,3 + QCInEI bm

_ ¢extra,l,xzol-cln2 El bm _ ¢extra,2x: OLdanI bm _ ¢e<tra,3,x:0Lcln2E| bm qz mel—cln222
8meE| cn 8meE| cln,2 8meE| 16E|

)

+eg+e +e,+
cln,3 cln,2
Deflection y; 3 and deflection y; 4 are the additional deflections. These deflections are
important to calculate the additional rotation. The additional rotation must be calculated at
x=0.

_ ¢extra,3,x=OE| bm (_Zl‘cln2 + 6|—cln *0-3* 02) T { 0 j
€,Co

- +
Dexrazn-o 3L,,L..El Lo L

cn,3 cln

Neglect some expressions.
— _2¢extra,3,x=OLclnE| bm + 4

¢@<tra,3,x:O 3meE| dns Ldn %

Separate ¢extra,3,x:0 from % :

¢ + 2¢extra,3,x:OLclnE| bm — 77%
s 3meE| cn,3 I—cIn

Make the same denominator for all expressions.

¢ I—cln (3meE| cln,3 + 2I—dnEl bm) — 3anmeg.E| cln,3
B0 3me I-dn El cn,3 3me I‘cln El

cln,3

This results in the following formula.
377meesE|dn,3

¢e<tra,3,><=0 - Ly, (3meE| an3 Tt 2L,.El bm)

This formula can be used for the deflection ys; 3.

v 37,6l 4 4 El (2L, X + 3Ly X = X°)
Ly (BLomEl an s + 2L Ely) 3L, L,,El

bm™=cln cln,3

CLXVI



ﬂ%EI bm (_2Lcln2X + 3I-clnx2 - X3)

y3’3 ) I‘cln2 (3meE| cn,3 + 2I‘clnEI bm)

ﬂe?.EI bm(_2|-dn2 + 6I‘clnx_ 3(2)

¢3'3 ) I‘cln2 (3meE| cln,3 + 2LcInEI bm)

6ﬂe3.E| bm(LcIn B X)
337 L 2

cln (3meE|dn,3 + 2I-dnEI bm)

Already known are the following formulas:
ﬂ%EI bm (_2Ldn2X + 3I-clnx2 - X3) _ nelEI bm (_2Lcln2X + 3I-clnx2 - X3)

y3’2 ) I‘clnz (3meE| cn,2 + 2I‘clnEl bm) yg’l B LcIn2 (3meE| cn,1 + 2I‘clnEI bm)

All necessary formulas are known. The differential equation can start. The differential

equation is based on the equilibrium between the internal and the external moments.
AM =AM

intern extern

Mg.X K i}
—Ak; = (Nl + Nz) Yt NaViow 5t LB'S ~KPeua 3ucd®

cln I-dn

_(K3,3+K4,3) Ely, 5= (N +N z)(yL3+ Yasty 4,)&

NG (Vi Yoo Vast Vot Vait Yot Y of Y at Y 43y o5Y o,

+ M 83X _ kr¢extra,3,x:0X
Ly, L,

cln

All known formulas can be used in this formula.
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I‘cln (3meE| cln,3 + 2I‘clnEI bm) I‘cln I-cln ’
— ( Nl + N2) q3me3(2Lc|n2X - 3I‘cInX2 + X3) + nejEI bm (_2Ldn 2X + 3‘clnxz_ X 3) + %Sin ﬂ
24'Lcln ( 3meEl cln,3 + 2-cInEl bm) Lclnz( 3-me| cn,3 + 2—dnEl bm) cin

GhL (2L X = 3Ly X +X°) . 0oL Lo Bl g2+ 8L Z,El o ) ( 2y X = 3y X2+ X°)
24L g, (BBl gy + Lo El ) P2 =T - = TR =T
. Ol 2Ly X = 3L X2 + X o 78 Ely, (2L X+ 3Ly X = X°)
241, (3Bl gns + Lol e"sm( Ldnj Lon? (3LomE! gnz + 2LgnEli)
718,y (=2Ly, 2% + 3Ly, = X°) | TBE om (~ 2 X+ Ay, X2 = X) o] X
Lan” (3LomEl n 2 + 2Ly El ) Lan? (LomEl ans + 2LanElpm) els'n( Ldnj
e, Sin(Lﬂj T8 Sir( |7_7X j + qubm?é::'::( _ Xz)

cln cln

+N

w

q3me3E|c|n,3X 6ﬂe3E| mechn|3X

+
4'I‘cln (3meE| cn,3 + 2LclnEI bm) LcIn2 ( 3‘mel cn,3 + lcInEI bm)

Write out some expressions to neglect the brackets.
_62ﬂe3E| meI cIn,3(LcIn - X) + ﬂzEl(;n,Se?,Sin ﬂ
LcIn (3meE| cn,3 + 2LcInEI bm) I‘cln L
q3 ( Nl + NZ) me3 (2Lcln2X - 3I-t:InX2 + X3) IT( Nl + NZ) e3E| bm (_ZLCInZX + 3‘clnx2 - X3)
= +
24'Lcln ( a‘meI cn,3 + Z‘cInEl bm) Lclnz( 3'meI cln,3 + 2—cInEl bm)

. TTX . TTX | TIX quSmeZZ( I‘clnx - Xz)
+(N, +N sinl — |+ Ne,sin — [+ N.g,si +
( ' 2)% (L j . P{L j 383 r[l‘ J 4EIcln,2

cln cln cln
+ OU.N3me3 (ZLCInZX - ‘?’Lclnx2 + X3) + q2N3me ( me ZEI cn,2 + 6|‘cInZ2E| bm)( Z‘clnzx - :‘)"clnx2 + X3)
24'Lcln ( 3‘meI cln,1 + lcInEI bm) 24'cInEI cln,2 (3meE| cln,2 + 2LclnEI bm)
qSN3me3 (2Lcln2X - 3LcInX2 + XS) . JTX 7TN3e.LE| bm (_ZLCInZX + 3Lc|nx2 - XS)
+ + N,g,sin 5
24'Lcln ( 3‘meI cln,3 + Z‘cInEl bm) I‘cIn LcIn ( 3'mel cn,1 + chnEI bm)
ﬂN362E| bm (_ZLCInZX + 3|_an2 - X3) 7TN3€3E| bm (_2Lcln2X + 3|‘clnx2 - X3) N . JTX
+ + Sinf —
Lcln2 (3meE| cln,2 + 2LcInEI bm) Lcln2 (3meE| cn,3 + 2I‘cInEI bm) 381 I‘cln

qSmesElcln,3X 6ﬂe3E|me| cln,3X
+ 2‘cInEI bm)

cln

' 4'Lcln (3meE| cln,3 + 2|‘cInEI bm) I‘cln2 ( 3‘meI cln,3

The loads are known. The values of N;, N, and N, can be used
(N, = %0l N, = %0,L,, N, = %0.L,,.) . This results in the following formula.
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—627733E| meI cIn,S(LcIn - X) + anl czln,Se&Sin(ﬂj
I-dn (3meE| cin,3 + 2I-dnEI bm) I‘cln I‘cln

- qS(ql + q2) me4 (2Lcln2X - 3I-cInX2 + X3) + ﬂ(q1 + qz) mee3E| bm (—ZLcanX + 3_CmX2 - X3)

48Lc|n ( 3‘mel cn,3 + z-cInEl bm) 2‘clnz( 3'meI cn,3 + chnEl bm)
(o +a,)L megsm{j AQ.L,.e su-(J ql,.e su‘[J 2 2
+ 2 I‘cln + e I-cln + ’ I-cln + q2q3me 22( LC'”X X )
2 2 2 &l g »
+ Oﬂ.qsme4 (2Lc|n2X - 3|‘cInX2 + X3) + q2q3me2( me 2E| cn,2 + &CInZ2E| bm)( Z‘clnzx - :‘)"clnx2 + Xs)
4'8Lcln ( 3-meI cn,1 + Z-cInEl bm) 4'8LcInE| cn,2 ( 3-mel cn,2 + lclnEI bm)
L& sin| 2=
q32me4(2Lcln2X - 3|‘clnx2 + X3) q3 bmeO Lcln ﬂqSmeelEI bm (_2Lcln2X + 3|‘clnx2 - X3)
+ + +
48Lc|n ( 3‘mel cn,3 + z-cInEl bm) 2 2‘clnz( 3'meI cin,1 + 2—cInEI bm)
L, esin| X
ﬂqSmeezEl bm (_2Lcln2X + 3|‘clnx2 - X3) ﬂqSmee3E| bm (_2Lc|n2X + 3|‘clnx2 - X3) q3 bmel I-cln
+ + +
2|‘clnz (3meE| cn,2 + 2|‘cInEl bm) Z‘clnz( 3'meI cln,3 + 2—cInEl bm) 2
q3me3E| cIn,3X _ 677€3E| meI cln 9(

' 4'Lcln (3meE| cln,3 + 2|‘cInEl bm) I‘cln2 ( 3‘meI cln,3 + 2‘cInEl bm)

The most important deflection is the deflection at half the column length. Calculate the

deflection at x=0.5Lgp.
_3nee>E| meI cn,3 772€3E| cn,3 _ q3 (ql + qz) me4|‘cln2 _ 3ﬂ(q1+ qz) mel‘clneisEI bm

LcIn (3meE| cn,3 + 2LclnEI bm) ' Lcln2 B 1Zd 3'mel cn,3 + chnEI bm) 1§ Bmelcln,3 + 2t:InEI bm)

+ (Oﬂ. + qz) me83 + q1q3me4LcIn2 + q2q3me2LcIn2(me2E| cn,2 + 6LanZEI bm)
2 128( 3‘mel cn,1 + chnEI bm) 128l cln,2( 3‘mel cn,2 + lcInEI bm)
q32 me4|-cln2 + qSmeeO _ 3ﬂq3me LclnelEI bm _ 3”q 3‘me LclneJEI bm

+

128( 3‘mel cn,3 + 2-cInEI bm) 2 1% :B'meI cn,1 + P—cInEl bm) 16 BumEI cln,2 + |2|:InEI bm)
— 3ﬂq3meLc|ne3E| bm + q3meel + qsmeeZ + q:;bme3+ q g i'bmchanZ 2

16( 1mel cn,3 + lclnEI bm) 2 2 2 3| cln,2

qSme3E| cln,3 _ 3ﬂe3E| meI cn,3
8(3meE| cn,3 + 2|-cInEI bm) I-cln ( 3‘meI cln,3 + 2‘cInEI bm)

On expression is the same at both sides of the equation. These expressions can be
neglected.
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nz%El cn,3 — q3(q1 + qz) me4LcIn2 _ 3ﬂ(q1+ qz) meLcIneZsEl bm
Lcln2 128( 3‘mel cln,3 + chnEI bm) 1¢ 3'mel cln,3 + chnEl bm)

N (Cl,1 + qz) L,€; N oo M I + %L Lan” ( Ly El an2 T 6Ly ZEl bm)
2 128( 3‘mel cn,1 + chnEI bm) 12&l cln,2( B'meI cn,2 + 2LclnEI bm)
+ q32 me4|-cln2 + qSmeeO _ 3”q3me LclnelEI bm _ 37Tq 3‘meLcIneJE| bm
128( 3‘meI cn,3 + 2‘clnEI bm) 2 1% :B'meI cln,1 + ?—cInEl bm) 16 |3DmEI cln,2 + |2I:InEI bm)
- 3ﬂq3meLc|ne3E| bm + q3meel + q3me% + q3mee3 + qzqsmeZLcanZZ
16( 1mel cn,3 + lclnEI bm) 2 2 2 3ZI cln,2
qSme3E| cn,3

+
8( 3meEl cn,3 + 2|-cln El bm)

In this formula ez is the only unknown. To find the unknown value all expressions of e3 must
be placed on one side of the equation.

3ﬂ(q1 + qz) I-bml‘clne3EI bm + 3ﬂq3meLclne3E| bm _ (ql + qz) meeS _ q:;meeg + ﬂ2e3E| cln,3

16( a‘meI cln,3 + Z‘cInEl bm) 14 $'me| cn,3 + 2clnEI bm) 2 2 Lcln2
— 0 (ql + q2) l‘bm4|‘cln2 + qusme4 LcIn2 + q2q3me2 Ldnz ( me2E| dn,2 + 6Ld”22EI bm)
128( 3‘mel cn,3 + chnEl bm) 12$ B‘omEI cn,1 + 2clnEI bm) 128l cln,2( 3‘mel cn,2 + lcInEI bm)
+ q32 l‘bm4|‘cln2 + qSmeeo —_ 377q3me I-clnelEl bm - 377q 3meLcIneJE| bm
128( 3‘meI cn,3 + 2‘cInEI bm) 2 1% :B'meI cln,1 + 2cInEI bm) 16 BJmEI cln,2 + |2':InEI bm)
+ qsmee.L + q3mee2 + qﬂ3me2Lcln222 + qSme3E| cn,3
2 2 3ZI cln,2 8(3meE| cn,3 + 2LclnEI bm)

All expressions must have the same denominator. To make the same denominator starts
with the expressions of es.
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3ﬂ(q1 + qz) I-bml‘cln3EI bm + 3ﬂq3meLc|n3E| bm
16Lc|n2 ( 3‘meI + Z‘cInEl bm) 16‘dn2( $'me| cn,3 + 2dnEI bm)

cln,3
ee, _ 8(q1 + q2) meLcIn2 (3meE| cln,3 + 2LcInEI bm) _ 813|‘mecIn2( 3'meI cln ,3+ 2—cInEI bm)
16Lc|n2 ( a‘mel cn,3 + lcInEI bm) 16‘cln2( 3'meI cln,3 + 2|‘cInEl bm)
+ 16ﬂ2E| cln,3 ( 3‘mel cln,3 + z-cInEI bm)
16Lc|n2 ( 3‘meI cln,3 + Z‘cInEl bm)

— q3 (ql + qz) me4Lc|n2 + Oﬂ.qsme4 Lcln2 + q2q3me2 LcIn2 ( me2E| cn,2 + 6LcInZZEI bm)

128( 3‘mel cn,3 + 2-cInEl bm) 12$ B'meI cn,1 + 2clnEI bm) 128l cln,2( 3‘mel cn,2 + 2-dnEl bm)
+ q32 l‘bm4|‘cln2 + qSmeeo —_ 3nq3me I-clnelEl bm - 377q 3meLcIneJE| bm

128( 3‘meI cn,3 + 2‘cInEI bm) 2 1% :B'meI cln,1 + 2cInEI bm) 16 BJmEI cln,2 + |2':InEI bm)

+ qSmee.L + q3mee2 + qzqamzl‘cln222 + qSme3E| cn,3
2 2 32E| 8( 3Ly El gz + 2o Bl )

cln,2

Make one denominator for all expressions of es.

3”(q1 + qz) I‘bml-cln3EI bm + 3ﬂq?,l-bml-clnsEl bm - 8(q1+ q2) meLcInz( 3‘mel cln ,3+ 2-cInEl bm)

_8q3meLcIn2 (3meE| cn,3 + 2LclnEI bm) + 1672E| cln,3( 3'meI cln,3 + chnEl bm)
16Lc|n2 ( a‘meI cn,3 + chnEl bm)

— o (ql + qz) me4|‘cln2 + qlq3|‘bm4 I-cln2 + q2q3me2 LC'”Z ( me2E| dn,2 + 6LanZEI bm)

128( 3‘mel cn,3 + 2LcInEI bm) 1Zd 3'meI cn,1 + chnEI bm) 128l cln,2( BmeI cn,2 + 2cInEI bm)
+ q32 l‘bm4|‘cln2 + qSmeeo _ 377q3me I-clnelEl bm _ 3ﬂq?.l‘bml‘clneZEl bm

128( 3‘meI cn,3 + 2‘clnEI bm) 2 1% :B'meI cln,1 + 2|-cInEl bm) 16( 3‘meI cln,2 + 2‘cInEI bm)
+ qSmeel + qSmeeZ + qzqg‘bmzl‘clnzzz_k q3me3E| cn,3

2 2 3 cn,2 8(3meE| cin,3 + 2|-cInEI bm)

Simplify the numerator
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377ty + 0 + ) Lyl El oy

bm™=cln
+8(2ﬂ2E| cln,3 - (ql + q2 + q3) I‘bml‘clnz)(a‘meI cln ,3+ Z‘cInEl bm)
e3 16Lc|n2 ( 3‘meI cln,3 + Z‘cInEl bm)
= q3 (ql + q2) me4|-cln2 + 0&q3me4 Lcmz + qu3me2 LcIn2 ( meZEl cn,2 + 6LcInZZEI bm)
128( 3‘mel cn,3 + 2-cInEl bm) 12$ B'meI cn,1 + 2clnEI bm) 128l cln,2( 3‘mel cn,2 + 2-dnEl bm)
+ qS2 me4|‘cln2 + q3mee0 - 3”q3me LclnelEI bm - 37Tq ZsmeLcIneJEI bm
128( 3‘meI cn,3 + 2‘cInEI bm) 2 14 :B'meI cln,1 + 2cInEI bm) 16 BJmEI cln,2 + |2':InEI bm)

+ qSmee.L + q3mee2 + q2q3me2LcIn222 + qSme3E| cn,3
2 2 32K 8( 3Ly El gz + 2ol )

cn,2
It is complex to find everywhere the same denominator. In Appendix 0.1 there were two

different stiffness. In this Appendix there are three different stiffness. This results in a very
complex formula. In the following formula every expression has the same denominator.
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8El cln,2(3l‘bmEI cln,l+ 2|‘cInEI bm)( 3‘mel cln,2+ 2-cInEl bm)
3”(q1 + q2 + q3) mel-cln3EI bm
+8(27T2E| cln,3 - (ql + q2 + q3) I‘mecInz)(a‘meI cln ,3+ Z‘cInEI bm)
128Lc|n2E| cln,2(3‘ El + 2‘cInEl bm)( 3,,El + chnEI bm)( :B'meI cIn,3+ 2|‘cInEl bm)

bm™—"cln,1 bm™—"cln,2

— qS(ql + qz) me4|‘cln4EI cln,2(3|‘meI cln ,1+ 2I-cInEl bm)(a‘meI cln ,2+ Z‘clnEI bm)
12&cln2E|cIn,2(3‘melc|n,l+ 2-clnEIbm)( 3'melcln,2+ chnEIbm)( :B'melcln,3+ P—clnEIbm)

+ q1q3me4LcIn4E| cln,2(3|‘meI cln,2 + 2LclnEI bm) ( a‘mel cn,3 + 2LcInEI bm)
128-clanl cln,2( 3‘mel cn,l + 2‘cInEl bm)( 3'mel cn,2 + 2—cInEl bm)( :B'meI cln ,3+ P—cInEl bm)

+ qzq3l‘bm2 Lcln4(3|‘bmEI cn,1 + 2I‘cInEl bm) ( I‘bm2 El cn,2 + 6LcInZZEI bm)( 3‘mel cln ,3+ chnEI bm)
12&cln2E| cln,2 ( ,,El + 2|‘cInEl bm) (3L El + 2LclnEI bm)( 3‘meI cn,3 + chnEl bm)

bm™"cIn,1 bm™="dn,2
+ qSZme4LcIn4EI cln,2(3|‘meI cln,l+ 2I-cInEl bm)(a‘meI cln,2+ Z‘clnEI bm)
12&dn2E| cln,2( 3‘mel cln,1+ 2‘cInElbm)( 3'mel cln,2+ 2—clnEl bm)( :B'meI cIn,3+ P—CInElbm)
+ 64q3meLc|n2eOE| cIn,Z(?’meEI cIn,1+ 2LcInEI bm)(a‘meI cln ,2+ 1clnEI bm)( 3'mel cn ,3+ chnEl bm)
128‘cInZElcln,Z(a‘melcln,l-l- 2-cInEIbm)( 3'melcln,2+ chnElbm)( :B'melcln,3+ P—clnEIbm)

_ 24ﬂq3meLcln3elE| meI cIn,Z(a‘melcln,2+ Z‘cInElbm)(SmeEl cln,3 + 2I-cInEI bm)
128Lc|n2E|cln,2(3‘ El + 2‘cInElbm)( 3,.El + chnEIbm)( B'melcln,3+ 1)‘cInElbm)

bm™—"cln,1 bm™—"cln,2

_ 24'77.(:13meLcln3e2EI meI cln,2( 3-mel cln,1+ Z-cInEl bm)( 3-mel cin ,3+ 2-cInEI bm)
128-clanI cn,2 ( ,,El + 2‘cInEl bm)(3meE| cn,2 + 2I-cInEI bm) ( 3‘meI cn,3 + Z‘cInEl bm)

&

bm cln,1

+64q3meLc|n2elE| cIn,Z(a‘meI cIn,1+ chnEl bm)( 3'meI cIn,2+ chnEI bm)( $‘me|dn ,3+ chnEl bm)
128Lc|n2E| cln,2(3‘ El + 2‘cInEl bm)( 3,,El + 2;clnEI bm)( :B'meI cIn,3+2LcInEI bm)

bm™—"cIn,1 bm™—"cln,2

+ 64'q3meLdnzezE| cln,2( 3‘mel cin ,1+ Z‘clnEI bm)( 3'mel cln ,2+ 2—cInEl bm)( $'me| cln ,3+ 2clnEI bm)
128|-dn2E| cln,2( 3‘mel cn,1 + 2‘clnEI bm)( 3'mel cn,2 + chnEl bm)( :B'meI cln ,3+ P—clnEI bm)
+ 4q2q3me2Lc|n422(3L El + 2LcInEI bm)(3L El + 2LclnEI bm)( 3‘mel cln,3+ chnEl bm)

bm™—" cIn,1 bm™—" cIn,2

12&cln2E|c|n,2(3‘me|c|n,1+ chnEIbm)( 1melc|n,2+ chnElbm)( B'mechn,3+ 2cInEIbm)

+ 16q3me3Lcln2E| cln,2EI cln,3(a‘me|cln,1+ z-cInEI bm)( 3'meI cIn,2+ chnElbm)
128-clanlcln,Z(a‘mel cln,l+ 2‘cInElbm)( 3'melcln,2+ 2—cInEl bm)( :B'mechn,3+ P—cInElbm)

Neglect the denominator.

CLXX1



8El g 2 ( BomEl an s + 2y Bl ) ( Lol g2+ Ao El )

cn,1 cn,2

377( 0, + 0, + 0) Lyl El o

+8( 277l 4,5 = (th * 0+ 05) Lomban ) (LomElan o+ 2nEln)
= 0y (0 * G2) Lo L “El g 2(3LomEl e 1+ 2L El i) (LomEl a2+ 2 El )
+ 00 Liry Lt Bl g 2 (3LomE a2+ 2Ln Bl ) (LomEl a2+ 2Bl )
0,0l Letn (3L a1+ 2Ll ) (Lo Bl gy 2 BLinZE i ) ( LBl gy 5+ Ay Bl
0 Lo *Ln Bl g 2 (3LomE s + 2LnEl ) (LBl e 2+ AgnEl )
+640,L, Lo & E g 2( LomE g+ AanElyn ) ( 3omElan 2 LanElyn ) ( BomElan 5+ 2Bl )
24710 Ly Ly & g g o( LBl i 2+ 2nEl o ) ( 3Bl iy 5+ Aol
~24710% L L 8B o B g o( Bl a2+ 2Bl i) (3L El s + 2L El )
+640, Lo, Lo & g o( Lol an it ZsnEl o ) ( el an 2 ZanEl o) ( BemElan 2% 2Bl )
#6400, Lo, Lo & E g o( LBl an s+ LanEl o ) ( 3Bl an 2+ LanEl o) ( BemElan 57 2Bl
+40,05 L Lo (3L B gy + 2L Bl ) (LBl a2+ An Bl ) ( 3Bl e 2+ 2Bl )

+16q3me3LcIn2E|dn,ZEIdn,3(3‘me| cln ,1+ Z-cInEI bm)( 3'melcln ,2+ chnEl bm)

cn,1

cln,1 cln,3

Find the formula of es.
q3(q1 + q2) l‘bm4|‘cln4EI cln,2(3|‘meI cln ,1+ 2I-cInEI bm)(a‘meI cln ,2+ Z‘clnEI bm)

+Oﬂ.q3L 4L 4Elcln,z(smeEI cln,2+ 2I‘CInEl bm)(a‘meI cn ,3+ lclnEI bm)

bm =cln

+q2q3me2 I‘cln4(3|‘me| cn,1 + 2I‘cInEl bm) ( I‘bm2 El cn,2 + 6|‘canZEl bm)( 3‘mel cln ,3+ 2|-cInEI bm)
+q32me4Lcln4E| cln,z(?’l-meI cln,1+ 2LcInEI bm)(a-meI cln ,2+ lclnEI bm)

+64q3meLcIn2e0E| cln,2( 3‘mel cln,1+ Z‘cInEI bm)( 3'mel cln ,2+ 2—cInEl bm)( $'me| cn ,3+ 2clnEI bm)
_24”q3meLcIn3elE| meI cIn,2( 3‘meI cIn,2+ Z‘cInEI bm)(SmeEI cn,3 + 2Lc|nE| bm)
_24ﬂq3meLclnsezE| meI cln,2( 3‘mel cln ,1+ Z‘clnEI bm)( 3'mel cin ,3+ 2—cInEl bm)

+64q3meLcIn2e.LE| cln,2( 3‘mel cln,1+ Z‘CInEI bm)( 3'mel cln ,2+ chnEl bm)( 3'meI cn ,3+ lclnEI bm)
+64q3meLcIn2e2E| cln,2 (3meE| cln,1 + 2I-cInEl bm) ( 3‘meI cln,2 + Z‘clnEI bm)( 3'mel cn ,3+ 2—cInEl bm)
+4q2q3me2Ldn422(3meEl + 2|‘CInEl bm)( 3‘mel cln,2+ lcInEI bm)( 3'meI + chnElbm)

+16q3me3Lcln2E| cln,2EI cln,3( 3‘mel cln ,1+ Z-cInEI bm)( 3'meI cln,2 + 2|‘cInEl bm)

cn,1 cn,3

8El cIn,2(3meE|cIn,1+ 2|-cInEI bm)(a‘meI + 2‘clnEI bm)
3ﬂ(q1 + q2 + qS) I‘bml‘cln3EI bm
+8( 2772E| cn,3 - (ql + qz + q3) mel‘clnz)(a‘meI cln ,3+ lcInEl bm)

cln,2

Simplify the numerator.
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q3|‘bm3|‘cln2EI cln,z((q1+ q2+ q3) I‘bml‘cln2 +16E| cn 3)(3‘me| cln ,1+ z-cInEl bm)( 3'meI cn ,2+ 2—cInEl bm)

q2 meLcIn ( me2 El cn,2 + 6LCInZZEI bm)
—247e,El,_El
+ +Q3meLcln2 (3L El + 2LclnEI bm) (3meE| cn,3 + 2I-cInEl bm)

bm cn,2

I‘cInEl cn,2 (qlmechln - 247791E| bm)
+ (64E| cn,2 (eO + e1+e2) + 4qZmeLcInZZZ)( 3‘mel cln ,1+ 2‘cInEI bm)

q3meLcIn3( J(ngmEl cn,1 + 2Lc|nE| bm)

cln,2

8E|cln,2(3meE|cln,1+ 2|-cInEl bm)(a‘ El + 2-cInEl bm)

bm cn,2
3”(0[1 + qz + q3) mel‘cln3EI bm
+8(2ﬂ2E| cn,3 - (ql + qz + q3) mel‘clnz)(a‘meI cln ,3+ Z‘clnEI bm)

To check this formula on errors, there are made some checks. The first check is the check on
the dimensions.

Nm‘1m3m2Nm2(( Nm *+ Nm '+ Nm 1) mm 2+ Nm 2)(mNm %+ mNm 3(mNm %+ mNm j

Nm ™ mm( m?*Nm? + mmNm?
Nm™*mm® ( ) (mNm2 + mNmz)
—mNM?Nm?

+ +( Nm‘lmmz(mNm2 + mNmZ)) (mNm2 + mNmz)

[+mNm2 ( Nm~*m*m - mNmZ) ]

+( Nm? (m+m+m) + Nm‘lrnmzm)(mNm2 + mNmz)
m=

(Nm2 +(Nm‘l +Nm™™+ Nm‘l)mm3Nm2)
Nm? (mNm2 + mNmZ)(mNm2 + mNmz)

+(Nm2 - ( Nm™*+ Nm™+ Nm‘l) mmz)(mNm2+ mNm 2)

_ +(Nm3(Nm(Nm4)— N2m5)(Nm3)+ Nm2(+Nm3(Nm3)+(Nm2(m))(Nm 3))(Nm j)(ij

{szﬁ(Nmz) ( Nm3)(Nm3) ]

Nmz(Nm?’)(NmS)(NmS(Nmz) +(Nm2—(Nm‘ l)m3)(Nm 3))

NE
M Nem®

The dimensions are correct.

The second check is to find the known formula by neglecting some expressions. First g, will
be taken zero. As result of this e, is also taken zero.
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L, L, 2El cm'z((q1+ 0) Lyl + 16E] cIn,:,,)(:~3|_me| R N = U [ IO = R 0 =

3Ly El g [ LenBl a2 (Chlom L — 247721, )

+2L,,El bm][+(64E| an2(€*€1))(LonEl gnat 2ol
8E! g2 ( BomEl g1 + 2 Bl ) ( LBl g 2+ LBl )
377( 0, + 0, + O3) LynLn El o
{+8( 27PEl 5 = (0 + Us) L) ( BBl a5+ Aol bm)}

+ q3meLc|n2( )] (3meE|cIn,3+2LclnE|bm)

e3:

Some expressions are in the numerator as well in the denominator. These expressions can
be neglected.

Lo L (G + ls) Lo Lin” +16E1 g 5) (B Bl gy 1+ 2o El )

Lo (Lo Lo — 24778, )

+(64(e, +€,))( 3Bl gy a+ 2y Elyy)
377( 0, + 0, + 0) Lyl El o

+8( 277°El 45 = (O * Us) LmLn” ) (omEl e 5+ 2y bm)}

+ q3meLdn2{ J (3meE| cn,3 + 2Lc|nE| bm)

e3 =
8(3meE| cn,1 + 2|‘cInEI bm)[

Combine some expressions.
me2 ((ql + q3) mel-cln2 +16E| cln,3)(a‘meI cln,1+ Z‘cInEl bm)
q3meLcIn2 +{ I-cIn (qlmengn - 24'7-[e.l.EI bm)

3L,,.El 2L, El
+(64( + €,))( LooBluns + 2Lc.nElbm)J( nlans + 2ol

e3 =
3ﬂ(q1 + q2 + q3) I‘bml‘clna)EI bm \J

8(3meE| anl " 2LCInEI bm)[+8( 277'2E| cn,3 - (ql + q3) meLclnz) ( 3‘meI cln ,3+ Z-clnEl bm)

In Appendix 0.1 a formula is found. A shift in the centre point of gravity is taken into account
at this formula. If this shift is neglected the following formula has been analysed.

me2 ((cﬂ. + q2) meLcln2 + 16E| cln,2) ( 3‘meI cln ,1+ 2‘clnEl bm)
LcIn (qlmechln - 24ﬂelE| bm) J
+64( 3‘mel cn,1 + Z‘clnEI bm)(eo + el)

3ﬂ(q1 + q2) mel‘cln3EI bm
+8( 2”2E| cln,2 - (ql + q2) meLcInz) (3meE| cln,2 + 2LclnEI bm)

qumecan
+ (3meE| cln,2 + 2I‘cln El bm)

e =
8(3meE| cn,1 + 2LcInEI bm){

There are just a few differences between these formulas. This is the stiffness and the load.
g, becomes g, and El ; becomes El . In other words the formula has no big mistakes.
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0.3 Conclusion

The additional deflection has been analysed in Appendix 0.1 and in Appendix O.2. Appendix
0.1 was about the second load case. The second load case starts if the right flange starts to
yield. The additional deflection in this load case is called e,. Appendix 0.2 was about the
third load case. The third load case starts if both the right and the left flange is partial
yielded. The additional deflection in the third load case is called es. In many situations the
third load case does not occur. The follow formulas have been derived.

((ql + qz) mel-dn2 +16E| dn,z)( 3‘mel cln ,1+ 2‘cInEI bm)( me2E| cln ,2+ G‘canJEI bm)
4(q1 + q2) meLcanZZ(ngmEl dn,l+ 2I‘clnEI bm)

+ 2I‘clnEI bm) +LcInEI cln,z(qlmechln - 247761E| bm)
+64E| cln,2 ( 3meEI cn,1 + ldnEI bm) (eO + el)

q2 me I‘clnz
+(3LyEl

cln,2

&= 3
3r(q, +d,) Ly Ly El
8El cln,2(3|‘meI cln,1+ 2I‘clnEl bm) ( 2) i l j 2
+8( 2ﬂ2EI cn,2 - (ql + q2) meLdn )(3‘me| cn,2 + Z‘clnEI bm)
q3me3LcIn2E| cIn,Z((Q1+ Q2+ q3) meLcIn2 +16El cn 3)(3‘me| cn ,1+ lcinEl bm)( 3'meI cn ,2+ 2-cinEl bm)
Ly (L, °El g, , + 6L, Z,El
q3meLcm3 qZme cln( bm cn,2 cIin“=2 bm) (3|_me| ana + 2|—c|nE| bm)
_247732E| meI cn,2
+ +q3meLcan (3meE| cn,2 + 2|-t:InEl bm) (3meE| cn,3 + 2I‘cInEl bm)
I‘cInEl cn,2 (qlmechIn - 24'ﬂelEI bm)
+ (64E| cn,2 (eO + el+e2) + 4qzl‘bml-canZZ)( 3‘mel cln ,1+ 2‘clnEI bm)
e3 ) 8El cn,2 (3meE| cn,1 + 2LdnEl bm)( 3‘mel cn,2 + lcinEl bm)
3”(q1 + q2 + q3) mel‘clngEI bm
+8(2772E| cn,3 - (Q1 + QZ + q3) mel‘clnz)(a‘meI cln ,3+ Z‘cInEI bm)
y — Ou_mesLdnz + qzl-bml-cln2 ( me2E| cln,2 + 6|—cInZZEI bm) + eo _ ¢extra,1,x:0|-cln2 EI bm
o 64( 3‘mechn,l + z-cInEI bm) 6£l cln,2( $'me|dn,2+ chnEI bm) 8meEI cln
_¢e<tra,2,x:0|-cln2 Ibm +e,|, +e2 + qZmeLcInZZZ
8meE| cln,2 16E| cln,2
Vi o = Ou_mesLdnz + qZmeLclnz(mezEI an2t 6|—cInZZEI bm) + o8 mchlnz e,
total,
64( 3‘mechn,l-i_ z-cInEI bm) 6l cln,2( $'me|dn,2+ chnEI bm) 64 BomEchn,3 + QtInEI bm)
_ ¢e<tra,1,x:OLcln2E| bm _ ¢e<tra,2,x: OLdanI bm _ ¢extra,3,x:0|-cln2 EI bm + e_]_ + ez + es + qz meLcInzzz
8meE| cln 8meE| cln,2 8|‘meI cn,3 16E| cln,2
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These are formulas to calculate the additional deflection or the total deflection. These
deflections results in additional rotations and in additional bending moments. The follow
formulas must be used to calculate the additional rotations.

] _ 31L& El g 2
eura 20 Lain (3meE| an2 T 2Ly El bm)

¢ _ 3n1—bmesE| cn,3
adra,3,x=0 Lan (3meE| anzt 2L,El bm)

The horizontal reaction forces:

F = qZme ( me2E| cn,2 + 6Lc|nZZE| bm)

2 4Ldn (3meE| + 2I‘clnEI bm)

cln,2

AF - 3¢extra,2,x= 0EI cln,2

2 2
Lcln

F = q3me3E| cln,3
’ 4Lcln (3meE| cn,3 + 2|—clnEI bm)

- 3¢extra,3,x:OE| cln,3
2
I‘cln

AR,

The vertical reaction force:
N, =0.39,Ly,
N, =0.50,L,

The additional moments can be calculated by the follow formulas.
M = (Fz - AFZ) Lein

top,2 —

M middle.2 — 0-5( Fz - AFz) Lcln + 0'5:Ilme (Qmaj 27 Gotal ]) + 0.9 J-bme[otal "
M., 5 = (F; = AF,) Ly,
M

top,3 ~

middle,3 = 05( F3 - AFS) I-cln + O'qql-*_ qz) me (e[otal ,3_ QOtaI 2) + Oﬁ &meOtal .

The formulas for the bending moments and the formulas for the normal forces can be used
to calculate the stresses. The critical loads (for the different load cases) can be calculated by
the following formula.

N M

Y A Z

The formulas become clearer at the calculations in Appendix P.
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Appendix P Calculations example of a braced portal frame

In Appendix N and in Appendix O some formulas have been derived. These formulas are
based on a non-linear analysis. The linear analysis of Appendix M has been made as initial
situation for the non-linear analysis. The linear analysis is also made to understand the non-
linear analysis better. This Appendix is about the how to use of the formulas and to calculate
the ultimate load. It is assumed that the

columns are critical and that the portal

E M(tot) _ E MCtot) E

frame fails if the columns fail. The beam M“Ot?&\ ) v ¥ ~——"1

is strong enough to resist all failure I \ |
mechanisms. This assumption must be  wissie |c j\ Meriddle) | | cidae \‘ ‘\‘
checked afterwards. The column can fail \ | \ ‘ \‘ |

on many locations. Two of these \ J
locations are most logical and will be V.. A V. A £ s
calculated. These locations are: at the Figure P.1:

end of the column and in the middle of Moment distributions

the column. The failure location depends on the moment distribution (Fig. P.1).

The moment distribution depends on the relative slenderness of the column and the relative
slenderness of the beam. If the calculation starts it is not clear where the column fails. Both
possibilities must be calculated. The lowest failure load is the ultimate load. The formulas
are too complex to make hand-calculations. A computer program is used to make the
iterations. The calculation procedure will be found in Appendix P.1. The calculation file for
this computer program can be found in Appendix P.2. The formulas which are used for the
calculations have been analysed in Appendix N and in Appendix O. The calculation according
to the Dutch code will be discussed in Appendix P.3. In Appendix P.4 the same problem is
solved by another computer program based on the finite element method (in shortly FEM).

P.1  Calculation example

This Appendix is about the manual calculation of a braced portal frame. The first load must
be calculated by the formulas of Appendix N. The formulas of Appendix O will be used if the
right flange starts to yield.

The second load case needs some extra attention. The second load Mq E
case starts if the right flange partial yields and ends if the left flange
partial yields or (in this calculation example) if the right flange fully
yields. In the second load case, the stress in the web can reaches the
first critical stress. If the web partial yields, the influence on the
effective stiffness is negligible but the influence on the effective
cross-section must take into account. The second load case has been
split in two parts. One part with and one part without a partial
yielded web. This becomes clear at the calculation.

| HE3604A

e(®

10 m

Figure P.2:
The calculation example in this Appendix is about a beam section HE 410 om - wStructure
900A and a column section HE 360A (Fig. P.2). According to the

calculation the middle of the column is the critical location. The moments in the end of the

column will be checked. The structure fails at the second load case. The whole right flange
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yields before the left flange starts to yield. The formulas of the third load case will not be
used.

The section properties are:

Ly, =10000 mm

L,, =5000mm

& =10 mm

Ely., =6.959*10" Nmm?

Ely,, =5.263*10" Nmm?

El s =3.573*10" Nmm?

Zy,, =1.891*10° mm’

Zy,, =1.432%10°mm’

Zyns =9.721*10° mm’

El,, =8.864*10" Nmm?

f., =1775 N/mm? (first critical stress)
f., =5325 N/mm? (second critical stress)

Ay: = 14280 mm’
Ay za = 11655 mm’

Atln,zb = 9905 mmZ ( Atln,Za - Oa]tw)
Ay; =7280 mm’
Z =39.6 mm

The first critical load is:
Y1 = 755 N/mm (kN/m)

The additional deflection can be calculated.
qlmeLcln2 (qll‘bmaLcln2 + 6480( a‘mel cn ,1+ chnEI bm))

8|:37TLclnEI bm (_1GEI cln,1 + qlmeLcInZ) + ( 1672E| cIn,l_ 8llmeLcInz)( :B'mel cln ,1+ 2clnEI bm):|

e.l.:

qll‘bml‘cln2 ((qll‘bm:‘ll-cln2 + 6480( 3‘meI cln,l+ Z-cInEl bm) + 16‘bm2E| cln,l)
8|:37Tq1meLc|n3E| bm + (16772E| dn1 " mlmeLclnz)( 3‘meI cn,1 + chnEl bm)]
755*5000 *10000 + 64*1() 3*5000*6.959*10+ 2*10000*8.864 *T))J

755*5000*10006
+16*5000 *6.959*16°

a= [3n*755*5ooo*1oooé *8.864*1Y ]

8
+(16n26.959*163— 8*755*5000*1000?()( 3*5000*6.959 * 10+ 2*10000%.4*1014)

_ 1.859*1G"
4 1.553*1(°
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g =12.8mm

The additional deflection can be used to calculate the additional rotation.
377mee1E| cn,1

Letn (3LomEl gy *+ 2L El )
377*5000*12.8*6.959 *16°

1000( 3*5000*6.959*18 + 2*10000*8.864*11)

_4.208*10°

T 1.877%106°
¢e<tra,1,x=0 = 2242 *1U4I’ad

¢e<tra,1,x=0 =

¢e<tra,1,x=0 =

¢@<tra,1,x: 0

The total deflection follows from the following formula:

3 2 2
ytotal,l - On_l—bm Ldn + eo _ ¢e<tra1,x:OLcln El bm + q-
64( 3meEl cn + chnEI bm) 8—mel cln
B 755*5000 *10008 2.242*19 *100060 *8.864*1D
Yiotar 1 = +10- 3 +12.€
’ 64(3*5000*6.959*16” + 2*10000*8.864*1]0) 8*5000*6.959*10
Yiow 1 = 23.61m

The reaction forces are:
F = ChmesEldn
YAl (BLynEl g + 2LgnEl )
_ 755*5000 *6.959*16°
- 4*10000( 3*5000*6.959*18 + 2*10000*8.865*1f)
F, =826™N

F

AF - 3¢e<tra,1,x= OEI cn,1

1 L 2
cln
_3*2.242*10" *6.959*10°
AF, =
10000

AF, = 467N

Nl = O'a:Ilme
N, =0.5*755*500C
N, =1891.5*1GN

Bending moment in the middle of the column.

M igder = 0-5( F- AFl) Lyn + 0.9, 8

M igder :O.5( 8767- 467 10006 0.5*755*5000*2:
M igges = 85.8*1C Nmm
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Calculate the bending moment at the end of the column (as check).
M1 = (F, = OF,) Ly,

Mg, = (8767- 467 *1000!

Mega1 = 83.0*10 Nmm
Mend

1 < M middle,1

Stresses:
o Nl _ Ml

flontt Abln,l chn,l
1891.5*1F 85.8*16

g....=— -
right.1 14280 1.891*16
Origs = —177.6N Jmm? first critical stress
g. =- N1 + Ml
et Atln,l chn,l
o = ~1891.5*10 N 85.8*16
left.1 14280 1.891*16

Oy, = —86.8N /mm?

—_ Nl
Jcentre,l - A
In,1
s =_18915*10
centre: 1 14280
O rer = ~132.2N /mm?

The second critical load is:

Y2 = 563 N/mm (kN/m)
This has been split in:

Y2a = 212 N/mm (kN/m)
Y2b = 351 N/mm (kN/m)

The web yields at y,..

The additional deflection can be calculated.
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((ql + qz) mel-dn2 +16E| dn,z)( 3‘mel cln ,1+ 2‘cInEI bm)( me2E| cln ,2+ e‘canJEI bm)
4(q1 + q2) meLcanZZ(ngmEl dn,l+ 2I‘clnEI bm)
+ 2I‘clnEI bm) +LcInEI cln,z(qlmechln - 247761E| bm)

+64E| cln,2 ( 3meEI cn,1 + ldnEI bm) (eO + el)

q2 me I‘clnz
+(3LypEl

cln,2

€= 3
3m(q, +d,) Ly Ly El
8E|cln,2(3meE|cln,1+ 2I‘clnEl bm) ( 2) i l j 2
+8(2772E| cln,2 _(q1+q2) meLdn )(3‘me| cln,2+ Z‘clnEI bm)
3*5000*6.959*10° 5000 *5.263*1H
(1318*5000*10006+ 16*5.263*116)
+2*10000*8.864*16" )| + 6*10000*39.6*8.864*16
3*5000*6.959*10°
4*591*1348*5006 *10000 *39.6
+2*10000*8.864 *16"
3*5000*5.263*16° 757 *500G *10000
+ +591*5000*10006 *5.263*18
+2*10000*8.864*1¢" -2477%11.6*8.864*16"
3*5000*6.959*10° |
+64*591*5000*10006 *5.263*18 *21.6
i +2*10000*8.864*1¢"
%= 377*1318*5000*10000 *8.864*1H
5 3*5000*6.959*10° .
8+*5.263*10 277°5.263*10 3*5000*5.263*19
+2*10000*8.864*16" )| +8 .
-1348*5000*10000 )| + 2*10000*8.86*10"
6 = 4.509*10°
8.789*1(°
e, =51.3nim

The additional deflection can be used to calculate the additional rotation.

¢ — 377me%E| cln,2
extra,2,x=0 Lcln (3|_me| dn.2 + 2LcInEI bm)
p _ 37*5000*51.3*5.263*16°
extra,2,x=0 loooc( 3*5000*5263*16 + 2*10000*8864*1@

_1.272*106°

¢extra,2,x=0 = 6-868*104rad

The total deflection follows from the following formula:
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3L Ly (L, °El, , + 6Ly, Z,El,
ymtal , — qlme cln + qZme cln (me cn,2 cln ) + eo + el + ez
Y 64( 3-mel cn,1 + Z-cInEl bm) 64l cln,2( $'me| cn,2 + 2dnEI bm)

_ ¢e<tra,1,x=OLcln2E| bm _ Pora.2x- OLcIn2E| bm qZmeLcmzZz
8Ly El yns 8L, El 161
755*5000 *10000
64(3*5000%6.595*1¢% + 2*10000*8.864 *10)
563*5000*10008( 5000 *5.263*H0+ 6*10000*39.6*8.864*1)
64*5.263*10°( 3*5000*5.263*18+ 2*10000*8.864*1()

2.017*10* *10006 *8.864*13* 6.868*10" *10000 *8.864*110_'_ 563*500Q0000° *39.6

8*5000*6.959*16° - 8*5000*5.263*1 16*5.263 1
Yiota 2 = 74.6mm

cn,2

ytotal 2 =

+

+10+12.8+ 51.3

The reaction forces are:
_ O Lom ( me2E| an2 6Ly, ZEl bm)
2 ALy, (LgnElgn o + 2 El )
563*500 5000 *5.263*18+ 6*10000*39.6*8.8646")
4*10000( 3*5000*5.263*18 + 2*10000*8.864*10)
F, =1299N

2

AFZ - 3¢extra,2,x: 0EI cn,2

I-dn2
3*8.686*10* *5.263*10°
10000

AF, =
AF, =1084N

N2a = O'mZame
N,, =0.5*212*500C

N,, =526*10°N

N, =0.50, L,
N,, =0.5*351*500C

N,, =877.5*1GN

Bending moment in the middle of the column.

Mmlddlez =0. S(F —-AF )Lcln +0. Eq me(%otal 2 etotal ]) + 0. ﬁ J‘bme[otal ‘
M iage» = 0-5(12999- 108% 10000 0.5*755*5000 74.6 2Bt6 *®E3*5000*74.6
M ricge» = 316.7 %160 Nmm

CLXXXIV



Load (N/mm)

Calculate the bending moment at the end of the column (as check).
Mg 2 = (F, = OF,) Ly,
Mg » = (12999~ 1084 *1000
\Y/ P 119.2*10 Nmm
Mend

,2 < M middle, 2

Stresses:
o =0 — Nq _ N _ M,
right,2 right,1 7
A;ln,Za Aln,zb cn,2

526*10° 877.5*10 316.7*10

o, =-177.6—
rig.2 11655 9905 1.432*10
Trign.2 = ~532.8N fmm? second critical stress
Otz = Oeit 1~ Nea _ Nay + M,
Atln,Za Atln,Zb Zdn,2
_ 526*10 877.5*10 A 316.7*10
Ojest, = ~86.8- - +
' 11655 9905  1.432*10
Oy, = 0.3N /mn?
o, S .
centre, 2 centre,1 Aﬂn'za
*
o, =-1325 52610
' 11655
O ire2 = ~177.5N fmn? first critical stress
o o N2a - N2b

tre,2 — tre, 1
e e Abln,Za Abln,2b

526*10 877.5*10

O e, = —132.5-
' 11655 9905
O ire2 = —266.2N fmn??

1400

1200

1000

800 g
600 g

400
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200

1 \\7 -

| | |
| | |
| | |
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Deflection in the midsection (mm) Load (N)
Figure P.3: Figure P.4:
Load -deflection Stress load
Graphic Graphic
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The deflection of the column can be found in Figure P.3.

The calculation has some interesting aspects. These aspects will be discussed.

= The bending moments in the middle of the column and at the end of the column are
very different. In the first load case these moments are close together. In the second
load case the moment at the end of the beam decrease while the moment in the
middle in the middle of the column increases.

= The stresses in the failure situation. The right flange fully yields. The web partial yield
and the left flange is nearly free of stresses. Figure P.4 is a load-stress graphic.

= The load case. The stress in the right flange has increased to the second critical stress.
The right flange fully yields. If one whole flange yields, the column fails. In other
words the fails at the second load case. The third load case is not taken into account.

The column fails at a load of 1318 kN/m.

It is assumed that the beam will not fail. An extra calculation is needed to check this
assumption.

f < %(q1+q2) I‘bm2 _ Mtop,2
’ Z me
< %*1318*5000 : 119.2*160

Y7 9.485*1C0 9.485*10
f,<422.3N /mm’  Steel grade S460 is needed.

bm

P.2  Computer calculation file

The formulas are very complex. It is nearly impossible to make calculations by hand. It is
necessary to make iterations. The computer is a useful instrument to make iterations. The
computer program Matlab is used to calculate the ultimate load. The calculation file (called
m-file) is placed in this Appendix.

clear; clf; clc; close;
E=210000;

fy=355;

gg=1; %belastingsstap
delta=0.001;
Lbm=5000;
Lcln=10000;
eO=delta*Lcln;

%input profiles

HEA=[2.124E+03 2.534E+03 3.142E+03 3.877E+03 4 525E+03 5.383E+03
6.434E+03 7.684E+03 8.682E+03 9.726E+03 1.1 25E+04 1.244E+04
1.335E+04 1.428E+04 1.590E+04 1.780E+04 1.9 75E+04 2.118E+04
2.265E+04 2.416E+04 2.605E+04 2.858E+04 3.2 05E+04 3.468E+04; %A
(cross-section)

3.492E+06 6.062E+06 1.033E+07 1.673E+07 2.5 10E+07 3.692E+07
5.410E+07 7.763E+07 1.046E+08 1.367E+08 1.8 26E+08 2.293E+08
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2.769E+08 3.309E+08 4.507E+08 6.372E+08 8.6
1.412E+09 1.752E+09 2.153E+09 3.034E+09 4.2
(moment of inertia)

8.301E+04 1.195E+05 1.735E+05 2.451E+05 3.2
5.685E+05 7.446E+05 9.198E+05 1.112E+06 1.3
1.850E+06 2.088E+06 2.562E+06 3.216E+06 3.9
5.350E+06 6.136E+06 7.032E+06 8.699E+06 1.0
plastic (Section modulus)

7.276E+04 1.063E+05 1.554E+05 2.201E+05 2.9
5.152E+05 6.751E+05 8.364E+05 1.013E+06 1.2
1.678E+06 1.891E+06 2.311E+06 2.896E+06 3.5
4.787E+06 5.474E+06 6.241E+06 7.682E+06 9.4
elastic (Section modulus)

4.055E+01 4.891E+01 5.734E+01 6.569E+01 7.4
9.170E+01 1.005E+02 1.097E+02 1.186E+02 1.2
1.440E+02 1.522E+02 1.684E+02 1.892E+02 2.0
2.497E+02 2.693E+02 2.875E+02 3.258E+02 3.6
(Gyration radius)

96 114 133 152 171 190 210 230 250 270 290 310 330
640 690 790 890 990; %h height

100 120 140 160 180 200 220 240 260 280 300 300 300
300 300 300 300 300; %Db width

888599510111212.5131415516.517.519
31; %tf thickness flange

555566657757588599.5101111.512
16.5]; %tw thickness web

cln=14;
AcIn(1,1)=HEA(1,cln);
IcIn(1,1)=HEA(2,cln);
Zcin(1,1)=HEA(4,cln);
hcln=HEA(6,cIn);
bcln=HEA(7,cln);
tfcin=HEA(8,clIn);
twcln=HEA(9,clIn);

bm=23;
Abm(1,1)=HEA(1,bm);
Ibm(1,1)=HEA(2,bm);
Zbm(1,1)=HEA(4,bm);

Npcin=Acin(1,1)*fy;
Mpcin=ZcIn(1,1)*fy;

if cln<=14;
S=0.5;
else
S=0.3;
end % if
yield1=-(1-S)*fy;
yield2=-(1+S)*fy;

98E+08 1.119E+09
21E+09 5.538E+09; %l

49E+05 4.295E+05
83E+06 1.628E+06
49E+06 4.622E+06
81E+07 1.282E+07; %Z

36E+05 3.886E+05
60E+06 1.479E+06
50E+06 4.146E+06
85E+06 1.119E+07; %Z

48E+01 8.282E+01
74E+02 1.358E+02
99E+02 2.299E+02
29E+02 3.996E+02; %i

350 390 440 490 540 590

300 300 300 300 300 300

2123242526 27 28 30

12513 13.514.51516
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AcIn(1,2)=AcIn(1,1)-2*(0.25*bcln)*tfcln;
AclIn(1,3)=AcIn(1,2)-2*(0.25*bcln)*tfcin-twcln*hcln*
AcIn(1,4)=AcIn(1,2)-twcin*hcln*0.5;
IcIn(1,2)=lcIn(1,1)-2*(0.25*bcIn)*tfcln*(0.5*hcIn)?
IcIn(1,3)=lcIn(1,2)-2*(0.25*bcln)*tfcln*(0.5*hcIn)*
Zcln(1,2)=2*IcIn(1,2)/hcln;
Zcln(1,3)=2*IcIn(1,3)/hcln;

z(1,1)=0;

z(1,2)=(0.5*bclIn*tfcin*0.5*tfcIn+(hcln-
2*tfcln)*twcln*0.5*hcIn+bcln*tfcln*(hcln-0.5*tfcln)
2*tfcln)*twcln+bcln*tfcin)-0.5*hcln;

z(1,3)=0;

hulp(1,1)=3*Lbm*E*IcIn(1,1)+2*LcIn*E*lbm;
hulp(1,2)=3*Lbm*E*IcIn(1,2)+2*LcIn*E*lbm);
hulp(1,3)=3*Lbm*E*IcIn(1,3)+2*LcIn*E*lbm);

%end column

gla=0;

sigmatopa=0;

sigmabottoma=0;

sigmacentrea=0;

while sigmatopa>yieldl & sigmabottoma>yield1;
gla=qla+1,;
Qla(qla)=gla*qq;
Qtota(qla)=Qla(gla);
Nla(gla)=0.5*Qla(qla)*Lbm;
Ntota(qla)=Nla(qla);

hulpll(qla)=Qla(gqla)*Lbm*LcIn"2*(Qla(gqla)*Lbm~3
64*e0*hulp(1,1) + 16*Lbm”2*E*IcIn(1,1));
hulp12(qla)=8*(3*pi*Qla(gla)*Lbm*LcIn*3*E*lbm +
8*Qla(gla)*Lbm*LcIn*2)*hulp(1,1));
ela(qla)=hulpli(qla)/hulpl2(qla);
phila(qla)=3*pi*Lbm*ela(qla)*E*IcIn(1,1)/(LcIn*
etota(qla)=Qla(qla)*Lbm”3*LcIn"2/(64*hulp(1,1))
phila(gla)*LcIn"2*E*Ibm/(8*Lbm*E*IcIn(1,1)) + ela(q

Fla(qla)=Qla(gla)*Lbm”3*E*IcIn(1,1)/(4*LcIn*hul
3*phila(qla)*E*Icin(1,1)/(LcIn2);

Ftota(qla)=Fla(gla);

Mla(gla)=Fla(gla)*Lcln;

Mtota(qla)=M1la(qla);

sigmatopa=-Nla(gla)/Acin(1,1) - Mla(gqla)/ZcIn(1
sigmatoptota(qla)=sigmatopa;
sigmabottoma=-Nla(gla)/Acin(1,1) + Mla(gqla)/Zcl
sigmabottomtota(qla)=sigmabottoma;
sigmacentrea=-Nla(qla)/Acin(1,1);
sigmacentretota(qla)=sigmacentrea;

end % while qla

g2a=0;
if (3*pi*LcIn*E*Ibm*((Qtota(gla)+2*qq)*Lbm*LcIn"2) +
(Qtota(gla)+2*gq)*Lbm*LcIn”2)*hulp(1,2))>0;

while (sigmabottoma>yieldl | sigmatopa>yieldl) & (sigmab
& (sigmatopa>yield?2);
g2a=q2a+1,;

)/(0.5*bclIn*tfcln+(hcln-

*Lcln™2 +

(16*pi"2*E*IcIn(1,1)-

hulp(1,1));
+ e0 -
la);

p(1,1)) -

8*(2*pir2*E*IcIn(1,2)-

ottoma>yield2)
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Q2a(q2a)=g2a*qq;
if sigmacentrea>yieldl
Q2aa(q2a)=q2a*qq;
else
Q2aa(gq2a)=Q2aa(q2a-1);
end %oif

Qtota(qla+g2a)=Qtota(gqla)+Q2a(g2a);
N2a(gq2a)=0.5*Q2a(q2a)*Lbm;
N2aa(q2a)=0.5*Q2aa(q2a)*Lbm;
Ntota(qla+g2a)=Ntota(qla)+N2a(g2a);

hulp21(g2a)=(Qtota(gla+g2a)*Lbm*Lcln*2+16*E*IcIn(1,
cIn(1,2)+6*Lcln*z(1,2)*E*Ibm);
hulp22(g2a)=hulp(1,2)*(4*Qtota(qla+q2a)*Lbm*Lcl
Lcin*E*Icin(1,2)*(Qtota(qla)*Lbm”3*Lcln-24*pi*ela(q
64*E*IcIn(1,2)*hulp(1,1)*(eO+ela(gla)));

hulp23(g2a)=8*E*IcIn(1,2)*hulp(1,1)*(3*pi*(Qtota(gql

+ 8*(2*pi"2*E*IcIn(1,2)-Qtota(gla+g2a)*Lbm*LcIn 2)*
e2a(q2a)=Q2a(g2a)*Lbm*Lcln"2*(hulp21(g2a)+hulp2
phi2a(q2a)=3*pi*Lbm*e2a(q2a)*E*IcIn(1,2)/(LcIn*
etota(qla+qg2a)=Q1la(qla)*Lbm"3*LcIn"2/(64*hulp(1

Q2a(g2a)*Lbm*LcIn"2*(Lbm”2*E*IcIn(1,2)+6*LcIn*z(1,2

*hulp(1,2)) + €0 - phila(gla)*LcIn*2*E*Ibm/(8*Lbm*E

phi2a(g2a)*LcIn"2*E*Ibm/(8*Lbm*E*IcIn(1,2)) + ela(q

Q2a(g2a)*Lbm*Lcln"2*z(1,2)/(16*E*IcIn(1,2));

F2a(g2a)=Q2a(g2a)*Lbm*(Lbm”"2*E*IcIn(1,2)+6*LcIn*z(1

1,2)) - 3*phi2a(g2a)*E*IcIn(1,2)/(LcIn"2);
Ftota(qla+q2a)=Ftota(qla)+F2a(g2a);
M2a(g2a)=F2a(g2a)*Lcln + N2a(q2a)*z(1,2);
Mtota(gla+g2a)=Mtota(qla)+M2a(q2a);

sigmatopa=sigmatoptota(gla) - N2aa(q2a)/Acin(1,
N2aa(g2a))/Acin(1,4) - M2a(g2a)/Zcin(1,2);
sigmatoptota(qla+q2a)=sigmatopa;
sigmabottoma=sigmabottomtota(qla) - N2aa(q2a)/A
N2aa(g2a))/Acin(1,4) + M2a(q2a)/ZcIn(1,2);
sigmabottomtota(qla+q2a)=sigmabottoma;
sigmacentrea=sigmacentretota(qla) - N2aa(q2a)/A
N2aa(g2a))/Acin(1,4) ;
sigmacentretota(qla+qg2a)=sigmacentrea;
end % while g2a

else
g2a=q2a;
end % if

g3a=0;

if (3*pi*LcIn*E*Ibm*((Qtota(gla+g2a)+2*qq)*Lbm*Lcln"2

8*(2*pi*E*IcIn(1,3)-(Qtota(qla+g2a)+2*qq)*Lbm*LcIn”

while sigmatopa>sigmabottoma>yield2 & sigmatopa>yield2;

g3a=q3a+1,;

Q3a(g3a)=g3a*qq;
Qtota(qla+qg2a+q3a)=Qtota(qla+g2a)+Q3a(g3a);
N3a(g3a)=0.5*Q3a(q3a)*Lbm;

2))*hulp(1,1)*(LbmA2*E*]

n"2*z(1,2)*hulp(1,1) +
la)*E*Ibm) +

a+g2a)*Lbm*LcIn*3*E*Ibm)
hulp(1,2));
2(q2a))/hulp23(g2a);
hulp(1,2));

1)) +
)*E*Ibm)/(64*E*IcIn(1,2)
*IcIn(1,1)) -

la) + e2a(g2a) +

,2)*E*Ibm)/(4*LcIn*hulp(

2) - (N2a(q2a)-

cIn(1,2) - (N2a(g2a)-

cIn(1,2) - (N2a(g2a)-

)+
2)*hulp(1,3))>0;
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Ntota(qla+qg2a+q3a)=Ntota(qla+g3a)+N3a(q3a);

hulp31(g3a)=Q3a(q3a)*Lbm"3*LcIn*2*E*IcIn(1,2)*(Qtot
2+16*E*IcIn(1,3))*hulp(1,1)*hulp(1,2);

hulp32(g3a)=Q3a(gq3a)*Lbm*LcIn"3*(Q2a(gq2a)*Lbm*Lcln*
n*z(1,2)*E*Ibm)-24*pi*e2a(g2a)*E*Ibm*E*IcIn(1,2))*h

hulp33(g3a)=(Q3a(g3a)*Lbm*LcIn*2*hulp(1,2))*(LcIn*E
A3*LcIn-24*pi*ela(gla)*E*lbm) +
(64*E*IcIn(1,2)*(e0+ela(gla)+e2a(g2a))+4*Q2a(g2a)*L
1));

hulp34(g3a)=8*E*IcIn(1,2)*hulp(1,1)*hulp(1,2)*(3*pi
LcIln”*3*E*Ibm + 8*(2*pi*E*IcIn(1,3)-
Qtota(gqla+ga+q3a)*Lbm*LcIn”2)*hulp(1,3));
e3a(q3a)=(hulp31(g3a)+(hulp32(g3a)+hulp33(g3a))
phi3a(q3a)=3*pi*Lbm*e3a(q3a)*E*IcIn(1,3)/(LcIn*
etota(qla+q2a+q3a)=Qla(qla)*Lbm”3*LcIn"2/(64*hu
Q2a(g2a)*Lbm*Lcln"2*(Lbm”2*E*IcIn(1,2)+6*Lcln*z(1,2
*hulp(1,2)) + Q3a(g3a)*Lbm”3*LcIn"2/(64*hulp(1,3))
phila(qla)*LcIn"2*E*lbm/(8*Lbm*E*IcIn(1,1)) -
phi2a(g2a)*LcIn"2*E*lbm/(8*Lbm*E*IcIn(1,2)) -
phi3a(g3a)*LcIn"2*E*Ibm/(8*Lbm*E*IcIn(1,3)) + ela(q
e3a(gq3a) + Q2a(q2a)*Lbm*LcIn"2*z(1,2)/(16*E*IcIn(1,

F3a(q3a)=Q3a(g3a)*Lbm”3*E*IcIn(1,3)/(4*LcIn*hul
3*phi3a(gq3a)*E*IcIn(1,3)/(LcIn2);
Ftota(qla+q2a+q3a)=Ftota(qla+q2a)+F3a(g3a);
M3a(g3a)=F3a(g3a)*Lcln;
Mtota(gla+g2a+q3a)=Mtota(qla+q2a)+M3a(q3a);

% sigmatopa=0.01*q3a*yield2;
sigmatopa=sigmatoptota(gla+g2a) - N3a(g3a)/Acin

M3a(g3a)/Zcln(1,3);
sigmatoptota(qla+q2a+q3a)=sigmatopa;
sigmabottoma=sigmabottomtota(qla+qg2a) - N1la(q3a

M3a(g3a)/ZcIn(1,3);
sigmabottomtota(qla+q2a+q3a)=sigmabottoma;
sigmacentrea=sigmacentretota(qla+qg2a) - N3a(q3a
sigmacentretota(qla+q2a+q3a)=sigmacentrea;

end %ehile q3a

else

g3a=q3a;
end % if
Qmaxa=Qtota(gla+g2a+g3a);

clear Fla;clear F2a;clear F3a;

clear Milgclear M2aclear M3g

clear N1la;clear N2a;clear N3a; clear N2aa;
clear Qlaclear Q2aclear Q3aclear Q2ag;
clear ela;clear e2a;clear e3a;

clear phila ;clear phi2a ;clear phi3a ;

clear sigmatopa ;clear sigmabottoma ; clear
clear hulpll ;clear hulpl2 ;

clear hulp2l ;clear hulp22 ;clear hulp23 ;
clear hulp3l ;clear hulp32 ;clear hulp33 ;

a(qlat+q2a+q3a)*Lbm*Lcln®

(Lbm~2*E*IcIn(1,2)+6*Lcl
ulp(1,1);
*IcIn(1,2)*(Qla(gla)*Lbm

bm*LcIn"2*z(1,2))*hulp(1

*Qtota(gla+g2a+g3a)*Lbm*

*hulp(1,3))/hulp34(q3a);
hulp(1,3));

Ip(1,1)) +
)*E*Ibm)/(64*E*IcIn(1,2)
+ e0 -

la) + e2a(g2a) +
2));

p(1,3)) -

(1.3) -

)/AcIn(1,3) +

)AcIn(1,3);

sigmacentrea ;
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%middle column

g1b=0;

sigmatopb=0;

sigmabottomb=0;

sigmacentreb=0;

while sigmatopb>yield1l & sigmabottomb>yield1;
gqlb=qglb+1;
Q1b(q1b)=qlb*qg;
Qtotb(g1lb)=Q1b(glb);
N1b(glb)=0.5*Q1lb(glb)*Lbm;
Ntotb(glb)=N1b(qlb);

hulp11(qlb)=Q1b(glb)*Lbm*LcIn"2*(Q1b(qlb)*Lbm~3
64*e0*hulp(1,1) + 16*Lbm”2*E*IcIn(1,1));
hulp12(q1b)=8*(3*pi*Q1b(glb)*Lbm*LcIn*3*E*lbm +
8*Q1b(glb)*Lbm*LcIn*2)*hulp(1,1));
elb(qlb)=hulp11(qlb)/hulp12(qlb);
philb(qlb)=3*pi*Lbm*elb(qlb)*E*IcIn(1,1)/(LcIn*
etotb(qlb)=Q1b(qlb)*Lbm"3*LcIn"2/(64*hulp(1,1))
philb(qlb)*LcIn"2*E*Ibm/(8*Lbm*E*IcIn(1,1)) + elb(q

F1b(q1b)=Q1b(qlb)*Lbm~3*E*IcIn(1,1)/(4*LcIn*hul
3*philb(gqlb)*E*Icin(1,1)/(LcIn2);

Ftotb(qlb)=F1b(glb);

M1b(gqlb)=0.5*F1b(glb)*LcIin + N1b(qlb)*etotb(qlb

Mtotb(q1b)=M1b(qlb);

sigmatopb=-N1b(glb)/Acin(1,1) - M1b(glb)/ZcIn(1
sigmatoptotb(qlb)=sigmatopb;
sigmabottomb=-N1b(g1b)/AcIn(1,1) + M1b(gqlb)/Zcl
sigmabottomtotb(qlb)=sigmabottomb;
sigmacentreb=-N1b(qlb)/Acin(1,1);
sigmacentretotb(qlb)=sigmacentreb;

end % while q1b

g2b=0;
if (3*pi*LcIn*E*Ibm*((Qtotb(glb)+2*qq)*Lbm*LcIn"2) +
(Qtotb(glb)+2*gqg)*Lbm*LcIn”2)*hulp(1,2))>0;

while (sigmabottomb>yieldl | sigmatopb>yieldl) & (sigmab
& (sigmatopb>yield?2);
g2b=g2b+1;
Q2b(g2b)=02b*qq;
if sigmacentreb>yieldl
Q2bb(q2b)=g2b*qq;
else
Q2bb(g2b)=Q2bb(g2b-1);
end %if

Qtotb(glb+g2b)=Qtotb(gqlb)+Q2b(g2b);
N2b(g2b)=0.5*Q2b(g2b)*Lbm;
N2bb(g2b)=0.5*Q2bb(g2b)*Lbm;
Ntotb(gqlb+g2b)=Ntotb(qlb)+N2b(g2b);

*Lcln™2 +

(16*pi"2*E*IcIn(1,1)-

hulp(1,1));
+ e0 -
1b);

p(1,1)) -

8*(2*pir2*E*IcIn(1,2)-

ottomb>yield2)
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hulp21(g2b)=(Qtotb(glb+g2b)*Lbm*Lcln*2+16*E*IcIn(1,
cIn(1,2)+6*Lcln*z(1,2)*E*Ibm);
hulp22(g2b)=hulp(1,2)*(4*Qtotb(qlb+qg2b)*Lbm*Lcl
Lcin*E*Icin(1,2)*(Qtotb(qlb)*Lbm"3*Lcln-24*pi*elb(q
64*E*IcIn(1,2)*hulp(1,1)*(e0+elb(glb)));

hulp23(g2b)=8*E*IcIn(1,2)*hulp(1,1)*(3*pi*(Qtotb(gql

+ 8*(2*pi"2*E*IcIn(1,2)-Qtotb(glb+g2b)*Lbm*LcIn*2)*
e2b(q2b)=Q2b(g2b)*Lbm*LcIn"2*(hulp21(g2b)+hulp2
phi2b(g2b)=3*pi*Lbm*e2b(g2b)*E*IcIn(1,2)/(LcIn*
etotb(qlb+q2b)=Q1b(qlb)*Lbm"3*LcIn"2/(64*hulp(1

Q2b(g2b)*Lbm*Lcln"2*(Lbm”2*E*IcIn(1,2)+6*Lcln*z(1,2

*hulp(1,2)) + €0 - philb(glb)*LcIn*2*E*Ibm/(8*Lbm*E

phi2b(g2b)*LcIn"2*E*Ibm/(8*Lbm*E*IcIn(1,2)) + elb(q

Q2b(g2b)*Lbm*LcIn"2*z(1,2)/(16*E*IcIn(1,2));

F2b(q2b)=Q2b(g2b)*Lbm*(Lbm”"2*E*IcIn(1,2)+6*LcIn*z(1

1,2)) - 3*phi2b(g2b)*E*IcIn(1,2)/(LcIn"2);
Ftotb(qlb+q2b)=Ftotb(qlb)+F2b(g2b);
M2b(q2b)=0.5*F2b(g2b)*LcIn + N2b(g2b)*etotb(glb

N1b(glb)*(etotb(glb+g2b)-etothb(qlb)) + N2b(g2b)*z(1
Mtotb(glb+g2b)=Mtotb(qlb)+M2b(qg2b);

sigmatopb=sigmatoptotb(glb) - N2bb(g2b)/AciIn(1,
N2bb(g2b))/Acin(1,4) - M2b(g2b)/ZcIn(1,2);
sigmatoptotb(qlb+qg2b)=sigmatopb;
sigmabottomb=sigmabottomtotb(qlb) - N2bb(g2b)/A
N2bb(q2b))/Acin(1,4) + M2b(g2b)/ZcIn(1,2);
sigmabottomtotb(qlb+qg2b)=sigmabottomb;
sigmacentreb=sigmacentretotb(qlb) - N2bb(g2b)/A
N2bb(g2b))/Acin(1,4) ;
sigmacentretotb(qlb+qg2b)=sigmacentreb;
end % while g2b

else
g2b=qg2b;
end % if

g3b=0;
if (3*pi*LcIn*E*Ibm*((Qtotb(glb+g2b)+2*qq)*Lbm*LcIn"2
8*(2*pi*E*IcIn(1,3)-(Qtotb(qlb+g2b)+2*qq)*Lbm*LcIn”

while sigmatopb>sigmabottomb>yield2 & sigmatopb>yield2;

g3b=g3b+1;

Q3b(g3b)=03b*qg;
Qtotb(qlb+qg2b+q3b)=Qtotb(qlb+g2b)+Q3b(g3b);
N3b(g3b)=0.5*Q3b(g3b)*Lbm;
Ntotb(qlb+qg2b+q3b)=Ntotb(qlb+g3b)+N3b(q3b);

hulp31(g3b)=Q3b(g3b)*Lbm"3*LcIn"2*E*IcIn(1,2)*(Qtot
2+16*E*IcIn(1,3))*hulp(1,1)*hulp(1,2);

hulp32(g3b)=Q3b(g3b)*Lbm*LcIn"3*(Q2b(g2b)*Lbm*Lcln*
n*z(1,2)*E*Ibm)-24*pi*e2b(g2b)*E*Ibm*E*IcIn(1,2))*h

hulp33(g3b)=(Q3b(g3b)*Lbm*LcIn*2*hulp(1,2))*(LcIn*E
A3*LcIn-24*pi*elb(glb)*E*lbm) +

2))*hulp(1,1)*(LbmA2*E*]

n~2*z(1,2)*hulp(1,1) +
1b)*E*Ibm) +

b+g2b)*Lbm*LcIn*3*E*Ibm)

hulp(1,2));
2(g2b))/hulp23(g2b);
hulp(1,2));

1)) +
)*E*Ibm)/(64*E*IcIn(1,2)
*IcIn(1,1)) -

1b) + e2b(g2b) +

,2)*E*Ibm)/(4*LcIn*hulp(

+g2b) +
2);

2) - (N2b(g2b)-

cIn(1,2) - (N2b(g2b)-

cIn(1,2) - (N2b(g2b)-

)+
2)*hulp(1,3))>0;

b(glb+g2b+g3b)*Lbm*Lcin”

(Lbm~2*E*IcIn(1,2)+6*Lcl
ulp(1,1);

*IcIn(1,2)*(Q1b(glb)*Lbm
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(64*E*IcIn(1,2)*(e0+elb(glb)+e2b(g2b))+4*Q2b(g2b)*L
1));

hulp34(q3b)=8*E*IcIn(1,2)*hulp(1,1)*hulp(1,2)*(3*pi
LcIn"3*E*Ibm + 8*(2*pi*E*IcIn(1,3)-
Qtotb(gqlb+g2b+q3b)*Lbm*LcIn”2)*hulp(1,3));
e3b(q3b)=(hulp31(g3b)+(hulp32(gq3b)+hulp33(g3b))
phi3b(q3b)=3*pi*Lbm*e3b(q3b)*E*IcIn(1,3)/(LcIn*
etotb(qlb+q2b+q3b)=Q1b(qlb)*Lbm"3*LcIn"2/(64*hu
Q2b(g2b)*Lbm*LcIn"2*(Lbm”2*E*IcIn(1,2)+6*LcIn*z(1,2
*hulp(1,2)) + Q3b(g3b)*Lbm~3*LcIn*2/(64*hulp(1,3))
philb(glb)*LcIn"2*E*lbm/(8*Lbm*E*IcIn(1,1)) -
phi2b(g2b)*LcIn"2*E*lbm/(8*Lbm*E*IcIn(1,2)) -
phi3b(g3b)*LcIn"2*E*Ibm/(8*Lbm*E*IcIn(1,3)) + elb(q
e3b(g3b) + Q2b(g2b)*Lbm*LcIn"2*z(1,2)/(16*E*IcIn(1,

F3b(q3b)=Q3b(g3b)*Lbm*3*E*IcIn(1,3)/(4*LcIn*hul
3*phi3b(g3b)*E*IcIn(1,3)/(LcIn2);
Ftotb(q1lb+q2b+q3b)=Ftotb(qlb+qg2b)+F3b(g3b);
M3b(g3b)=0.5*F3b(g3b)*LcIn + N3b(q3b)*etotb(glb
(N1b(glb)+N2b(g2b))*(etotb(glb+g2b+qg3b)-etotb(qla+q
Mtotb(gqlb+qg2b+q3b)=Mtotb(qlb+q2b)+M3b(q3b);

sigmatopb=sigmatoptotb(glb+g2b) - N3b(g3b)/Acin
M3b(g3b)/ZcIn(,3);
sigmatoptotb(qlb+qg2b+q3b)=sigmatopb;
sigmabottomb=sigmabottomtotb(qlb+qg2b) - N1b(q3b
M3b(g3b)/zcIn(1,3);
sigmabottomtotb(qlb+q2b+q3b)=sigmabottomb;
sigmacentreb=sigmacentretotb(qlb+qg2b) - N3b(q3b
sigmacentretotb(qlb+qg2b+q3b)=sigmacentreb;

end %ehile g3a

else

g3b=qg3b;
end % if
Qmaxb=Qtotb(gqlb+g2b+g3b);

clear Flb;clear F2b;clear F3b;

clear Milbclear M2b;clear M3b;

clear N1b;clear N2b;clear N3b; clear N2bb;
clear Qlbclear Q2biclear Q3biclear  Q2bb;
clear elb;clear e2b;clear e3b;

clear philb ;clear phi2b ;clear phi3 ;

clear sigmatopb ; clear sigmabottomb ; clear
clear hulpll ;clear hulpl2 ;

clear hulp2l ;clear hulp22 ;clear hulp23 ;
clear hulp31 ;clear hulp32 ;clear hulp33 ;

if Qmaxa<Qmaxb;
Qmax=Qmaxa;
Nmax=Ntota;
Mtot=Mtota;
Qtot=Qtota;
etot=etota;
ql=qla;
q2=q2a;
q3=q3a;
sigmatop=sigmatoptota;

bm*LcIn"2*z(1,2))*hulp(1

*Qtotb(glb+g2b+qg3b)*Lbm*

*hulp(1,3))/hulp34(q3b);
hulp(1,3));

Ip(1,1)) +
)*E*Ibm)/(64*E*IcIn(1,2)
+e0-

1b) + e2b(g2b) +
2));

p(1.3)) -

+02b+qg3b) +
2b));

(1.3) -

)/AcIn(1,3) +

)AcIn(1,3);

sigmacentreb
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sigmabottom=sigmabottomtota;
sigmacentre=sigmacentretota,;
AAA= ‘end column' ;

else
Qmax=Qmaxb;
Nmax=Ntotb;
Mtot=Mtotb;
Qtot=Qtotb;
etot=etotb;
gl=qlb;
q2=q2b;
q3=q3b;
sigmatop=sigmatoptotb;
sigmabottom=sigmabottomtotb;
sigmacentre=sigmacentretotb;
AAA= 'middle column’ ;

end %if Qmax

clear Mtota ;clear Mtotb ;clear Ftota ;clear Ftotb ;clear  Qtota ;clear  Qtotb ;

clear QOmaxaclear Qmaxhclear etota ;clear  etotb ;

clear qgla;clear g2a;clear qg3a; %clear glb;clear g2b;clear q3b;

clear sigmatoptota ;clear  sigmatoptotb ;clear  sigmabottomtota ;clear
sigmabottomtotb  ;clear  sigmacentretota ;clear  sigmacentretotb ;
clear delta ;clear qq;clear hulp ;

Qmax

%plot(sigmatop,'r’);hold

on;plot(sigmabottom);plot(sigmacentre,'g’);xlabel(’ Deflection in the
midsection (mm)');ylabel('Load (N/mm));title('Leng th is 10 meter");grid
%plot(etot,Qtot);xlabel('Deflection in the midsecti on (mm)");ylabel('Load

(N/mm)");title('Length is 10 meter");grid
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P.3  Calculation according to the Dutch code
According to the Dutch code, the calculation

of a braced portal frame is almost the same o
as the calculation of an unbraced portal a lays t
frame. The calculation of an unbraced portal Ty 10 -
frame is discussed in Appendix G. The main 503 1 E 50
difference is the buckling length ratio. 23 Lag 0
Another graphic must be used to find the 103 im
buckling length (Fig. P.5). The value of C, and ' '
the value of Cg can be calculated by the 1 +os i
following formula: 05 - 00
Z]Ci O,L: T :0,4
c=_—_Lam (NEN6770art. 12.1.1.3) 03 Loz 03
S : :
H Ly 0,2—J| ! ,[;0‘2
In which g is a correction factor. This s -
correction factor depends on the connections 0,11 106 LM
of the beam. In the case of a portal frame ] |
H=3. . -
!
| 1
To calculate the ultimate load according to 0 1 gs .

the Dutch code, the force must be split to a
bending moment and a normal force. This can be done by a linear analysis.  figyre p.5:
If the bending moments (as a function of the normal force) and the normal  Buckling length ratio

forces (NEN 6770 art. 12.1.1.3)
are known the ultimate load can be calculated by the following formula:
N.. N, M, cqgtFored
cod ¥ _vewsd yitsdd <10 (NEN6771art.12.3.1)
Nc;u;d ny _1 My;u;d

The following expressions must be used in the formula.

n, = Fe
Y F
y;tot;s;d
* M . d
€ =a, (Ay;rd —/]O) Ny,u,
c;u;d
M, eusa depends on the different moments on the structure and the type of structure. The

following formulas must be used.
‘0'1( M yizisd M yiLsid ) +M y;mid;s;d
‘O'6M y;2;s,d

M = max

y;equ;s;d

By these formulas the ultimate load can be calculated.
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P.4  Calculation according to Matrix Frame

The same portal frame can be calculated by a finite element method. A computer program
Matrix Frame is such a program. The results of these calculations can be found in this
Appendix.
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Appendix Q Loads of an extended Frame

The loads on the frame are calculated according to the Dutch code (NEN 6702). The NEN
6702 is about loading rules and safety rules. The rules in this code are used to find the
ultimate load.

If a beam deflects, the connected elements deflects \ \ “
too. The largest deflection of the beam results in the
largest deflection of the column. For the non linear
analysis the largest deflection is most interesting. The
largest deflection occurs if not all elements are loaded
(Fig. Q.1).

The discussed frame is a two-dimensional structure.
The loads are based on three-dimensional values.

The range of the frame is taken five meters.

Figure Q.1:
Deflection example

Q.1 Different loads

The NEN 6702 describes three load types: the permanent load, the variable load and the
special loads. The special loads are about fire and explosions. These loads are not taken into
account in this study.

All permanent loads must be taken into account. The permanent load of the frame is the
dead load. Other permanent loads like water pressure and prestressing are not relevant and
are neglected. The frame cannot be used without a floor. The dead load of this floor must
also be taken into account. The weight of the floor is estimated on 1.5 kN/m?. This load
corresponds with a 100 mm sandwich panel. Also the weight of a partition wall must take
into account. The NEN 6702 has estimated this load on 0.5 kN/m?.

The total dead load is:

lakle load

Beam: 2.5 kN/m vore
Column: 1.1 kN/m e WWWWW—WHWWW
Floor: 15kN/m*  =75kN/m ©— [ |
Wall: 0.5kN/m*>  =25kN/m O~ | | |

o= | |

c 2| | “
According to the NEN 6702 wind load g | \ /
must be taken into account. Wind load = A A A A
have a positive influence on the Fiaure 0L2:
ultimate load calculation (Fig. Q.2). The ultimate load increases if the wind load is Irﬁltfncé of
taken into account. The wind load is neglected in the analysis. wind

Another load that must be taken into account is the snow load. The snow load on a flat roof
is 0.56 kN/m? (2.8 kN/m). This load is summed up at the dead load of the roof.
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Q.2 Safety rules
The NEN 6702 describes many safety classes. The heaviest safety class is used for the
calculations. The maximum load is 1.2 times the permanent load and 1.5 times the variable

load (Qdesign = 1-2(:Idead + 1-SQVariabIe)-

The design loads are:

On the roof:  Qgesign = 1.2(2.5+7.5) + 1.5(2.8)
Odesign = 16 kN/ml

On the floor: Qgesign = 1.2(2.5+7.5+2.5)
Odesign = 15 kN/ml

Fdesign = 5.5 kN

Q.3 Loading

The frame is symmetric. The real load distribution depends on the deflection of the
structure. It is assumed that the design loads from Appendix Q.2 are linear distributed. The
distributed loads results in point loads on the columns. Due to symmetry tere are no bending
moments. The difference between this assumption and the real distribution is very small
compare with the real load distribution. The differences are negligible.

The structure is loaded by several point loads. See Figure Q.3 for the different loads. The
loads are:

F1 Fe Fe F1
F1 = O-Sqdesign,roofl-bm + I:design,column E
F1 =0.5*16*5 +5.5 - - - -
F1 =455 kN
F2 = qdesign,roof'—bm + I:design,column E
F, — 16*%5 45 5 F3 F4 F4 F3
F, =85.5 kN E
F3 = 0-Sqdesign,floorl-bm + I:design,column
Fs =0.5*15*5+5.5
VAN VAN VAN VAN
F =43.0 kN
3 Figure Q.3:
Different loads
F4 = qdesign,floor'—bm + Fdesign,column
Fs4 =15*5+45.5
Fs4 = 80.5 kN

The loads discussed in this Appendix are the required loads. The ultimate load is the limit of
the extra variable loads.
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Appendix R Linear analysis extended frame

Fe

Fe

N

F4

F4

WARAAAY)
J

F4

The framework that will be analyzed is a frame with three Fi
floors and three bays (Fig. R.1). The loads F; till F4 are

required loads. These loads have been discussed in M
Appendix Q. The variable load is located on beam JK. F3
All columns have the same length (L.,) and the same I
section properties. Also the length and the section Fs
properties of all beams are the equal. The section

properties of the beam and the length of the beam can be E
different from the section properties and the length of the

column. The frame is symmetrical. The ultimate load

results in a limit of the variable load. It is assumed that the vAYS

AN

variable load is equally distributed over the columns. The vertical loads on the

columns are:
Column FJ:  0.5qvariableLom + F2 + F4
Column GK:  0.5qvariableLbm + F2 + F4

G H
IC D
Figure R.1:
Structure

The maximum column deflection is the deflection of the columns FJ and GK. These columns
are taken as critical construction elements. It is assumed that the beams will not yield. It is

also assumed that all other columns do not yield. These assumptions must be checked
afterwards. Due to the symmetry of the frame, the columns FJ and GK are loaded equal. The

analyzed column is column FJ.

Column FJ has been schematized as a column with an initial
deflection, an initial rotation and a two rotation springs (Fig. R.2).
The initial deflection is the starting deflection (imperfections). The
initial rotation is the rotation of the beam due to the uniformly
distributed variable load. The stiffness of the rotational springs
depends on the stiffness of the construction elements. These
rotational springs (one on both sides of the column) are not equal.

RV‘,F@F

For an analysis it is nearly impossible to take the bending of all elements into

account. It is assumed that there are virtual hinges at the points E, H, M and P. The

ke, J @L - «p#J@
i K
v‘ x
‘ \

Figu
Stru

Rr,GgG

re R.2:
cture

influence of the rotation of these points on the moment distribution of column FJ is very

small. It becomes clearer at the analysis.

Point |
Mol 34, . El
cln dn
-M omL n _3¢ omEl i
Protom = $ 2 M, botom = %

cn cln

Moment equilibrium
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M I,right = M | top + M | ,bottom
— _3¢I ,bottomEl cln + _3¢I ,topEIdn
Iright —
I‘cln Lcln

Rotation equilibrium

¢I ,bottom = ¢I ,top = ¢I

-3El,, . —3El,,
|\/ll,right :( I + d j¢l

I‘cln I‘cln
—6El
M righ :( dnj¢|
. Lcln
Point N
“Myr 24, . El
P vight = ;%ml_bm 2 My igne = % (Symmetric with point O)
bm m
M L El
¢N,|eft = N.let "bm _ 2NLdn > MN,Ieft - 6NLdnEI bm 4 3¢N,Ieft bm

3El bm me E'Abln I‘bm2 E'Abln me
Moment equilibrium
M

N, bottom =M N left M N ,right

M _ 6NLdnE|bm+3¢N,|eftE|bm [ =2y rign Elom
N,bottom mez EAU . me L

bm

Rotation equilibrium

¢N,bottom = ¢N Jtop = ¢N

6NL,,El,, .( 3El,, . 2El,,
MN,bottom = Lb 2IE'%b +( Lbb + Lbb j¢N
m In m m

6NL, El,. . [ 5El,,
|\/lN,bottom = Lb ZIEAtb +( L . j¢N
m In

bm

Point F
-M_ L —26.  El
P g =2FE+M > Me ign :% (Symmetric with point G)
bm m
b = Mejenbom _ Ny M, o = 3NL§,nEI i, 3P 1 Elom
3El,, L.EA. L, 2EA, L,
M potom- ~30; otomE
B boom = —romn D> My oy = —Footom —dn
F ,bott 3E| an F ,bott Lcm

Moment equilibrium
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M F,top = M F left - M F ,bottom - M F ,right
M - 3NLcIn El bm 4 3¢F,Ieft El bm | _ _3¢F,bottomE| cn | _ _2¢F,right El bm
Fiep I‘bm2 EA%I n me Lcl n me
Rotation equilibrium
¢F,bottom = ¢F,Ieft = ¢F,right = ¢F
M, o = 3NL§,nEI o +(3EI m y Elgy , E bmj s
me E'%In me I‘cln me
+
M F 1op - 3NL;:InEI bm + ( 3meEI cln 5-cInEI bm j¢F
me E'%In meLcln
The moments which are found are:
—6El
M I, right = (Tnlj ¢I
6NL, .El,,, SEl,,
MN,bottom = 2I : +( L : j¢N
me E'%In bm
+
M F 1op - 3NL;:InEI bm + ( 3meEI cln 5-cInEI bm j¢F
me E'%In meLcln
To find the bending moments distribution in
point J and the rotation in point J it is necessarily B —
to know the influence of the connected elements g Ly
(see figure R.3). The known formulas can be used I J

to find the rotation in point J.

Column JN.
¢ - MJ,tochln _ MN,bottoden
" BEl,, 3El,,

Use the known formula of My pottom-

(GNLSMEI o +{5EI "mj%]'-cm
MJ,tochIn _ me E'Abln me

6El 3E

Py =

cn

Write out the formulas.
¢ = M J.top LC'” _ 2I\”‘Cln2EI bm _ wN I‘(:InEI bm
§ 6E| cln l‘bsz'A};lnEI cln 3meE|c|n

All expressions of @, are separated from the rest of the formula.

+ 5¢N I-cInEI bm — IVIJ,tochln _ 2NL

2
cln EI bm

3meE| cln 6Elcln meZEAUnElcln

Py

@\ N

.
o
MJCtop)

MJlleft>

Mnghwg N
Mcoottom J WK
@ EJ

- Figure R.3:
k@i Influence of
me moments
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Make everywhere the same denominator.
¢ 2meEAY;In (3meE| cln + a-cInEI bm) — MJ,toprmchIn E'Abln _ 12N|—C|n2EI bm
§ 6me2 E'%In EI cn 6I‘bm2 EAbInEI cln 6I‘bszAbInEI cln

Find the formula of @,,.

¢ _ MJ,toprmchlnEAY;In _12NLcln2E| bm
§ 2meE'Dtln (3meE| cln + 5‘clnEI bm)

The rotation of point N has been found. This rotation can be used. The formula of the
rotation in point J is:

M, L M L,
¢J,top == +

J,top —cln N, bottom —cln

3El 6El

cn cln

The formula of My pottom can be used.

6NL,,El,, . [ 5El,,
_ " Jtopcin + me EAUn me
3El 6El

¢J ,top =

cln cln

The rotation of point N has been found en can be used.

(6NLclnEI bm ( SEl bm j[ M J top mechln E'Atln B 12NLcIn2EI bm ]] L |

¢ —_ M‘]’topLdn + meZEAHn me 2I‘me'Abln (3meE| cln + 5-cInEI bm)
o 3El,, 6El,
Writing out the expression results in:
M J,top I‘cln + NI—cmz EI bm + 5M J,top me2 Lclan'DY;InEI bm

¢.],top T 3E| an I-meE'AblnEI cln 12me2EAUnE| cln ( 3‘mel cn + a'd”El bm)

60NLy,*(El,, )’

cln

_12me2EAY;InEI cln ( 3‘meI cln + 5‘clnEI bm)

Separate M; 1o, from the rest of the formula.

M J,top I-cln _ 5M J top me2 LanEAY;In EI bm — NI—cmz EI bm
3E| cn 12I‘bsz'AblnEI cln ( 3‘mel cln + H—clnEl bm) I‘bsz'AbInEI cln

B 60NL,, ¥ (El,,)° _p

12me2EAY;InEI cln ( 3‘meI cln + 5‘cInEI bm) P
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Make the same denominator.

4M J,toprmchInEAbIn (3meE| cln + a‘clnEI bm) _ 5\/' J,toprmchlanAUnEl bm
12me2E| cInE'Otln(a‘meI cln + 5‘clnEI bm) llbszAbInEIdn( 3'meI cln + 5'cInEI bm)
12NLcIn2EI bm ( 3‘meI cln + 5—cln EI bm) 60NLcIn3 ( El bm)2

B 12me2EAUnE|c|n(a‘mel cn + 5—cInEI bm) ) 12me2EAUnE| cln(a‘meI cln + 5—clnEl bm)

_12¢J,toprm2EA\cInE| cn ( 3‘meI cn + 5‘clnEI bm)
12me2EA?;InEI cln ( a-meI cln + 5-cInEI bm)

Neglect the denominator.
4MJ,toprm2LclnEAtln (3meE|dn + a-dnEI bm) - 5VIJ,topl‘bmzl‘clan'AY:InEI bm

:12NLcIn2EI bm(a‘meI cln + 5-cInEI bm) - 6(NLcIns(EI bm)2 - lzJ,toprszAHnEldn( B'meI cln + 5clnEI bm)

Combine the same functions.
BMJ,top mechIn E'Atln (4meE| cln + a‘clnEl bm)

= 12me EI cln ( 3NLcln2E| bm ¢J,top me E'Atln ( 3‘meI cln + 5—cInEI bm))

Find the formula of M tcp.
_ 4E| cln (?’NLcln2EI bm ¢J ,top me E'Atln ( 3‘meI cln + 5‘clnEl bm))

M. =
P meLcIn E'Dtln (4meE| cln + 5I‘clnEI bm)
Column FJ.
¢ = MJ,bottomLcIn _ M F,tochIn
F 6El, 3El,,

Use the formula of Mg 1op.

(BNLCInEI bm +(3meE| cln + 5|—clnEl bmj¢ JL
¢ — MJ,bottomLcIn _ mezEAtln meLcIn ] o
E =

6El 3El,

Write out the expression.
¢ = M .],bottomLcIn _ Nl—c|n2E| bm  _ ¢F I-dn (3meE| cln + 5I‘cInEI bm)
] 6EI cn mezE'AtlnEI cln 3mel‘clnEI cln

Separate the expressions of @, .
b+ e (3LymElyn + BLyoElyy) _ M Ly NL
F

2
J,bottom —cln cln EI bm

3meE| cn B 6EI cln mezE'DhlnEI cn
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Make everywhere the same denominator.

¢ 2meEAtln(3meE|dn +(5LdnE| bm + 1meI cln)) — MJ,bottomemzLdnEAun _ 6NLC|n2E| bm
] 6mezE'DtlnEI cn 6mezE'DhlnEldn 6I‘bsz'DtlnEI cln

Find the formula of @, .

¢ = MJ,bottomemchlnEAY;In _6NLdn2EI bm
] 2I‘meAbIn (6meE| cln + 5LcInEI bm)

The rotation of point F has been found. This rotation can be used. The formula of the
rotation in point J is:
M_._ L

+ F,top —cIn

6El

—__ M J ,bottoden

¢J ,bottom 3EI

cln cn

The formula of Mg 1o, is known. This formula can be used.

3NL, El 3L _El, +5_ El
( ;:In bm +( bm cn cln bmj¢F]Ldn

me E'Abln meLcIn
6El

M L

—_ J ,bottom =cln +

¢J Jbottom 3E|

cln cn

The formula of @, can be used.

3NLcInEI bm 4 ( 3meEI cln + 5|-clnEI bm j( M J,bottomemchlnEA%In B 6NLcIanI bmJ L
meZEAbIn meLcIn 2I‘meAbIn (6meE| cln + 5LcInEI bm) o

M L

—__ J,bottom —cln +

P otom = 3E 6El,

cln

Write out the expression.
¢ [ MJ,bottoden + Nl—danI bm + MJ,bottomemchlnEAbIn (3meE| cln + 5I‘clnEI bm)
et 3Eldn 2mezE'DblnEI cln lz‘bszAbInEl cln( 6—meIdn 5'cInEI bm +)
6NLy, El (3o El gn + BgnEl o)

cln

_12me2EAUnEI cn ( 6|‘me| cn + 5‘cInEI bm)

Separate M; pottom from the rest of the formula.

M J,bottomLcln _ M J,bottoml‘bm2 I—cln EAUn (3meE| cln + 5I‘clnEl bm)
3E| cln 12me2EAUnEI cn ( G‘mel cln + 5'cInEI bm)
NL 2EI bm _ 6NLcIn2EI bm(3meE|dn + a‘clnEI bm)

cln

) 2I‘bsz'AblnEI cln lZmeZEAHnEl an ( a‘meIcln + H_dnE| bm) - ¢J,bott0m
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Make the same denominator.
4MJ,bottomem2LclnEAUn(6meE| cn + 5|—clnEl bm) _ MJ,bottomemchlnEAUn ( 3‘meI cln + 5—clnEl bm)
12me2EAblnE| cln ( 6|‘me| cln + 5‘clnEl bm) 12‘bm2EA:lnE| cln( 6'mechn + 5'cInEI bm)
—_ 6NLcln2E| bm(6l‘meI cln + 5-cInEI bm) _ 6NLcln2E| bm(smeEchn + a‘cInEI bm)
12me2EAEInEI cln (6meE|cIn + 5I‘clnEI bm) 1Z‘bm2EA:lnE| cln( 6—mechn + 5'cInEI bm)
_12¢J,bottomem2EAtlnE| cln ( a‘meI cln + 5-cInEI bm)
12me2EAtlnE| cln ( 6meE| cln + 5‘clnEI bm)

Neglect the denominator.
4MJ,bottomem2LclnEAb|n (6meE| cln + 5-cInEI bm) - M .],bottomemchIn E'Abln ( 3‘meI cln + 5—dnEI bm)
= 6NI—cln2E| bm(6|‘meI cn + 5|—clnEl bm) - G\”—clanI bm( 3'meI cln + 5'clnEl bm)

_12¢J,bottomem2EAhInEl cln ( 6|‘me| cln + 5-cInEI bm)

Combine the same functions.
3MJ,bottomem2Lcln E'Abln (7meE|dn + a‘clnEI bm)

:18NmeLdn2E| meldn - 1%J,bottomem2EAblnEl cln( 6-mel cln + 5-dnEI bm)

Find the formula of M pottom-
_ 2Elcln (3N|‘cln2EI bm 2¢J,bottomemEA:ln( G‘meI cln + 5—clnEl bm))

M =
3 bottom Lo bain EAn (7LomEl g + 5L El )

Beam ).

For the influence of beam IJ the elongation of the columns must be taken into account. The

length of the columns BF and FJ will decrease. The length of the columns AE and El remain
constant.

— MJ,Ieftme + IVll,rightl‘bm _ 2NLdn
6El, . 3El,, L,.EA,

Use the formula of My ight.

-6El
10 Ly,
¢ - MJ,|Eftme + Lcln _ 2NL(;ln
| 6EI bm 3E| bm me E'Atln

Write out the expression.
¢ — MJJEft me _ 6¢I meEI cn _ 2NI‘cln
=
6EI bm 3Lc|n El bm me E'Abln
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Separate the expressions of @, .

6, + 60, LynElan — Majerbom _ 2NLg,
' 3L,El,. 6El,.. L.EA,

Make everywhere the same denominator.
¢ [6meEA:|n (ZmeEI cln + I-cInEl bm)j - MJ,Ieft mechInEA\cIn _ 12N|—c|n2E| bm
| =
6I‘mecIn EA;lnEl bm 6I‘mecln E'%InEl bm 6mel‘clnEAblnEI bm

Find the formula of ¢, .

¢ _ MJ,Ieft mechInEAY;In _12NLcIn2E| bm
| 6meE'AY:In (2meE| cln + I‘cInEI bm)

The rotation of point | have been found. This rotation can be used. The formula of the
rotation in point J is:

& - M jett Lom _ Ml,rightme _ 2NLg,
e 3El bm 6El bm meEAY;In

Use the formula of M| ight.

—-6El
_ MJ,Ieftme _ [{ Lcln j¢']|—bm _ 2NI-c|n

3E| bm 6EI bm meEAUn

¢.],Ie'ft =

Use the formula of ¢, .

(_6EI cln j( M Jleft me2 I-cln EAY;In _12NLcIn2EI bm j Lb
_ MJJeﬂ me _ I-cln 6I‘me'Abln (2meE| cln + I‘clnEI bm) " 2NLc|n

3E| bm 6E| bm ) me EAbln

¢J,Ieft =

Write out the expression.

_ MJ,Ieft me MJ,Ieft mezLdnE'%:lnEI cln 12NL¢|n2EI meI cln 2NL
¢J,Ieft - +

— — cln
3EI bm 6|-cInE'DY;InEI bm(2meE|dn + I-cInEI bm) a‘cInE'DY;InEI bm( 2‘meIdn + I‘cInEI bm) meEAtln

Separate M; .t from the rest of the formula.

_ M J, left me + M J,left mechln EAUnEI cln
3EI bm 6I‘cln EAHnEI bm( 2meE| cln + I‘clnEI bm)
12NL,El, . El 2NL,
= ¢J,Ieft + cin bm™—"cln cln

+
6I‘dnE'otlnEI bm(ZmeEIdn + I‘dnEI bm) meEAbIn

Make the same denominator.
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_ 2M J left |-bm2 I—c|n E'Aun (2|-me| cln + I-c|nEI bm) + M J,left mechln EAbInEI cn
6mel-clnE'AblnEI bm(2|-meI cn + I-cInEI bm) 6mel-cln E'AhlnEI bm( Z-melcln + I-cInEI bm)
— 6¢J,Ieft mel-clnE'AtlnEI bm(2|-meI cln + I-cInEI bm) + 12N|—bm|—c|n2E| meI cln
6I-bml-cln EAhInEI bm(ZmeElcln + I-cInEI bm) 6mel-clnE'AblnEI bm(2|-meI cln + I-clnEI bm)
o 1N "Bl (2Bl g + Lo El )
6I-bml-clnE'AtmEI bm(ZmeEI cn + I-c|nEI bm)

Neglect the denominator.
_ZM J,left mechInEAtln (2meE| cln + I‘clnEI bm) + M J,left mengn E'AtInEI cln
= 6¢J,Ieft mel‘cInE'AtlnEI bm(2|‘meI cln + I-cInEI bm) + lz\lmeLclanI meI cln + lZ\ILcInZEI bm( lmeI cln + I-cInEI bm)

Combine the same functions.
M J,left me2 I—cln EAbln (_3meE| dn 2LcInEI bm)

= 6|—cInEI bm(¢J,Ieft meEAbIn(ZmeEI cn + LclnEI bm) + 2NLcIn ( 3‘meI cn + LcInEI bm))

Find the formula of M jef:.
_ _6E| bm(¢.],left meEAbln (2meE| cln + I‘clnEl bm) + 2NI—cln ( 3‘meI cn + I—cInEI bm))

M =
e mezEAbln (3meE| cln + 2I‘cInEI bm)

The bending moments which are found are:
_ 4EI cln (3NLcln2EI bm ¢J ,toprmEAtln ( 3‘meI cln + 5‘cInEI bm))

M =
o meLcIn E'Abln (4meE| cn + 5I‘clnEI bm)
M — 2Elcln (3N|‘cln2EI bm 2¢J,bottomemEA:ln( G‘meI cln + 5—clnEl bm))
7 bottom meLcIn E'Abln (7meE| cln + 5I‘dnEI bm)
— _6E| bm(¢.],left meEAbln (2meE| cln + I‘clnEl bm) + 2NI—cln ( 3‘meI cn + I—cInEI bm))
e mezEAbln (3meE| cln + 2I‘cInEI bm)

Point J has been split in four parts. All of these parts have their own bending moment. The
formulas for three of these moments are found as function of the rotation. The fourth
formula can be found using moment equilibrium. The rotation in point J is the same for all
parts. The following formulas can be used to find the bending moments.

¢ _ — Ivlrightl‘bm_ CImeS
Jne2El  24El,

MJ,right =M J top +M J ,bottom + MJ,Ieft

¢J,right = ¢J Jtop = ¢J ,bottom = ¢J Ieft = ¢J

The rotation of @, ., is:
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Mrightme _ qum3
2Bl 24El,_

¢J,right =

Use moments equilibrium.

(MJ,top + MJ,bottom + MJ,Ieft) me _ qum3
2El 241,

¢J,right =
bm

Use the formulas for the different bending moment.
4EI cln (3NLcln2EI bm ¢J ,top meEAtln ( 3‘meI cln + 5-dnEI bm))
meLcln E'Atln (4meE| cn + 5I—clnEl bm)

+ 2EI cln (?’Nl‘cln2EI bm 2¢J,bottomemEAbln ( a‘meI cn + H—clnEI bm))

me
meLdn E'Dtln (7meE| cln + 5I‘dnEI bm)
_ 6E| bm (¢J,Ieft I‘me'Abln(ZI‘meI cln + I‘clnEl bm) + 2NI—cln (3meE| cn + I—clnEI bm))
¢ - mezEAtln (3meE| cln + 2I‘dnEI bm) : qum3
J,right 2E| bm 24E| bm

Write out the expressions.
_ 2E| cn (BNLclanl bm ¢J meEAbln ( 3-meI cln + 5-cInEl bm))

¢J - I-cInE'DEInEI bm (4meE| cn + 5I‘clnEI bm)
+ EI cn ('?’I\"‘clanI bm 2¢J,bottomemEA%In ( a‘meI cn + 5‘cInEI bm))
I—cInE'AtlnEl bm (7meE| cln + 5I—dnEI bm)

_ 3(¢J I‘me'AbIn(ZI‘meI cn + I—cInEI bm) + 2Nl‘cln (3meE| cln + LcInEI bm)) _ qumS
meEAtln (3meE|dn + 2I-cInEI bm) 24E| bm

Some expressions depend on both @, and on N. These expressions are written out.

¢ — 6NLcIn2E| meI cn _ 2¢J meEAtlnEIdn (3meE| cln + a‘clnEI bm)
’ I‘cln EAHnEI bm(4|‘bmEI cln + 5I-cInEI bm) I-cInE'DtInEI bm ( 4meE| cln + 5‘dnEI bm)

+ 3NLc|n2EI meI cn _ 2¢J,bottomemEAbInE| cln (6meE| cn + 5|—clnEI bm)
I‘clnE'AUnEI bm (7meE| cn + 5I—clnEI bm) I—cInE'AblnEl bm (7meE| cn + 5I‘clnEl bm)

_3¢J meEAbln (2meE| cln + I‘clnEI bm) _ 6NI‘cln ( 3‘meIdn + I‘clnEI bm) _ ql—bm3
meEAbIn (3meE| cln + 2I‘cInEI bm) meEAtln ( 3‘meI cln + Z‘clnEI bm) 2£| bm

Separate the expressions of @, .
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+ 2¢J I‘meI cln (6meE| cln + 5-dnEI bm) + :y.] meEAtln( 2‘meIdn + I‘dnEI bm)

¢J I‘dnEI bm (7meE| cln + 5I-cInEI bm) meEAtln ( 3‘meI cln + 2‘clnEI bm)
+ 2¢J meEAUnEl cln (3meE| cn + icInEI bm) — 6NLc|n2EI meI cn
LclnE'AtlnEI bm (4meE| cn + 5LcInEI bm) Lcln E'AbInEI bm(4meE| cln + 5I‘clnEl bm)
3NLc|n2E| meI cn _ 6NLcIn (3meE| cln + I‘cInEI bm) _ qum3

+
I‘cln E'AtInEI bm (7meE| cln + 5I-cInEI bm) meEAbIn ( 3‘meI cln + 2‘cInEI bm) ZEI bm

Make everywhere the same denominator.

24¢J meLclnE'AbInEI bm(a‘meI cln + z—clnEl bm)( 4—meI cn + 5'cInEl bm)( -meElcln + 5'cInEI bm)
2Ll'meI‘clnE'AtInEl bm(a‘meI cln + z—cInEI bm)( 4—me| cln + 5'cInEl bm)( -meEl cln + 5'cInEI bm)

+ 48¢J meZE'AtlnEI cln(a-meIdn + Z-dnEI bm)( 4—me|dn + 5I‘cInEI bm)(6|‘meI cln + 5-cInEI bm)
24mel-clnE'AblnEI bm(a-melcln + Z-cInEI bm)( 4-me| cln + 5'cInEI bm)( _meEI cln + 5'cInEI bm)
+ 72¢J meLcIn EAbInEI bm( 2meE|cIn + I-c|nEI bm)( 4meE| cln + El-clnEI bm)( lmeI cn + 5-c|nE| bm)

241, L EALE oy (LomEl an + 2Lgn Bl ) (ALomE! gn *+ BgnElom ) ( MegnEl g + BognEl )

+ 48¢J mezE'A};lnEI cln(a‘meI cln + 2‘cInEI bm)( 3'melcln + 5'clnEl bm)( -meEI cn + 5'cInEI bm)
2Ll'l‘bml‘clnE'A};lnEl bm(a‘melcln + 2—cInEI bm)( 4—mel cln + 5'cInEl bm)( -meEI cn + 5'cInEI bm)
14ANL Lo 2Bl Bl g ( LmEl g + 2Bl o) ( LomEl g + BgnEl o)

i 241, Ly, EA,El Z: (c;-mel an + Ay El bmd)n( 4Bl g, + 3,El bmd)n( LomEl gy + By El bm)
+ 72NmeLdn2E| bmE| cln(a-meI an T Ay El bm)( A,nElg, + 34,.El bm)
241, Ly EAE bm(a-melcln + A,El bm)( 4,.Elg, + 3.El bm)( LynElg, + B4.El bm)
144NLCIn2E| bm(a‘mel an + LanEl bm)( AnEl gy + 3y,El bm)( LonElg, + By El bm)
24L,,, Ly, EA,El bm(SmeEI an + AgEl bm)( AnEl g, + 3y, El bm)(7meE| an + Sy, El bm)
_ qum4LcIn EA, (3meE| an + 2Ly, El bm)( ALpmEl g + 3 El bm)( AomEl g + 3 El bm)
241, Ly, EA,El bm(a‘meI an + Ay El bm)( 4Bl g, + 3y, El bm)( LomEl gy + By El bm)

Neglect the denominator.
24¢J mel-cInE'DtlnEI bm(‘a‘meI cln + 2‘clnEIb (4'me| cln + 5'dnEI m ( lmeIdn + 5'cInEI bm)

n) o)
+48¢J mezEA:lnEI cln(a-meI cln + 2-clnEl bm)( 4-me| cln + 5'cInEI bm)( 6'melcln + 5'cInEI bm)
+72¢J meLcInEAcInEI bm( 2meElcln + LclnEI bm)( 4meElcln + 5|-clnEI bm)(7meE| cn + 5LclnEI bm)
+480 Ly, ZEAEl o (omEl gn + LBl o ) ( 3omEl an + BgnElom ) ( LomElgn + BgnEl )
:144NmeLcln2E| meI cln ( 3_me| cn + 2-cInEl bm)( lmeI cln + 5'cInEI bm)
+72NmeLcln2E| meI cln ( 3-meI cln + z-cInEI bm)(4meE| cln + 5I-cInEI bm)
~144NL, El (LpmEl gn + LanBl o) ( AomEl gn + BgnElom) ( TomElan + BgnElom )

_qum4Lcln EAUn (3meE| cln + 2I‘clnEl bm)(4meE| cn + 5‘cInEI bm)( 7meElcln + 5'cInEl bm)

The normal force N depends on the variable load and on the required loads. It is assumed
column FJ and column GK carries half of the variable load. The required loads very small
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compare with the variable loads. The influence of the rotation is neglected. The required
loads are taken into account at the calculation of the stresses. (N = O.5qum)

240, L, Lo EAGEL (Bl gn + i Bl ) ( 4Bl gn + BgnBlom ) ( TomElan + BgnElom)
+48¢J mezEA:lnEI cln(a-meI cln + 2-clnEl bm)( 4-me| cln + 5'cInEI bm)( 6'mechn + 5'cInEI bm)
+72¢J meLcIn EAcInEI bm ( 2meE| cln + I-cInEI bm)( 4meE| cln + 5|-clnEI bm)(7meE| cn + 5I-cInEI bm)
+480 Ly, EALEl o (BomEl gn + LBl iy ) ( 3omEl an + BgnElom ) ( LomElgn + BgnEl )
= 72ql-bmzl-clanI meI cln (1melc|n + 2-cInEI bm)( 7meEchn + 5-cInEI bm)

+360L0m L Bl prnEl g ( BBl gn + AgnEl o ) (4L El g + BLgnEl iy )

~720L Ly El i ( LomEl e + LanEl o ) ( AomEl g + FegnEl o) ( LomEl g + BBl )
_qum4Lcln E'Atln (3meE| cln + 2I-clnEI bm)(4meE| cn + 5-clnEI bm)( 7meEchn + 5'cInEI bm)

Combine the same expressions.
I‘clnEI bm (3meE| cln + 2I‘clnEI bm)(4meE| cln + 5-cInEI bm)( 7I‘meI cln + 5'cInEI bm)

+2L, Bl g (LBl g + 2L Bl ) ( ApnEl g + FenEl i) ( BernEl g + B El )
+3L g El iy ( 2L El 4 + LagnElom ) ( AnEl g + BognBl ) ( LpmEl g + 5Ly El )
+2L, Bl g (BLomEl g + 2L Bl o ) ( LomEl g + Bl o) ( LomEl g + B El o)
720 Lo BBl g (3omEl g + 2Bl o) ( LomEl g + BBl o)

+36meLclnE| meI cln(a—meI cn + 2—clnEl bm)( 4-me| cln + 5|—clnEI bm)

_72LclnE| bm(a—meI cn + I—cInEI bm)( 4meE| cln + 5-cInEI bm)( lmeI cln + 5'cInEI bm)
Lo EAn (BLimEl g+ 2L Bl iy ) (A El gy + B El o) ( Lo El g + B El )

240, Lo EA,

= qum I‘cln

The formula of @, can be found.

720, L Bl o Bl g (omEl g + 2Bl ) ( LBl g + BegnEl o)

+36L4, L El o El g ( LomEl e + LBl o ) ( AomEl g + B El o)

=72 Bl (Bl g + LanEl o) (AomEl o + BgnElom ) ( LpnElgn + BgnEl )
_mesEA:ln (3meE| cn + 2I-clnEl bm)(4meE| cn + 5—clnEI bm)( 7l—melcln + 5'clnEl bm)
LBl o (3LmEl g + 2L Bl i) (AomEl 4 + BBl ) ( ynEl g + BgnEl )
+2LnEl 4o (BLomE! an + 2LgnEl o) (AomEl g + sl om ) ( BomEl g + 5L El )
+3|-cInEl bm(ZmeEI cn + I—cInEIb )(4'meE| cln + 5—clnEl bm)( 7meEI cn + 5'cInEI bm)
+2LnEl g (BLomEl an + 2LgnEl ) (LomEl an + BgnEl o) ( LomEl gn + BgnEl o)

qum I—cln

¢, =

24EA,,

m
b

The formula what is found is not clear. The expressions must be written out to find a clearer
formula. To write out the formula, the formula is split is parts. First the numerator has been
split. The last (fourth) part of the numerator is not written out.

The first part:
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72I‘bm I‘cln

= (216me2Lc|nE| bm(EI cln)2 + 14LmeLcln2(E| bm)2 Eldn)( -me

:1512‘bm3|—clnE| (Elcln)3 + 1008‘bm2Lc|n2(E| bm)z(EI cln)2
+1080‘bm cln ( Ibm)z(Elcln)z-l_ 72(n'bml‘clns(EIbm)s EI

cln

=720, L

The second part:
36L4y L El omEl e ( Lo El

bm™—cln

+ Z‘cln EI bm) ( 4—me| cln

EI cln(a‘meIdn + z-dnEI bm)( lmeIdn + 5'cInEI bm)

+ 5'cInEI bm)

EI cln + 5'cln EI bm)

bm™—cln (Elbm)3 Elcln + 2088'bmchln ( l m)z(Elcln)2+ 1512bm3Lc|nE|bm(E|cln)3

= (108‘bm2LclnE| bm(Elcln)2 + 72‘bml-clnz(EI m) cln)( LmeEI + 5'cInEI bm)

=432, 5L Ely (Bl ) + 28842002 (Elyn) (Bl )’
+54G‘bm cln ( Ibm) ( cln) +360‘mecln( I )3 EIcln

= 360|‘bm|—cln3

(EI bm)3 Elcln + 828‘bm2|‘cln2(EI bm)z(EI cln) + 431>'bm3|—cln

H(Elg)

The third part:

_72Lcln EI bm ( 3‘meI cln

= (_Z:I'a‘bml-clnEI bm

bm cln

(—864L 2L El,

+(-1080L,,L,7 (B,

= _6048‘bm3 I-cln
_4320‘bm2 I—cln (
_756O‘bm2 I-cln (

_5400-bm cln (

=-180Q,," (El,)" -

+ I‘cInEI bm)( 4I‘meI cln + 5—dnEI bm)( lmeIdn + 5'cInEI bm)

EI dn 72-clnz(EI bm)z)( LmeEI cn + 5'cInEI bm)( lbm

(E cln) 288'bml-cln ( I ) cln)( lmeI + 5'cInEI bm)
) 36(D'cln ( ) )( lmelcln + ﬁcInEIbm)

on(Elgn)’ = 2016, 2L, 2(El,,) (Ely)’

m)z(Elcln) 1440)‘bm cln ( )SEchn

)Z(Elcln) - 252(D'bm cln ( bm) EIcln

o) Ely, - 180Q,,*(El,,)*

936, Ly, (Elyn) El

dn 138%}m2|—dn2(E| bm)z(EI cln)2 -

EI cln + ﬁclnEI bm)

6048 °L, El,

cln
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The expressions in the denominator have been split in four parts.
The first part:

I‘cInEI bm (3meE| cln + 2I‘clnEI bm)(4meE| cln + 5-cInEI bm)( lmeIdn + 5'cInEI bm)

(3L L EI EI + 2I‘cln ( Ibm)z)(4meE|dn + 5‘cInEIbm)( 7meElcln + 5'dnEIbm)

bm™—cln

- (12me I-cln ( dn) + a‘bml-cln ( Ibm) cln)(7|‘meI + 5—cInEI bm)

+(15meLcIn2(E| bm)2 EI cln +10Ldn3(E| bm)s)( 7meEIdn + 5‘cInEI bm)

:84me3LdnE|bm(E cln) + 56‘ cln (EI m)Z(E cln) + 60‘ 2I‘dnz(EIbm)z(Elcln)2
+40meLcIn3(E|bm) EI +1OH—bm2Lcln ( I m)Z(EICIn) + 7(D'bml-cln (El m)3EI
+75Ly L’ (El )’ El gy + 500, (El )

bm —cln

cln

3

= 50Lc|n ( bm)4 + 185'bml‘cln:;(EI bm)3 EI cln + 22]'bmzl‘dnz(EI bm)z( cln) + 84bmsLdnEI ( cln)

The second part:
2meE| cln (3meE|dn + 2|-dnEI bm)( 4meEIdn + 5—cInEI bm)( 6'meI cln + 5'cInEI bm)

= (6me2(E| cln) +4meLcln EI cln)(4meE|dn + 5-cInEI bm)( 6—meIdn + 5'cInEI bm)

= (240, (E140) *+ 16,5024 Bl (Bl )7 (BBl + BBl

+(30L Ll (Bl g0) 420U Ly (L) El g ) (Ll g + BBl )

=144, *(El,,) *+96,,, Ly, El, (Elc,n) + 120, Ly Bl (El g )

bm “cIn

+80me2|—cln ( Ibm) (Elcln) +180—bm3LclnE|bm(E|cln) + 12(D'bm2LcIn (Elbm)z(Elcln)2
+150‘bm2Ldn2(E|bm) ( cln) +:|00me cln ( ) EIcln

zloa‘mecIns(Elbm)g Elcln+ 350‘bm2|‘cln2(E|bm)2(Elcln) + 39q$'bmsl—cln (El ) + :I'Ll'mbmzl(Elcln)4

The third part:
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3LcInEI bm(2meE|cIn + I‘clnEl bm)(4meE| cln + 5—cInEI bm)( 7l‘mechn + 5'clnEl bm)
= (6|‘bm|—clnEI mechn + 3I—clnz(El bm)z)(4meE| cln + 5—cInEI bm)( 7meEI cln + 5'cInEl bm)

= (24'I‘bm2|‘cInEI bm(Elcln)2 + 12‘ L 2(E| bm)2 EI cln)( 7meEchn + 5'cInEI bm)

bm —cln

bm™=cln

+(30Lynba (Elan)” El g +15L,* (Elg) ) (Tl g + BBl

= 16&bm3|—cln EI bm ( El cln )3 + 84—bm2Lcln2( El bm)2 ( El cln ) ’ + :]'Z(D'bm2 I—cln2 ( EI bm) 2( EI cln) ’
+60meLcln3 ( EI bm)3 EI cn + 2:l'G'bmchInz( EI bm)2 ( EI cln )2 + 105'bml‘clns ( EI bm)3 EI cln
+150‘bm"cln3 ( EI bm)3 EI cln + 75I-cln4 ( EI bm)4

3

= 75L, 4(EI bm)4 + 315‘mecln3(E| bm)3 El cn + 414bm2|— 2(E| bm)z(EI cln)2 + 168omgl—clnEI bm(Echn)

cln cln

The fourth part:
2I‘meI cln (3meE|dn + 2|-dnEI bm)( 3‘meI cln + 5—clnEI bm)( lmeI cln + 5'cInEI bm)

= (6me2(E| cln)2 + 4meLcInE| meI cln)(a‘meIdn + 5-cInEI bm)( 7meEI cln + 5'dnEI bm)

= (18me3(E| cln )3 + 1z‘bm2LclnE| bm(EI cln)z)( lmeI cln + 5'cInEI bm)

+ (30me2Ldn EI bm ( EI cln )2 + 20mel-dn2 ( EI bm)2 EI cln ) ( 7I‘meI cln + 5-dnEI bm)

:126me4(E|dn)4 + 84'bm:al-dnEI bm(EI cln)3 + 9(D'bmgl‘clnEI bm(EI cln)3
-'-GOmezl—dnz(EI bm)z(EI cln)2 + 2:I'O-bmgl—dnEI bm(EI cln)3 + 14(D'bm2Ldn2(E| bm)z(EI cln)2
+150L,, 2Ly, 2 (El ) (Elgn)” + 10L, Ly, (El ) El s

bm —cln

3

= 1oa‘medn3 ( EI bm)3 EI cln + 350'bmzl‘dnz( EI bm)2 ( EI cln)2 + 384bmsl‘clnEI bm ( EI cln) + :I'ZBQm4 ( EI dn)4

All these parts are used in the formula.
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72(]‘bm|‘cln3(EI bm)3 El cn + 2088‘bm2Lc|n2(E| bm)z(EI cln)2 + 151P 3L El bm(EI cln)3

bm “cln

+36(]‘mecln3(E| bm)3 El cn + 828‘bmzl-clnz(EI bm)z(EI cln)2 + 43P—bmsl- El bm(EIdn)3

cln
2

qumLcIn _1800—dn4(E| bm)4 - 936(D'bml‘clns(El bm)3 El dn 138960m2Lcln2(E| bm)z(Elcln)
—6048.,, L El (El g, )’

cln

_mesEAtln (3meE|dn + 2I—cInEI bm)( 4meE| cln + 5-cInEl bm)( 7I-meI cln + 5-cInEI bm)

¢, =

bm —cln bm cln

+84me3LdnE| bm(EIdn)3 +10(]‘mecln3(E| bm) EI cln + 350‘bm2Lcln2(E| bm)z(EI cln)2
4EA,,| +396L,, Ly El,. (Ely,) + 144, *(El ) *+ 75, (Elyn)’ + 6Qnlyn(Elyn) El g

cln bm —cIn

+414me2|-cln2(E|bm)2(Elcln)2+ 423'bmsl‘dnEIbm(Elcln)s + 100‘ L 3(Elbm)3 EIcln

bm™—cln

+35(]‘bm2 I—cln2 ( El bm)2 ( EI cn )2 + 384me3|‘c|n El bm ( EI cln )3 + 126'bm4 ( EI cn )4

50Ly,* (El )" + 188 Lan’ (El ) Elgn + 221,20 %(El ) (El g )

3

Combine the same expressions
~1800Ly," (Ely)” = 828Q,Ly,° (El )
qumLcIn _4104me3LclnE| bm ( EI cln )3
_megEAbIn (3meE| cln + 2I‘cInEI bm)(4meE| cln + 5-dnEI bm)( lmeIdn + 5'cInEI bm)
¢ =
: 24 125Lcln4 ( El bm)4 + 4'£5|‘bm|—cln3 ( El bm)3 El cln + 1335‘bm2|‘c|n2( El bm)2 ( El cln)2
' +1287me3|-dnE| bm ( El cln)3 + 27CD'bm4 ( El dn)4

3

El dn 1098[))m2|-cln2 ( EI bm)2 ( El dn)2

The bending moments can be calculated by the numerical value of @, . The bending
moments are:

_ 2Eldn (3NLcln2EI bm 2¢J,bottomemEAb|n( a‘meI cln + 5—cInEI bm))

M om —
b meLcln EA:In (7meE| cn + 5I‘cInEI bm)
3NL,, El,, . [ 3LnEl gy + SynEly
M, ,, = SNEEl, +( Lo Elay * Sl j¢F
me E'%In meLcIn
¢ = MJ,bottomemchlnEAbIn _6NLc|n2EI bm
F
2I‘me'Dtln (6meE| cln + a-cInEI bm)
The deflection of column FJ can be calculated by the following formula:
= IvlJ,bottomLclnz _ Ml,tochIn2
16El, 16El
e_]_ - (M J ,bottom - M | ,top) I-<:In2
16El,
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Appendix S

This Appendix is about the non-linear analysis of an
extended frame. The structure can be found in Figure

S.1. The linear analysis of this frame can be found in

Appendix R. This non-linear analysis is based on the
equilibrium between the internal and the external
bending moments of column FJ. Column FJ is taken
as critical element of the structure. Column GK is

loaded equally to column FJ (because of the
symmetry of the frame). It is assumed that only

these columns fail. All other construction elements

are free of yielding.

Non-linear analyses extended frame

F1l

Fe

Fe

F1l

If column FJ deflects, the rest of the frame resists. This resist of the deflection
has been schematized as a rotational spring at both ends of the column. The
non-linear analysis starts to calculate the spring stiffness in point F and J. For

the calculation of the spring stiffness only the
bending of the direct connected construction
elements are taken into account. It is possible
that rotation spring will be utilized by other
construction elements. A safe assumption is to
use just one quarter of the spring stiffness as
the effective spring stiffness. The reduction of
the spring stiffness become later on in the
analysis.

Figure S.2 is the load-deflection graphic of the
analyzed structure.

If column FJ deflects, also the column JN and the
beams IJ and JK will deflect. To calculate these
deflections, a bending moment is introduced.

¢J,right :M > M _ 2¢J,rightE|bm

2E| n J,right — me
¢ — M Jytopl—dn 9 M — 3¢J,topE| cln
e 3E| cn P I‘cln
M L 39, et El b

The rotation of point J is the same in all directions.

¢J,right = ¢J Jtop = ¢J Jeft = ¢J

All bending moments in point J are in equilibrium. The bending moment M

of the other moments in point J.

Load (N/mm)

1400

AA AB 7;;70 AD

M N 0
F3 F4 F4 F3
ariable loa
L WL
I g |K L
F3 : F4 “F4 F3
| | | |
““ | |

Figure S.1:

Structure

1000 - - ——-—d---—--1---—--

8001 — — — — — -

6001 — — — — —

4001 - - — - -

e T e i R

0

|
|
|

1200 - — - —— |- —— - =
|
|
|

Total deflection mid-section (mm)

Figure S.2:
Load-deflection
Graphic

Column: Length 5m

HE 360A
Beam: Length 5m
HE 900A
J.pottom 1S the sum
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M =M, i T My + M

J,bottom J,right J top

The formulas of the bending moment can be used.

— 2¢J,right EI bm + 3¢J,topE| cln + 3¢J Jeft EI bm
J,bottom me |_ L

cln

M

bm

Separate ¢, .

2El,. . 3El, . FEl,,
MJ,bottom:( Lbb + L I + Lbb j¢J
m cln m

Combine the expressions.

3L, .El,, +5L,.El,
MJ,bottom:( b |I_b L I s j¢J
m—cln

Find the rotational stiffness.
— 3meE| cln + 5I—cInEI bm

kr,J -
meLcIn

Only one quarter of the spring stiffness is taken into account.
k — 3meE| cln + 5I-cInEI bm
r,J
4meLcIn

Only the connected elements are taken into account at the calculation of the spring stiffness.
The spring stiffness of point F is the same as the spring stiffness of column J.
k = 3meEI cln + 5I‘clnEI bm

" 4meLcln

As same as the non-linear analysis of the braced portal frame (App. N), the non-linear
analysis of the extended frame is based on the equilibrium between internal en external
moments. The deflection of the columns has been split in four parts. These parts are:

1. Starting deflection

2. Deflection due to the linear analysis

3. Additional deflection

4. Deflection due to the rotational springs

The starting deflection

y, = eosin(ﬂj
I‘cln

T 77X
¢ = eogco{l_—j

cln

_ T X
K=& zsm(L—j

cln cln
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Deflection due to the linear analysis
The deflection due to the linear analysis dependa on the linear bending moments at both
column ends. The following formula is the bending in the column.

M, = (MJ,bottom " I\:F'mp)(l_d” ~ X) - MF,top
cln

The formula can be simplified at the following formula.
M (Lgn = X) = Mg X

M ) — J,bottom
L

cln

F ,top

M J,bottom ( I‘cln - X) - M F,topX

K, =—

Ly El g,
K :MJ,bottom( L +X)+MFtop
’ LcInEchn
_ MJ,bottom(_LcInX+%X2)+ I\/lF,top}/ZX2

9, = L E +G

bottom }él-clnX +}/6 o) )/GXS
Y, = My e CE )+ Me +Cx+C,

cln™"cln

Use the boundary conditions to find the integral constants.
y2,x=0 =0 > =0

}é M J,bottom cIn %5 F top cln
El

Yo, =0 2> C =

cln

Use these integral constants in the formula.

J bottom( }/2 LClnX + %3 ) +M F,top)/ﬁ }/ MJ bottom cln %5 F top cIn X
I—cInEI cn Eldn

2

Combine the same expressions.
_ M J, bottom (% I—clnzx - }/2 I—cInX2 + %XS) +M F,top (_}/ﬁl‘clnzx + /3/6)(3)
I-cInEI cln

2

Neglect the fractions.

My om (2Ldn2x -3, X+ x3) +M¢ o (—Lc,nzx + x3)
Y2~ 6L, El
#, = MJ,bottom(ZLclnz — 6Ly, X+ 3X2) +M Ftop (_Lcln2 + 3(2)
? 6L, El,,
. = M} potiom (~6Lgn + 6X) + M (6x)
? 6L, El,,
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Additional deflection

g, =eisn]
I‘cln

—e ' cod 72
¢3 B el I-cln CO{ I‘clnj

Deflection due to the rotational spring

The stiffness of both rotational springs is equal. The bending moment due to the rotational
springs is constant.

|\/|4 = _¢extra,x=0kr
K4 = ¢extra,x=0kr
El cln
Dodrax=oke X
— ra,x L C
Z El '

cln

Bocvar=ok X
=2 +Cx+C
y4 2El cn ' ’

Use the boundary conditions to find the integral constants.

y4,x=0 =0 > =0

Poxran=oKr Ly
B =0 > C =- ra,x=0"r —cln
y4’X_LCIn ’ 2El cln

Use these constants in the formula.

2
- ¢e<tra,x=0kr X +— ¢e<tra,x=0kr I‘cln X

2Fl, 2EI,

Y,

Combine the same expressions.
2
_ ¢e<tra,x:0kr (_LclnX+ X )

Ya 2El .

¢ — ¢extra,x=0kr (_Lcln + 2X)
N 2El,,

K4 = ¢extra,x:0kr

El

cln

The additional rotation depends on @;and on @,. The formulas of ¢,and @, can be used.

4 co 7IX + ¢extra,x:0kr (_Lcln + 2X)
Ly, L, 2El,

cln

¢e<tra = e.l.

CCXXIlI



The additional rotation at the x=0 is taken.

T _ ¢extra,x:OLdnkr
I-dn 2EI cln

¢e<tra,x=0 = e.l.

The expressions of @, .-, is separated from the expression on e;.

¢ ¢extra,x:o|_c|n - T

e 2El, Lyn

+
Use the spring stiffness | k. = BLimEl g + Sl Elo, in this formula.
4meLcIn
+
¢e><tra ><=0Lcln 3meE| cn 5Lc|nE| bm

) + ’ 4L, L., e -
- 2El cln Lcln

Write out the expression.

¢ o+ ¢extra,x:O (3meE| cln + 5I‘cInEI bm) — e_]_ 4
extra,x=0 8meE| an L

cln

Same denominator

¢ Lcln (8meE| cn + (3meE| cn + a‘clnEI bm)) - 8ﬂmeqEIdn
odra, x=0 8L, Ly El 4 8LombanEl an

bm —cIn

Find the formula of @, ,-o:

8ﬂ.l‘bmelEI cln
I‘cln (11|‘me| cln + a-cInEI bm)

¢@<tra,x:O =

The additional rotation must be used in the formula of y,.

_ ¢e<tra,x:0kr (_LclnX+ XZ)
- 2El,,

Y,

The additional rotation and the spring stiffness can be filled in.

Y, = 87Tmee.l.E| dn 3meE| an * 5LcInEI bm (_LcmX * X2)
) I-dn (11|‘me| cln + a‘clnEI bm) 4meLcln ZEI cln

This formula can be simplified.
_ 7791(3me|5| an + SLgEl bm)(_LclnX + Xz)
‘ Lo’ (11, El 4 + SlguEl )
718, (3LyEl g4 + 5L El o ) (— L + 2)

¢4 ) I-clnz (11|‘me| cln + 5|-cInEI bm)
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K. = 277e1(3|‘me|dn + 5-dnEIbm)
Y Le? (1AL, Ely, + 5Ly, Ely)
cln bm™—" cln cln bm

With the formulas above the differential equation can be solved. The differential equation is
the equilibrium between the internal and the external moments.
M =M

intern extern

_KEchn = Nytotal

~(Ka+K,)Elgn = N(y,+ Yo+ Yot y,) + MJI'_*"’“"mX - kf¢e>|ifa'x=ox wM cion (Lo =%) _ K amanco(Lun =X)
cin

cln cln Lcl n

Combine the same expressions

M X M o) Lcn_x
—(K3 +K4) E|CIn = N(y1+ y,+ty,+ y4)+%_kr¢extrax= (J‘cln +Hp|(_cl)
cln In

Use the known formulas to solve this equation.

. 2 3L _El, +5_ El
_ _el 7722 sin 7IX + 77?1( me cn cln bm) E|c|n
I-dn L I-cln (11|‘me| cln + 5-cInEI bm)

cln

M 2L, °x-3L, x>+ x°)+M -L, x+x°

eOSin TTX + J,bottom( cln cln ) F,top( cin )+elSin ﬂ
cln 6|-cInElcln

nel(3|‘me| cln + 5I‘cInEI bm)(_LclnX + XZ)
Lcln2 (11meE|c|n + 5|—clnEl bm)

+ M beOﬁomX _ 3meE| dn + 5I-clnEI bm 8771‘bme.l.E| cln + M F,top(Lcln B X)
L 4meLcIn I-cln (11|-me| cln + 5-cInEI bm)

=N

+

cln

Write out the expressions to neglect the brackets.

7l gy o 77 ) _ 2778 E 4 (LBl oy + By Eln)
I-dn2 L I-dnz(:l':l'l‘meI cln + 5-dnEI bm)

cln
NM | iom (202X = 3Ly X2+ X°) + NM . (-L, X+ x®
:Neosin(lijxj_'_ J,bott ( | | ) F,tp( | )+Nelsin(ﬂj
cin

&

6L, El
. 7N, (3LyyEl g + 5Ly El ) (~LnX + X°)
I-c|n2 (11|-me| an T 5|-c|nEI bm)
+ M 3 pottomX _ ZHELEI dn (3meE|cIn + 5|-olnEI bm) + M F,top(Lcln - X)
I‘cln I‘cln2 (11|‘me| cln + a‘(:InEI bm) I‘dn

cln

The load N exists in two parts. One part is the variable load and the second part is the
required loads. The required loads are small compare with the variable loads and are

neglected. (N =0.50L,,) . The load can be used in the formula.

CCXXV



el ﬂ2E| cln Sin( 7IX j _ ZﬂelEI cln (3meE| cln + a‘clnEI bm)

Lan” Ln ) Lon (1Bl * 5ol
aL;,.&Sin ™ gL, sin X
= - Lan + oM oo (2L°'”2X B 3LC'”XZ + X3) + LM e o (_Ldnzx + X3) + ' Ly,
2 12LcInEI cln 2

+ nqume.L (3meE| cln + 5LcInEI bm)(_L X+ XZ)

cln

2|-dn2 (11meE| cln + 5-dnEI bm)

+ M J,bottomx _ 2ne1E| cn (3meE|cIn + 5-cInEI bm) + M F,top(Lcln - X)
I‘cln I‘cln2 (11|‘me| cln + a‘cInEI bm)

cln

The value e; must be calculated in the middle of the column. This value must be calculated.
(x=0.5L,)

ﬂ2E| cdn _ 2776.].EI cln (3meE| cln + 5‘cInEI bm)
Lcln2 Lclnz(l]‘meEI cln + 5|‘cInEI bm)

- qumeO + qudenzM J,bottom __ qumLCInzM F top + qume.I. _ ITqumel (3meE| cln + 5I—clnEl bm)
2

48E| cln 485' cln 2 $ 1“'me| cln + 5clnEI bm)
+ M J,bottom __ ZﬂelEI cn (3meE| cn + 5I-cInEl bm) + M F,top
2 I‘cln2 (11meE|c|n + 5‘cInEI bm) 2

One expression can be found at both sides of the equation. This expression can be
neglected.

e.L anI cn — qumeO + qumLcInZMJ,bottom _ qumLclnzlvI F top + qumel

Lcm2 2 48El 4&l 2
_ ﬂqume.l. (3meE| cn + 5LcInEI bm) + M J,bottom + M Ftop
8(11meEldn + a‘clnEI bm) 2 2

The only unknown value is the value of e;. To calculate this value, all expressions of e; must

be separate from the rest of the formula. All expressions of e; are placed on one side of the
equation.

ﬂzEI cdn _ ql—bmel + ﬂqume.L(BmeEl cln + 5LclnEI bm)

Lcln2 2 8(1JmeE| cln + 5-cInEI bm)
- qumeo + qumLcInZMJ,bottom _ ql‘mecInzl\/I F,top + M.],bottom + M F top
2 481, Al 2 2

To calculate the value e; it is necessary to have one denominator.
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48ﬂ2(E|dn)2(1]meEl cln + 5—dnEl bm) _ 24]|‘bm|-clnzelE| cln( 1n'me|dn + EclnEI bm)

48L,,°El g, (11,,,El y, + 8y, El ) 48, ’El g, ( 1L, Ely, + By.El,,)
+ 6ﬂqudenzelE| cln (3meE| cln + 5I-c|nEI bm) — 24qumLcInzeOE| cln (1]|-me| cn + 5—c|nEI bm)
48L,,°El g, (11,,El 4, + 8y, El ) 48L 4, El g, (11, El y, + B4, El,,)
+ qumLcIn4MJ,bott0m (11meE|c|n + 5|—c|nE| bm) _ qumLcIn4M F top (11meE| an T 5|-c|nEI bm)
48L,,°El g, (11,,,El 4, + 84, El ) 48, ’El g, ( 1L, El 4, +5L,.Ely,)
+ 24M J,bottoml‘cln2EI cln (1JmeEI cln + 5—cInEI bm) + 24M F,tochIn2EI cn (1]meE| cln + 5'cInEI bm)
48L,,°El g, (11,,El 4, + 8y, El ) 48, ’El gy, ( 1L, El g, + 54.Ely)

Neglect the denominator and separate e;.
4877 (El 4, ) (10 El g + BBl ) — 241, 2El o ( 1L Elr + BBl )
+67T0L, L g El g (3L El g + BBl )
= 2A'ql-bml-clnzeoEl cn (1]meE| cln + 5-cInEI bm) + qumLclnA'NI J,bottom( 1]‘me| cn + 5'cInEI bm)
_qumLcIn4M F top (111—me| an 1 Oy, El bm)
+24M ) povomban Elan (1LgnEl g + BgnElpm) + 2M ¢ o L *El g, ( 1L,,El g, + By Elyy)

Find the formula of e;.
240, L "6, El g (1Bl g + BBl o) + Alynloan™ 5 porom ( 1LomEl g + Bl o)
~Olomban M op (11 El gy + By Bl ) + 2 poambon Bl gn ( 1LomEl gn + BBl o)
+24M ¢ o Lo 2Bl g (11, El 4 + BguEl )

F,top —cin

el ) 48ﬂ2(E| cln)z(l:lmeEI cln + 5—clnEl bm) - 24]meLc|n2E|c|n( 1]]'me| cn + 5'cInEl bm)
+6nqumLc|n2E| cln (3meE| cln + 5LcInEI bm)

Combine the same expressions.
qumLcan (11meE| cln + 5LclnEI bm)( 2LQOEI cln + I-cln2 ( M J ,bottom - M F ,top))
_ +24(M J ,bottom + M F,top) I-cln2E| cln (1:“‘me| cln + 5—cInEl bm)

el ) 6E| 8772E| cln (11meE| cln + 5‘cInEI bm)
o +qumLcln2 ((377_ 44) meEI cln + ( 57_ ZQ I-dnEl bm)

The formula of eq is found. e; is the additional defection due to the second order analysis.
The formula of e; is checked on the dimensions:

o Nm‘lmmz(mNm2 + mNmZ)(mNm2 +m?(Nm- Nm)) +(Nm+ Nm) mZNmz(mNm2 + mNmZ)
- Nm? ( Nmz(mNm2 + mNmz) + Nm‘]mmz(mNm 2+ mNm 2))
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_ Nm?? ( Nm3)(Nm3) +(Nm) Nm“( Nm3)

m= NmZ(NmZ(Nm3) + Nmz(Nm3))
N3*m?
M= e

The dimensions of the formula are correct

The formula of the additional deflection e; is found. The additional deflection e; can be used
to calculate the total deflection, the change in bending moments and the internal stress
distribution. The formulas are:

i =&

y - M .J,bottoml—cln2 -M F,topl—cln2
? 16El,

;=&

_ _nel (3meE| cln + 5I‘clnEI bm)

Vs 4(11L, Bl y, + 54.El )
ql‘bml‘cln2 (11|‘me| cln + 5-cInEl bm)( 24?0E| cln + I‘clnz ( M J ,bottom - M F,top))
+24(M J ,bottom + M F,top) LcIn2EI cln (1]meE| cn + 5-cInEl bm)

e1 =

8El y, (11L,,,El , + FguEl )
" +alybey (37— 44) L, El,, + (57— 2Q L, El,,)
_ 8rl,eEl g,
¢Mravx:0 B I‘cln (11meE| cln + &clnEI bm)
- 3LimElgn + 5LgnElpm
r 4Ly, Ly,

GEl

c

CCXXVII



Appendix T Residual stress in the non-linear analysis

This Appendix is about the influence of residual stress
on the non-linear analysis of an extended frame (Fig.
T.1). The residual stress distribution is the same as in
the analysis of the column (App. D.1) and of the
analysis of the portal frames (App. K and App. O).

The analyses in this Appendix are an extension of the
analysis in Appendix S. Appendix S is about the non-
linear analysis. The analysis in Appendix S is the first
load case. The second and the third load case will be
discussed in this Appendix. The second load case starts
if the stress in one of the flanges (right one) has

F1

Fe

Fe

reached the yield stress. The third load case starts if both flanges partial

yield.

Due to partial yielding, the effective section
properties decrease. This results in extra deflections.
The total load-deflection is graphic displayed in Fig.
T.2.

It is assumed that only column FJ and column GK fail.
The effective section properties of these columns
decrease. All other construction elements are free of
yield stresses. The section properties of these
elements do not decrease. The spring stiffness at the
ends of the columns (determined in App. S) remains
constant. This spring stiffness is.

kr — 3meE| cn,1 + 5I‘cInEI bm

4L, Ly,

bm

T.1  Analysis if one part yields

Load (N/mm)

1800

N l
F3 F4 F4 F3
ariable loa
RS 7) YY) ]
I g K L
F3 | Fe | Fa F3
| |
5
| | ( |
| I |
DA NBNC D
Figure T.1:
Structure

1600

1400

1200

1000

800

600

400

200

Figure T.2:
Load-deflection
Graphic

The total deflection has been split in five parts. These parts are:

1. Starting deflection

Deflection due to the linear analysis
Additional deflection

Deflection due to the rotational springs

vk wnN

Deflection due to the shift of the centre of gravity

Total deflection mid-section (mm)

Column:

Beam:

Length 5 m
HE 360A
Length 5m
HE 900A

The starting deflection is the initial deflection due to the imperfections. This deflection does

not change.

-
I‘cln
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T 77X
¢ = %ECO{L—j

cln
T sin| 7%
I‘cln2 I‘cln

The deflection due to the linear analysis depends on the linear bending moments at both
ends of the column. The difference between this deflection and the deflection in Appendix S
is the stiffness of the column.

(M J,bottom, 2 + M F ,top,Z)( I‘cln - X)

K, =

Mz,z = -M Ftop,2
I‘cln >
M _ MJ,bottom,Z(Lcln - X) - M F ,top,ZX
22" L
cln
- _ M J,bottom,Z(LcIn - X) - M F,top,ZX
K22 = L, El
cln,2
K _ MJ,bottom,Z( L +X)+MFtop2
227
I‘clnEl cln,2
_ M J,bottom,Z(_LclnX + % Xz) +M F ,top,2}/2x2
¢2,2 - +Cl
I-cInEI cln,2
IvlJ,bo om,2 _}'él-clnx2 +%3X3 + MF,o ,2)/6)(3
y2’2 = u ( L El ) o + ClX+ C2
cln cln,2

Use the boundary conditions to find the integral constants.
y2,2,x:0 =0 -> Cz =0

M
yzzx L =0 9 C]_:}é J,bottomZEIr %3 F top,2 cIn

cln,2

Use these integral constants in the formula.

- 2 3 3
M J,bottom,2( }/2 LClnX + %X ) +M FytOP,2)/6X + }é J,bottom, 2 %3 F top,2 cIn
I—clnEI El cn,2

y2,2 = X

cn,2

Combine the same expressions.
2 2 3 2 3

MJ,bottom,z(%% I‘cln X_}/ZLcmX +)/6X ) + MF,top,z(_)/GLcm X+/1/6X )
L. El

Yo2 =

cn,2

Make the formula more clear.
2 2 3 2 3
MJ,bottom,Z(ZLcln X= 3|‘clnx +X ) +M F,top,z(_Lcln X+ X )

y ’ =
22 6|-cInElcln,Z

¢ — Ivl.],bottom,Z(ZLcln2 - 6|_an+ 3(2) +M F,top,z(_l‘cln2 + 3(2)
i 6|-cInElcln,Z
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MJ,bottom,Z(_6LcIn + 6X) +M F,top,2( 6X)
6Lc|nE|c|n,2

Ka2 =

The additional deflection

y3 2 = eZSin(ﬂj
’ I‘cln

@ :elco X
3,2 2L L

cln cln

: T (nxj
K3'2—_ez—25|n L_

cln cln

The rotational spring stiffness remains constant. The stiffness of the analyzed column
decreased. This has results on the deflection due to the rotational spring

M 4,2 = _¢extra,2x= (J(r

— ¢extra,2,x= Okr

K
4,2 El

cln,2
— ¢extra,2,x=0er
¢4 2= + Cl
’ El
cln,2

2

¢ext 2 =0k X
= ra,z,x T + C X + C
y4,2 2E|dn,2 1 2

Use the boundary conditions to find the integral constants.

y4,2,><=0 =0 > =0
kL

¢ ra X= r —Cin
Va2, %=1y, =0 > C=- eXtZZEI £

cn,2

Use these constants in the formula.

= ¢extra,2,x=0kr X2 +— ¢e<tra,2,x= (kr Lcln X
2El,,, 2E|

Ya.

cln,2

Combine the same expressions.
2
_ ¢extra,2,x:0kr (_Lan+ X )

Ya,2

2EI cn,2
¢ - ¢extra,2,x=0kr (_Lcln + 2X)
2 2E| cln,2
K4‘2 - ¢extra,2,x=0kr
EI cln,2

The deflection due to the shift of the centre of gravity
Iv|5,2 = NZZZ
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K. ., =
> EI cln,2
-N,zX
=—=2 +C
¢5,2 EI dn2 1
-N,z,x°
=———+Cx+C
Ys,2 2El,, , 1 2

Use the boundary conditions to find the integral constants.
y5,2,x:0 =0 -> Cz =0

— — NZZZLI
y5,2,,><=|_cIn =0 > Cl - Fcn

cln,2
Use these constants in the formula.
2
- —N,Z,X + N,Z,Lgn
2El 2El

Ys,2

cln,2 cln,2

Combine the same expressions.
szz(L X— xz)

cln

y5’2 2EI cln,2
b = N,z,(Ly, = 2x)
52
2EI cln,2
Ks 2= _N222
EI cln,2

The additional rotation depends on @,, ¢, and ¢..

¢e<tra,2 =6 4 CO{ s j + ¢extra,2,x:0kr (_Ldn + 2X) + szz( I—cln - 2X)

Ly, L 2El ., 2El,. ,

cln

Calculate the additional rotation at x=0.

_ T _ ¢extra,2,x:0kr I—cln + NZLcanZ

_—=€
Percazxeo Ly, 2El 2El

cln,2 cln,2

Put all the expressions of @, ,,-o to one side of the equation.

¢e<tra2xzokr I—dn 7 Nzl— | Zz
ot = = + gn
Percazxeo 2El 2L 2El

cln

cln,2 cln,2

Combine the expressions of @ ..., -o-

¢ I‘cln (2EI cln,2 + kr Lcln) - 2”e2EI cln,2 + NZLcIn222
era.2x=0 2L,.El 2L,,El

cn,2 cn,2
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3meE| cln,1 + 5I‘cInEI bm
4meLdn
(3meE| cln,1 + 5I‘cln El bm

4meLcIn j C'“j — znezEI cln,2 + NZLcanZZ
2I‘cln El cln,2 2I‘cln El

Use the spring stiffness k. =

I‘cln (ZEl cln,2 +

¢@<tra,2,x:O
cn,2

Write out one expression.

I-cln (8meE| cln,2 + 3meEI cn,1 + a-cInEI bm) — 2”92E| cln,2 + I\IZLCInZZZ
8mel-clnEI 2I‘cInEI

¢e<tra,2,x=0

cln,2 cn,2

Everywhere the same denominator.

¢e<tra,2,x=0

I-cln (8meE| cn,2 + 3meEl cn,1 + a-cInEl bm) - 4me ( ZnezEl cn,2 + N2Lcln222)
8mel-dnEI cln,2 8mel-dnEI

cln,2

Find the formula of @, -, as a function of e,.

4me ( Z@EI cn,2 + N2Lcln222)
I-dn (8meE| cln,2 + 3I‘meI cln,1+ a-cInEI bm)

¢e<tra,2,x=0 =

The additional rotation can be used in the formula of y, ,.
2
- ¢extra,2,x=0kr (_LclnX+ X )
42 2El

cln,2

The additional rotation and the spring stiffness can be filled in.
ALy ( 277,El 4y o + Nk '2,) 8Lyl o *+ BLyyElyy | (~LenX + X°)
Letn (8LomEl gn.2 * 3ol gz + Sl Bl ) aL, L, 2El

Ya2 =

cn,1 bm cn,2

Neglect and combine some parameters.
_ (ZHEZEI cln,2 + N2Lcln222)(3meE|c|n ,1+ 5LclnEI bm)(_LcInX+ XZ)

Yaz 2L, El g2 (8LomEl .2 + BBl s g Bl
(27701, + N Ly *2,) (BLnEl gy 1+ By Bl ) (~Ly + )
w2 2L, 2l g 5 (BLnEl a2 + LBl g 1+ T El
. (277,14, , + N oLy’ 2,) (BLigyEl gy 1+ Byl
1=

I‘cln2 EI cln,2 (8meE| cn,2 + 3meE| cln ,1+ a‘clnEI bm)

With the formulas above the equilibrium between the internal and the external bending
moments can be analyzed.
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AM =AM

intern extern

MJ,bottom,ZX _ kr¢extra,2,x:0X + M F,top,Z(LcIn - X) _ kr¢e<tra,2,x:0(|‘dn - X)
L, L L L

-AKEIl = lez +N Yoot 2T N £yt

cn,2 —

cln cln cln

_(Ks,z Tyt K5,2) El

cln ,2

=N (Yoo Voot Vet Vs d *N LY # Y2 YV oF Y oY o3 Y &Y Y h2)
+ M J,bottom,ZX _ kr¢extra,2,xz0x + M F,top,Z(LcIn - X) _ kr¢extra,2,x:O(Lcln - X)

I‘dn I‘cln I‘cln I‘cln
Combine the same expressions.
_(K3,2 tTKyot K5,2) Elg, 2
=N, (Yoot Vart Voot Ve ) *N (Y #Y Y 27 Y otV 55y &Y Y ¢hZ)
M L, —
+ M J,Eottom,ZX _ kr¢ema2’x:0 + F,top,ZL( cln X)
cln cln

Use the known formulas to solve this equation.

_ _92772 sin TTX + (Zﬂ%Eldn,z + NZLclnzzz)(3meEI cln ,1+ a‘clnEI bm) + _N222 El
I‘cln2 Lcln I‘cln2E| cn,2 (8meE| cn,2 + 3meE| cln ,1+ a‘clnEI bm) EI on2

cn,2

M J,bottom, 2 (2Lcln2X - 3I-cInX2 + X3) + M F,top,2 (—LcanX + X3) + % Sln(ﬂj
=N 6|‘clnEI cn,2 I‘cln
' + (ZﬂezEI cln,2 + N2Lc|n222)(3meE| cln ,1+ a‘clnEI bm)(_LclnX+ XZ) + NZZZ(LcInX - X2)
2|-dn2E| cln,2(8|‘meI cln,2 + 3‘meI cln,l+ 5-cInEI bm) 2EI cln,2
sin TIX + M J,bottom,l(ZLclnzx - ?’Lclnx2 + Xa) +M F,top,l(_LcInZX + X3)
eo cln 6I‘clnEI cln,1
M smom 2 (2o X = 8Ly X+ X°) + M i, (~Lun %+ X°) + elsin(ﬂj +e, Sir{ﬂj
6Lc|nE| cn,2 LcIn I‘cln
+N, ,
+ 77e.l.('3|‘bmEI cn,1 + 5Lc|nE| bm)(_LcInX X )
I‘cln2 (11|‘me| cn,1 + a‘cInEI bm)
+ (ZHEQEI cln,2 + NZLCInZZZ) (3meE| cIn,1+ 5I-cInEI bm)(_LcInX + Xz) + NZZZ(Lan - X2) +
2|‘cln2E| cln,2(8l‘bmEI cn,2 + 3meEI cln,1+ 5‘clnEI bm) 2El cln,2 22

+ M J,bottom,ZX _ 3meEI cn,1 + 5I‘clnEI bm 4me ( 27762 El cn,2 + N2LC|n222) + M F ,top,2 ( I‘cln - X)
I-cln 4meLcIn I‘cln (8meE| cln,2 + 3meEI + a‘clnEI bm) L

cln,1 cln

Write out the formula to neglect the brackets.
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92an| cln,2 Sin( 7TX j _ Z@EI cln,2(3meEI cln,1+ a-cInEI bm) _ N2Lcln222( 3-meI cln,1+ 5-cInEl bm)

I‘cln2 I‘cln Lcln2 (8meE| cn,2 + 3meE| cn,1 + a‘clnEI bm) I‘cln2 ( 8‘meI cln,2 + 3'meI cn,l1 + 5'cInEI bm)
NlM J bottom, 2 2Lc|n2X - 3Lc|nx2 + X3 NlM Ftop,2 _Lcln2X + X3 . 7TX
N2 = EsL El ) * 6pL (EI ) FN&sin
cln cln,2 cln cln,2 cln

7TNlezElc|n,2(3meE|c|n 1+ 5LclnEI bm)(_LcInX+ XZ) NlNZLcInZZZ(a‘meI cln 1+ 5‘clnEl bm)(_LcInX+ X2)
, + )
I-cln2E| cln,2(8|‘meI cn,2 + 3I‘meI cln,1+ 5-clnEI bm) 2I‘cln2E| cln,2(8|‘bmEI cn,2 + 3‘meI cln,1+ 5‘clnEI bm)

N;N,Z,(Ly,X =X N,M 2L, 2x= 3L, x*+x°) N,M —Ly, X+ x°
+ 1" V2 2( cln ) + NzeOSin + 2 J,bottom,l( cln cln ) + 2 F,top,l( cln )
2EIcln,2 I-cln 6I‘clnEI cln,1 6I‘clnEI cln,1

N,M | o 2 2Lgn X = 3L X2+ X)) NoMp o =Ly X+ %3
4 2" 3ot ,2( | ! )+ 2VTE p,2( cln )+N2elsin X +N2ezsi X
6I‘cInEI cln,2 6|-cInElcln,Z I‘cln I-cln
N2ne1(3|‘me| cln 1+ 5I‘cInEI bm)(_LclnX+ X2) nNZGZEIdn 2(1me|dn 1+ 5-dnEI bm)(_LcInX+ XZ)
+ . + . :
LcIn2 (llmeEI cln,1 + 5LcInEI bm) Ldn2E| cln,2 (8meE| cln,2 + 3meE| cln,1+ 5LclnEI bm)
2 2 2 2 2
+ N2 Lcln Z2(3meEI cln,1+ 5I-cInEl bm)(_Lan+ X ) + N2 ZZ(LclnX_ X ) + N222 + MJ,bottom,ZX
2|‘cln2E| cln,2(8l‘bmEI cn,2 + &meI cln,1+ 5‘clnEI bm) 2El cln,2 I‘cln
_ ZHEZEI cIn,2(3meEI cln,1+ a‘clnEI bm) _ NZLCInZZZ (3meE| cIn,1+ 5I-cInEI bm) + M F,top,Z(Ldn B X)
LcIn2 (8meE| cln,2 + 3meEI cn,1 + a-cInEI bm) I-cln2 ( &meI cln,2 + 3-me| cn,1 + 5-dnEl bm) I‘cln

Use the formulas of the normal force in this formula ( N, =0.5q,L,,;N, = O.qume) . Neglect

the influence of the required forces.
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%anI cn,2 sin 7IX _ Z@Eldnz(a‘mel cln,1+ a‘cInEI bm)
I‘clnz Lcln Lcln2 (8meE| cn,2 + 3I‘mel + 5LcInEI bm)

q2 meLcIn222 (3meE| cn,1 + 5Lcln El bm)

cn,1

oﬂ.M J ,bottom,Zme (2Lcln2X - 3I‘clnx2 + X3)

) 2Lc|n2 (8meE| cln,2 + 3‘meI cn,1 + &CInEl bm) 12LclnE| cn,2
q,L,.&,Sin =
+ qlM F,top,szm(_LcanX + X3) + om Lcln + nqlmeeZEl cln,2(3|-bmEI cln,1+ 5LclnEI bm)(_LcInX+ X2)
12LcInE| cln,2 2 2|-cInZEIcIn,Z(8meE| cln,2 + 3‘mel cln,1+ 5‘cInEI bm)

.| TIX
sinf —
+ quszmchInZZZ(smeEl cln,1 + 5LclnEI bm)(_LclnX + X2) + quszmZZZ( Lclnx_ XZ) + qubmeo ( L j

cln

8|‘cln2E| cln,2 (8meE| cn,2 + 3‘mel cln,1+ &CInEl bm) 8El cln,2 2
+ QZM J ,bottom,lme (2Lc|n2X - 3Lc|nX2 + XS) + qZM F ,top,lme (_Lclnzx + X3)
12Lc|n El cn,1 1z‘cln El cn,1

2y _ 2, .3 2 3 qubmelSin[ j
+q2MJ,b0tt0m,2me(2Lcln X 3|‘clnx +X ) + qZMF,top,Zme( I‘cIn X+ X ) + Lcln

120, El,., 12, El g, » 2
L. sin
+ e’ ( I-cln j + q2anmel(3meE| cIn,1+ 5LclnEI bm)(_LCI”X * XZ)
2 2|-cln2 (11meE| cn,1 + aCIﬂEl bm)

ﬂqZmeeZEl cln 2(3meE| cn 1+ 5LcInEI bm)(_LcInX+ X2) q22me2LcIn222( 3‘meI cln 1+ acInEI bm)(_LclnX + Xz)
+ - i + ’
2|-cln2E| cln,2(8meEI + 3-mel cln,1+ &clnElbm) 8-clanlcln,Z( 8-mel cln,2 + :B'mel cln,1+ 5'cInEI bm)

+ q22me222( Lclnx - Xz) + M J,bonom,zx _ Z@EI cln,2(3meE| cln,1+ a‘cInEI bm)

cn,2

8EI cn,2 Lcln I-cln2 (8meE| cln,2 + 3meEI cn,1 + 5|-cInEl bm)
_ QZ meLcInZZZ(smeEI cIn,1+ 5LcInEI bm) + M F,top,2 ( I‘cln B X)
2Lc|n2(8meE| cln,2 + 3‘meI cln,1+ &clnEl bm) Lcln

Calculate the deflection in the middle of the column (x = O.5Ldn).
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%anI cn,2 _ ZﬂezEI cIn,2(3meE| cIn,1+ 5LclnEI bm) _ qZmeLcInZZZ( 3‘mel cln ,1+ 5—cInEI bm)
I‘cln2 I‘cln2 (8meE| cn,2 + 3meE| cn,1 + 5|‘cInEI bm) Z‘clnz( 8'mel cn,2 + 3'me| cln,1 + 5'cInEl bm)

= OU.MJ,bottom,szmLclnz _ qlM F,top,zl‘bml-cln2 + Oﬂmeez _ ﬂqlmeezEldn,2(3meE| cln,1+ 5I-cInElbm)
48E| cln,2 48E| cn,2 2 8EI cln,2 (8meE| cn,2 + 3‘meI cln,l+ 5‘clnEI bm)

qqumechlnzzz(smeEl cln,l+ 5LcInElbm) + Ou_qumeZ L ? qZmeeO + qz'\/l.],bottom,ll‘bml‘cln2

2—=cln +

_32E| cIn,2(8meE|cIn,2+ 3‘melcln,l-l- 5—clnEI bm) 32E| cln,2 2 485'

_ qZM F,top,ll‘mecln2 + qz'\/l.],bottom,zl‘bml-cln2 _ qZM F,top,2meLcan + qubmej_ + qzl—bmez
48El 4, , 4&l , , 4l , 2 2

_ qanbmel(smeEl cln,1+ 5LcInEI bm) _ ﬂqZmeeZEl cln,2(3|‘meI cln,1+ 5LcInEI bm)
8(11meE| cln,1 + 5‘cInEI bm) 8E| cln,2 (8meE| cn,2 + 3‘mel cln,1+ 5‘cInEI bm)
_ qZZmeZLcInZZZ (3meE| cIn,1+ 5LcInEI bm) + qzzl—bmzl—cmzzg + M J ,bottom, 2
32El cln,2 ( a‘mel cn,2 + 3‘mel cn ,1+ 5—cInEI bm) 32El cln,2 2
Zﬂ%El cln,2(3|‘bmEI cln,1+ 5|-cInEl bm) _ qZmeLcInZZZ( 3‘meI cln ,1+ 5—clnEl bm) + M F,top,2
I-clnz (8meE| cln,2 + 3meE| cn,1 + 5-t:InEl bm) Z-clnz( 8'meI cln,2 + 3'meI cn,1 + S'CInEl bm) 2

cln,1

Some expressions can be found at both sides of the equation. These expressions can be
neglected.

92772E| cn,2 _ qlM.] bot’[om,zl‘bml‘cln2 _ 0ﬂ.'\/IF,top,szmLcln2 + ou_l—bmez

L2 ASE| 4, 2

_ nqlmeeZEI cln,2(3meEI cln ,1+ 5LcInEI bm) _ qﬂ }bm2 I‘clnzz 2( a‘mel cn ,1+ 5‘cInEI bm)
8E| cln,2(8l‘bmEI + 3‘mel cln,1+ 5‘clnEI bm) @EI cln,2(8|‘meI cln,2 + 3‘meI cln,1+ 5-clnEl bm)

+ (:llqzl—bmzzchln2 + qzl—bmeo + qZM J,bot'[om,ll-bml-cln2 _ qZM F,top,ll‘mecln2 + szJ,bottom,zl-bml-cln2
32El .., 2 4&l 4&l . 48|

_ qZM F,top,2meLcan + qubme.L + qubmez _ qzmbmel(smeEl cln,l+ 5LclnEI bm)
48El cln,2 2 2 8(11meE| cn,1 + 5‘clnEI bm)

mszmeZEl cIn,2(3meEI cln ,1+ 5LcIn El bm) q 22 I‘bmzl‘cln22 2( 3‘meI
8El

cn,2

cn,2

cln,2

cln ,1+ &CInEl bm)
cn,2 (8meE| cn,2 + a‘mel cln ,1+ 5‘cInEI bm) 3EI cn ,2( 8'meI cln ,2+ B'meI cn,1 + 5LcInEI bm)

+ qzszmchlnzzz + MJ,bottom,Z + MF,top,z
32El,,, 2 2

In this formula e, is the only unknown. To find the unknown value all expressions of e, are
located to one side of the equation.
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92772E| dn,2 _ Uu_meez + nqlmeeZEl cln,2(3meEI cIn,1+ 5LcInEI bm) _ qubmeZ

I‘cln2 2 8E| cln,2(8|‘meI cn,2 + 3‘mel cln,1+ 5‘cInEI bm) 2
anmeeZEl cln,2(3meE| cln ,1+ 5|‘CInEI bm) — qlM J,bot'[om,szmI—cln2 _ qlM F,top,zl‘bml‘cln2
8El cn,2 (8meE| cln,2 + 3‘mel cn ,1+ 5‘cInEI bm) 48El cn,2 A cn,2
_ qlqumeLcln222(3meE| cln,1+ 5I-cInEI bm) + qlqzl—bmzl—clnzzz + qzl—bmeo + qzlvl.J,bottom,lmeI‘cIn2
32Kl cIn,2(8meE|c|n,2 + 3‘melcln,l-l- 5—cInEI bm) 32Kl cln,2 2 A&l cn,1
—_ qZM FJOPvlmeLClﬂz + qZ'\/I.],bottom,zl‘bml-cln2 _ qZM F,top,ZmeI‘cln2 + qubmel —_ qanbmel(smeEl cln,l+ 5LclnEI bm)
48El cln,1 A& cln,2 A%l cn,2 2 8(11meE| cn,1 + 5‘cInEI bm)

_ qzszmchInZZZ(smeEl cIn,1+ 5LcInEI bm) + qZZmeZLCInZZZ + MJ,bottom,z + MF,top,Z
32E| cIn,Z(&melcln,2+ 3‘melcln,l +5LclnE| bm) 32E| 2 2

cln,2

Combine the same expressions. Separate e,.

772E| dn,2 _ (q1 + qz) me + ﬂ(ou, + qz) meEl cln,2(3meE| cln ,1+ 5I‘cInEI bm)
LcIn2 2 8El cln,2(8meEI cln,2 + 3‘meI cIn,1+ acInEI bm)

(ql + qz)(M J Jbottom, 2 - M F top ,2) mel‘cln2 _ q2 (ql + qz) I‘bmzl‘cln222(3|‘meI cln ,l+ 5I-cInEl bm)
ABE] 32! 4.5 (8L El iy 2+ BLigyEl g+ 5L Bl )

cln,2 cn,1

+ Q2 (ql + qz) me2 Lc|n222 + qzl—bm (eo+ e]) + q2 ( M J ,bottom, 1 - M F top ,1) mel-cln2
32El,,, 2 4%l
_ qanbmel(smeEl + 5LcInEI bm) + M M

J ,bottom, 2 + F.top,2
8(11pEl gy + gy El ) 2 2

cn,1

cln,1

Everywhere the same denominator.
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96772E| cIn,l(EI cln,2)2 (1]meE| cln,1+ 5'cInEl bm)( 8'meI cln ,2+ :B‘meI cln ,1+ 5'cInEl bm)
96I‘t:ln2E| cln,lEI cIn,2(:I']meEI cIn,1+ 5'cInEl bm)( 8'mel cn ,2+ :B‘meI cn ,1+ 5'cInEI bm)
_ 48(q1 + qz) I‘bml-cln2EI cln,lEI cln,2(1:“‘meI cln ,1+ 5—clnEI bm)(8|‘meI cln,2 + 3meEl + a‘clnEI bm)
96I‘t:ln2E| cln,lEI cln,2(:l':“‘meI cIn,1+ 5'cInEl bm)( 8'meI cn ,2+ :B‘meI cln ,1+ 5'cInEl bm)

+12ﬂ(q1 + qz) mel-cln2EI cln,lEI cln,2(:I':ImeEI cln ,1+ 5—clnEI bm)( 3'mel cln ,1+ 5'cInEI bm)
96Lc|n2E| cln,lElcln,2(11|‘meI + a‘clnEI bm)( 8‘mel + 3'mel + 5'cInEI bm)

cln,1

cn,1 cln,2 cn 1

- Z(ql + qz)(M J bottom,2 M F top ,2) meLcIn4E| cn 1(:]':I'meEI cln ,1+ 5LcInEI bm)( 8‘meI cln ,2+ 3'meI cln ,1+ 5'cInEl bm)
96Lcln2 El cIn,lEI cn,2 (11meE| cn,1 + 5LcInEI bm)( 8‘meI cn,2 + 3'meI cn ,1+ 5'cInEl bm)
_ 3q2 (ql + qz) l‘bmzl‘cln‘lzZEI cln ,l(llmeEl cln ,1+ 5‘clnEI bm)( 3'meI cln ,l+ 5'clnEl bm)
96LclanI cln,lEI cln,z(l:lmeEI cln,l+ 5—clnEl bm)( 8'mel cln ,2+ $'me| cln ,1+ 5'cInEl bm)
+ 3q2 (ql + q2) I‘bmzl‘cln“ZZEI cln ,1(11|‘me| cln ,1+ acInEI bm)( 8'meI cln ,2+ 3'me| cln ,l+ 5'cInEl bm)
96|-clanl cln,lEI cln,Z(:I':“‘bmEI cln,1+ 5—clnEl bm)( 8'meI cln,2+ :B'meI cln ,1+ 5'cInEl bm)
+ 4'8qzl‘mecln2 (eO + el) El cln 1EI cn 2(1]meE| cln,1 + 5LcInEI bm) (8meE| cn,2 + 3‘meI cln ,1+ acInEI bm)
96I‘cln2E| cln,lEI cln,2(:l':“‘meI cIn,1+ 5'cInEl bm)( 8'meI cIn,2+ :B‘meI cln ,1+ 5'cInEl bm)
+ 2q2 ( M J bottom,1 - M F top ,1) mel-cln4EI cln ,2(11|‘me| + 5‘clnEI bm)( 8—meI cln ,2+ 3'mel + 5I‘clnEI bm)
96|-cInZElcln,lEl cln,2(1:“‘meI cln,1+ 5—t:InEl bm)( 8'meI cIn,2+ :B'meI cn ,1+ 5't:InEl bm)
_:I-ZqZﬂmeLclnzelElcIn,lEI cln,2(1meI cln ,1+ aclnEI bm)( 8-meI cln ,2+ 3'me| cln ,1+ 5'cInEl bm)
96I‘clanl cln,lEI cln,z(:l‘]'l‘meI cln,1 + 5-cInEl bm)( 8‘meI cln,2 + 3'meI cln,l+ 5'cInEl bm)
+ 48M J,bottom,ZLcIn2E| cln,lEI cln ,2(:|':|meEI cln |1+ 5'cInEl bm)( 8'meI cln ,2+ :B‘meI cln ,1+ 5'cInEI bm)
96Lcln2EI cln,lEI cln,2(:|':]meEI cln,1+ 5-cInEl bm)( 8'meI cln ,2+ :B'meI cn,1 + 5LcInEI bm)

+ 48'\/IF,top,ZLclanl cln,lEI cln,z(:l':ll‘meI cln ,1+ 5—cInEl bm)( 8'meI cln ,2+ $'me| cln ,1+ 5'cInEl bm)
96I‘cln2E| cln,lEI cln,2(:|':||—meI cln,1+ 5'cInEl bm)( 8'meI cIn,2+ :B‘meI cn ,1+ 5'cInEl bm)

cln ,1 cln,1

Neglect the denominator
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cn,2

96772E| cIn,l(EI cln,2)2(1]meE| cln,l+ 5—cInEI bm)( 8'meI + 3'mel cln ,1+ 55'cInEI bm)

e? _48(q1 + qz) mel‘cln2EI cln,lEI cln ,2(1]meE|dn ,1+ 5—clnEI bm)( 8'meldn ,2+ :B'meIdn ,1+ 5'cInEI bm)
+12ﬂ(0ﬂ + qz) meLcIn2EI cln,lEI cln 2(1]meE| cln,1 + 5LdnEI bm) (3meE| cn,1 + 5LdnEI bm)

=2(q, + qz)(MJ'bommvz— M¢ 1op ,2) Lomban Bl gn {1005 El gy 1+ Bl Bl ) ( 8omElan o+ 3Bl gy i+ BnElyy)
=30}, (0 + G L Letn 2B gy a( 1 El gy 1% BBl ) ( omEl s + 5LnEl )

300, (0 + ) Loy Loy 2B g a( 1250 El gy 1+ B Bl ) ( BBl g 2% 3Bl o+ By Bl )
+480,L,, L2 (€ + €) El gy Bl gn o 1150 El g 1+ B i) ( BBl e 2+ BBl e i+ BsnElo)
+2q2(|v|3,bommyl— MFmpyl) Lombain B gn 2(1 05 El gy 2+ By Bl ) ( Byl g 2% Bl 1+ By Bl )

bm™=cIn
_lzqzﬂmeLclnzelEl cln,lEI cIn,Z( a‘meI cln ,1+ iclnEI bm)( 8'mel cn ,2+ 3'me| cln ,1+ 5'cInEl bm)
+48M J,bottom,zl‘clanI cln,lEI cln ,2(1:“‘meI cln,1 + 5|-cInEl bm) (8meE| cln,2 + 3‘meI cln,1+ 5-cInEl bm)

+48MF,t0p,2Lcln2E| cln,lEI cIn,Z(l:ImeEI cln ,1+ 5'cInEl bm)( 8'meI cln ,2+ :B‘meI cn ,1+ 5'cInEl bm)

cn,1 cln ,1

Combine the same expressions

8meE|c|n, +3meE| cln,
4(2772E| cn,2 _(q1+q2) meLCan)('FSLdnEl b:1 1j

+ﬂ(oﬂ. + qZ) I‘bml-cln2 (3meE| cIn,1+ 5Lc|nE| bm)

(Oﬂ. + qZ)(M J bottom,2 M F top ,2) El cn, 8meE| adn,2 + 3meE| dn’lj
+q2 ( M J ,bottom,1 - M F ,top,l) El cln,2 +5Lcln El bm

+24q2 (ql + qz) mesl-dn422EI cln 1EI cln 2(1:“‘meI cln ,1+ 5—dnEl bm)

1292E|dn1E| cln,z(:l‘:“‘meI + 5—cInEl bm)

cn,1

= 2meLcIn4 1](]‘]‘I‘mel cn,1 + 5LcInEI bm)(

4e0 (11meE| cn,1 + 5‘cInEl bm)
+12q2meLc|n2E| cIn,lEI cln,Z( a‘meI cn ,2+ 3‘mel cn ,1+ 5LcInEI bm) (44_ 37-[) meEI cn,1
+ ,
& +(20~ 57) Ly, El

cln

+48(MJ,b0tt0m,2 +M F,top,Z) I‘cln2E| cln 1EI cn 2(1]meE| cln ,1+ 5'cInEl bm)( 8'meI cln ,2+ :B‘meI cln ,1+ 5'cInEl bm)

The formula of e, can be found.
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(o + %)(MJ potiom,2 ~ ME 1op ,2) Elyn
+0, (MJ,bottom,l_ Mk top, 1) Elgn 2
+2401, (0 + 01,) Ly L *Z,E) gy g o 105, El gy 1+ Bgo Bl

4e0(11L El gz + 5Bl )
+1.20, Ly Lo B g 1Bl o (BBl i 2+ Aol gy 1F Fin Bl ( (44- 37)L,,El C.MJ

2L, L,.*

bm —cln

8meE| cln,2 + 3meEI cln,lj

A1
11, El,, + 95,,El
}( m—" cln,1 cln bm)[ 5Lc|nE|bm

+
20— 57) L, El
+48(M J,bottom, 2 +M F ,top,Z) I‘cln2E| cn 1 cIn 2(11meE| cln l+ 5'cInEl ( EI cln,2 + 3meE| cln, l+ 5Lc|nE| bm)

+5L,,El,,
+7T(ql + q2) meLcIn2 (3meE| cn,1 + 5I‘cInEI bm)

8L,El 3L,.El
4(2772E|c|n'2 (ql+q ) Ly )( omEl an 2 T 3lom dn,l]
12E|c|n1 cln 2(1:ImeE|cIn l+ 5— El )

This formula is checked on the correctness of the dimensions.
, (Nm‘l + Nm‘l)(Nm— Nm) Nm?
(mNm2 + mNmz)(mNm2 +mMNm?+ mNmZ)
+Nm™ (Nm - Nm) Nm?
+Nm‘l( Nm™ + Nm‘l) mImiMNm 2Nmz(mNm 2+ mNm 2)

+Nm‘1mm2Nm2Nm2(mNm2+ mNm?+ mNm 2)(m(mNm 2+ mNm 2) + m(mNm 2+ mNm 3)

+(Nm+ Nm) mZNmZNmZ(mNm2 + mNmz)(mNm2+ mNm 2+ mNm 2)

me (Nm2 - ( Nm™ + Nm‘l) mmz)(mNm2 +mNm?+ mNm 2)
NmZNmZ(mNm2 + mNmz)
+( Nm™ + Nm‘l) Nm‘Jmmz(mNm2+ mNmZ)
m5(( Nm‘l)(Nm) Nmz)(NmS)(Nm"’) +Nm" 1( Nm™ l) N ?m“( Nm j

) +N3m6(Nm3)(m(Nm3) + m(Nm"’)) +(Nm)N 2ms(Nmz)(Nme)
me N2m4(Nm3)((Nm2—(Nm‘l)m3)(Nm3) +(Nm‘ 1) Nm 2(Nm j)
m =w Dimensions are correct

N°m'?

A second check is made. If the boundary conditions will changed in the same boundary
conditions as in the analysis without residual stress is the same formula as found in Appendix
S must be found.
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(0 + ) (M3 potom 2 = M 1 o) Bl
40, (M3 potoma = M sop 1) Bl -
#2401, (0, + 0,) Ly Lo *Z,El 4 El gy 10, Ely, o+ 3, E, )

490(11L El gz + FgnElp)

+12q2meLcIn2E|cIn,lElcln,Z(a- EIdn2 3-melcln,l-'- 5-cInEI +e_|_ 44 3ITmeEIdnl
+(20- 57) Ly, El,,

8L, _El + 3L, _El
2me|—c|n4 bm cln,2 me cln,lj

A1
1u, El,,, + 5,El
]( m—" cln,1 cln bm)( 5|—c|nE|bm

+48(MJ,bottom,2 + M F,top,z) I-dn2E| cln 1 cln 2(:|':“‘meI cln 1+ 5— EI ( EI cn,2 + 3I‘meIdn 1+ 5‘ EI )

8L, El_,+3L El
2 m—" cln,2 m—"cn,1
4(2”2E| dn2 (ql * q2) bombar )[+5LcmE| bm ]

+7T(q1 + qz) I‘bml-cln2 (3meE| cln,1 + 5I-cInEI bm)

12E|dn,lE|dn,2(1]meE| + 5—cInEI bm)

cn,1l

Take z=0;
(6 + %) (M) poiom2 = M 1op o) Eln 4 8L, El ., + 3L, Bl
2mel-cln4 (11|‘me| cn,1 + a‘cInEI bm) +5L . El
+q2 ( M J bottom,1 M F top ,1) El cn,2 cin™—"bm

4eO (llmeEIdn,l+ 5-dnEI bm)
-'-:I'zqzl‘bml‘clanI cln,lEI cln,Z(a‘ Elcln 2 3‘meI cn ,1+ 5—clnEI bm) + (44_ 377) meEldn,l
+(20~ 57) Ly, El,,

+48(MJ,bottom,2 + MF,top,Z) I—dn2E| cln 1 cln 2(11meE| cln 1+ 5— EI )( 8-meI cln ,2+ 1me|dn ,1+ 5'cInEl bm)

8|—me| an2 T 3meE| n
(anEI cn,2 ( * q2) meLan)(+5L EII 2 d 1j
cin™—"bm

+7T(ql + qz) I‘bml—cln2 (3meE| cn,1 + 5I—clnEI bm)

12E|c|n,1E|cIn,2(11meE| + 5—clnEI bm)

cn,1

Take all stiffness the same(EI =Ely,,=El c,n) .

cn,1
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(Oﬂ. + qZ)(M J Jbottom, 2 - M F top ,2) El cln
+q2 ( M J bottom,1 M F top ,1) El cln

8meE| cln + 3meEI cln

2I‘bml-cln4 J(lll‘mel cln + 5-dnEl bm)(_'_SL E|
cln bm

4e0 (11|‘me| cln + 5‘clnEI bm)

+12q2meLcIn2E| cInEIdn(g‘meI cln + 3‘mel cln + 5—cInEI bm) (44_ 32) meEI cln
+
+(20- 57) Ly, El,,,

cln

|

+48(MJ,b0tt0m,2 + M F,top,2) LcInZEIcInEl cln (11meE| cln + 5—clnEI bm)( 8'melcln + :B'mel cn + 5'cInEl bm)

- 2 8meE| an ¥ 3meE|dn
4(2772E|c|n (ql * q2) bomar )(+5LclnE| bm

+7T(ql + qz) I-mecIn2 (3meE| cln + 5LclnEI bm)

12E| clnEI cn (1]meE| cln + 5-dnEl bm)

Neglect the same expressions
meLcln4 ((ql + qz)(M J bottom, 2 - M F Iop,z) + q2(MJ bottom ,1_ M F top ))(11meE| cln + 5LcInEI bm)

4e0 (11|‘me| cln + 5‘cInEI bm)
+e ((44- 37) Ly, Bl o, +( 20~ 57) L, El,,, )

+24( M J ,bottom, 2 + M F ,top,2) LcIn2EI cln (1]meE| cn + 5LcInEI bm)
% =
6E| 4(2772E|c|n - (ql + q2) meLcInz)(lemeI cln + 5'cInEl bm)
- +ﬂ(q1 + qz) mel-dn2 (3meE| cln + 5I-dnEl bm)

+6q2 me I‘cln2 EI cn (

Neglect the original loads (q1 =06, = OM; pooma = OM e g 1= O) . Combine the same
expressions in the numerator.

qZmeLcIn4 ( M J ,bottom, 2 - M F top ,2) (11meE| cln + 5|‘cInEI bm)
+24QZmeLcln2e0E| cn (1]meE| cln + 5-dnEl bm)
+24( M J ,bottom, 2 + M F ,top,z) I-cln2E| cln (1]meE| cln + 5—dnEl bm)

% =
6E| n{4(2ﬂ2E| cln _qZmeLclnz)(lemel cln + 5—clnEI bm)}

+77q2 meLcIn2 (3meE| cn + 5LcInEI bm)

Combine the expressions in the numerator.
{qumedn2(24eoEldn + Ly (M poiom o = M p o)) (10 El g + By bm)}
_ +24(M ) poyom 2 + M op o) Lin Bl g (1Bl gy + B Bl
& - dn[4(2an|dn = Oyl ) (1Bl 4 + By El bm)J
+710, Lo’ (3LomEl g + LBl o)
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Combine the expressions in the denominator.
qumedn2(24eoEIdn + L, 2 (M porom2 = M Iop,2))(1111)m|5| wn+ BBl
(#24(M ) priom s M 1 5) Lan Bl g (104, El g, + BBl
= e [8n2E| o (11, Bl + B, El,,) J
cn +0Lyy Lo (377 44) Ly, El g, + (57~ 2Q Ly, El,,)

The original formula was:
qumLcIn2 (11meE| cln + 5LclnEI bm)( 2LQOEI cln + I-cln2 ( M J ,bottom - M F,top))

el - +24(M J ,bottom + M F,top) I-cln2E| cln (1:“‘me| cln + 5—cInEl bm)
6E| 8772E| cln (11meE| cln + 5‘cInEI bm)
o +qumLcln2 ((377-— 44) meEI cln + ( 57T_ ZQ I-dnEl bm)

These formulas are the same.

T.2  Analysis if two parts yield
The third load case starts if both flanges partial yield. The additional (third) deflection will be
analyzed in this Appendix.

The rotation spring remain constant.
— 3meE| cln + 5I—cInEI bm

f 4meLdn

In Appendix T.1 the shift of the centre of gravity is a part of the additional deflection. In this
load case the effective cross-section is symmetric. The total deflection is split in four parts.

The four deflections are:
1. Starting deflection
2. Deflection due to the linear analysis
3. Additional deflection
4. Deflection due to the rotational springs

The starting deflection

=e.sin ﬂ
Y1 =& L,
T 77X
¢ = %ECO{L—j

cln

K, =- s sin =
' eo I‘cln2 I‘cln

Deflection due to the linear analysis
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( M J,bottom, 3 + M F ,top,3) ( I‘cln - X)

Mz,s =

-M

F,top,3
I‘cln
M _ M .],bottom,S( I-cln - X) - M F ,top,3x
237
I‘cln
- _ M J,bottom,a( I-cln - X) - M F ,top,SX
K2a™ L, El
cln cn,3
_ M J,bottom,3(_Lc|n + X) + M F ,top,3x
K22 ™ L, El
cln cn,3
2 2
_ M J,bottom,S(_LcInX + %X ) +M F ,top,S}/ZX
@r5= L, El *
cln cln,3
2 3 3
y _ MJ,bottom3(_% I-cInX + %BX ) + M F,top,a)/GX
237
I‘clnEI cn,3

Use the boundary conditions to find the integral constants.

y2,3,x:0 =0 -> Cz =0

Y2, 3x=Ly, =0 > C=

% M J ,bottom,SLcIn - %3 M F jtop ,3Lcln

+Cx+C,

El

cln,3

Use these integral constants in the formula.

y2’3 B I‘clnEI

cln,3

Combine the same expressions.

M J,bottom,a(% I-cln2X - )/2 I-clnX2 + )/6)(3) + M F,top,3(_)/6|-clnzx + }/GXS)

2 3 3
M J,bottom,3(_% I_cIﬂX + }/6)( ) + M F,top,3}/6x + % M J,bottom,3|-c|n - % M F ,top,SLcln X

Yo3=

Make the formula clearer.

M J,bottom,3(2Lcln2X - 3I-cInX2 + X3) +M F,top,3(_|-c|n2x + X3)

I—cInEchn,S

y2,3 = 6I—cmEI cn,3

¢2 3= MJ'bO“O""3(2L0|nz — 6L x+ 3X2) +M F,top,3(_|-c|n2 + 3(2)
| 6I‘cInEI cln,3

Kyy= MJ,bottom,S(_6|—c|n + 6X) +M F,top,s( 6)()

6L, El

cln,3

Additional deflection.

y3 3 = eSSin(ﬂj
’ I‘cln
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@ :elco LS
3,3 3L L

cln cln

_ o . X
K3'3 = _ea—Lan SN g

Deflection due to the rotational spring

Because of symmetry, the bending moment in the column due to the spring stiffness is

constant.
M4,3 = _¢extra,3,x: C}(r
K — ¢e<tra,3,x=0kr
=T
cn,3
_oK X
¢4‘3 - ¢e<tra,3,x—0kr + Cl
EI cln,3
2
_oK X
y4 . - ¢extra,3,x—0kr + C1X + C2
’ 2El . 5

Use the boundary conditions to find the integral constants.

y4,3,><=0 =0 > =0

_ ¢e<tra,3,x= Okr I‘cln

Ya,3,x=1,, =0 > C = 2F]

cln,3

Use these constants in the formula.

= ¢extra,3,x=0kr X2 +— ¢extra,3x= (kr I‘cln X
2El ., 2E|

Yas

cn,3

Combine the same expressions.
2
_ ¢extra,3,x:0kr (_Lan+ X )

y4’3 2EI cn,3
¢ - ¢e<tra,3,x:0kr (_Lcln + 2X)
4,3
2EI cln,3
K4‘3 - ¢e<tra,3,x=0kr
EIdn,3

The additional rotation depends on ¢, ;and ¢, .

m co 7IX + ¢extra,3,x:0kr (_Lcln + 2X)
L Ly, 2El

cln

¢e<tra,3 = eS

cln,3

Calculate the additional rotation at x=0.

T ¢ ra,3,x= kr I-cn
¢e<tra,3,x=0 = eS L - 23E| ° I

cln

cn,3
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Put all expressions of @, .-, on one side of the equation.

¢e<tra 3,x= Okr I-cln s
I =
¢e<tra,3,x—0 2E| 3 Ldn

cln,3

3L El, . +5L, El
Use the spring stiffness (kr = bm~dnl dn bmj

4meLcIn
¢ 3meEI cln,1 + 5I‘clnEI bm
extra,3,x=0 4meLc|n cln T
¢@<tra 3,x=0 + = %
o 2EIdn,3 I‘cln

Write out one expression.

¢ + ¢e<tra,3,x=0(3meE| cln,1+ 5I‘clnEI bm) T
extra,3,x=0 8|_me|

cln,3

Same denominator
( I—cln (8meE| cn,3 + (3meE| cn,1 + a‘clnEI bm))} _ 87Tme%E| cn,3

¢@<tra,3,x:O

8|‘bm|-c|nEI cln,3 8I‘bml‘clnEI cn,3

Find the formula of @, 3 -0:
87Tme%E| cn,3
I-dn (8meE| cln,3 + 3meEI cn,1 + 5-dnEI bm)

¢e<tra,3,x=0 =

The additional rotation can be used in the formula of y, 3.

_ ¢extra,3,x:0kr (_Lan+ XZ)
- 2El

Yas

cn,3

Use the additional rotation and the spring stiffness in this formula.

— 8anmejE| cln,3 3meEI cln,1 + 5-cInEI bm (_LC|nX + Xz)
? I-cln (8meE| cln,3 + 3meE| cln,1 + 5|-cInEI bm) 4meLcIn 2El cn,3

Y,

Combine and neglect the same parameters.

718, (3Lyy Bl 41 + Bl Bl ) (L X+ X°)

Yas™ Lcln2 (8|—me| ana T 3L, El ana T Ly, El bm)

_ e (3|—me| ana T Sy, El bm)(_LcIn + ZX)

¢4‘3 B Lcln2 (8meE| ana t 3L,El ana ¥ Ly, El bm)
2718, (3L El g 1 + By El )

I-c|n2 (8me El an3 T 3L, El anat Ly El bm)

Kz =

cexevi



A list of all deflection formulas.

mas( )
I‘cln

M J,bottom,l(ZLcInZX - 3I—clnx2 + X3) +M F,top,l(_LanX + X3)

Yo 6Ly El gna
Y, = M J,bottom,2(2LcIn2X = 3Ly, X"+ X3) +M F,top,z(_Lcm X + x3)

. 6Ly Elgn .
M J,bottom,3(2Lcln2X -3, X+ x3) +M F,top,3(_|—cln2x + x3)

e 6Ly Elan s

_ . JTX
y3,1 - eﬁ'”(gj

_ . JTX
y3,2 - ezsm(gj

_ . JTX
y3’3 = %SIH(EJ

_ . [ X
K3'3 = _63F5|n —

cln cln

_ 778, (3L El gy *+ Blogo Bl ) (~LnX *+ X°)

Yar ™ Lan? (115 El g + S El )
(27,1, + N oLy ?2,) (BLyEl gy 1+ Bl Elly, ) (—LnX + X°)
Yaz= 2L, 1 gy 5 (BLomEl a2 *+ LBl a1+ T El
718, (3L Bl g1 + Bl Bl ) (~LanX + X°)
Yaz = Lon” (BLomE! g3 + BBl s+ Fgn El
_ 2718, ( 3Lyl gy + Sy El )
K4 3

° I—cln2 (8meE| cln,3 + 3l‘mel cn,1 + a‘clnEI bm)

With the formulas above the equilibrium between the internal and the external moments
can be analyzed.

AM =AM

intern extern

M om X kf¢ ra =0>( M (0] LCI"I_X kr¢ ra,s,X= LCI"I_X
—AxEl dn,3 :(N1+ Nz) Yt Nsytotaj ,3+ J'EO:n 2 - defx +— p'3|-(c|n I ) - erad, LO( l )

cln

cexvin



_(K3,3 + K4,3) Elg, 3
:(N1+ Nz)(Y2,3+ Yast y4,3) +N :(y FTYoit Yot Y FY oty 3y 8y HY by )4
+ M J,bottom,SX _ kr¢e><tra,3|x=0X + M F,top,S(LcIn - X) _ kr¢extra,3,x=0(|‘cln - X)

Ly, Ly, L L

cln cln

Combine the same expressions.

_(K3,3+K4,3) EIcIn,S
:(N1+Nz)(Y2,3+Y3,3+y4,3)+N 3(Y1+YZ,1+y 2FY 2FY sty 3y By HY Y )4

+ M J,bottom,SX _ k ¢ + M F,top,a( I-cln - X)
L r Pextra,3,x=0 L
cln

cln

Use the known formulas in this formula.

2 3L El, ,+95.El
_ _% 7722 Sin TTX + . ﬂ%( me cln,1 cln bm) EI 3
I‘cln L I‘cln (8meE| cn,3 + 3meE| cln,1+ 5LclnEI bm) ’

cln

2y _ 2 3 _ 2 3
MJ,bottom,3(2Lc|n X 3Lc|nX X )+ MF,top,S( LcIn X+ X ) + %Sin ﬂ
6LcInElcln,S Lcln
+ nes(sl‘mel cn,1 + 5|‘clnEl bm)(_LcInX + XZ)
I‘cln2 (8meE| cln,3 + 3I‘meI cln,1+ 5-cInEI bm)

eoSin( s j + M J’bonom'l(ZLC"‘ZX B 3I-clnx2 + XS) +M F,top,l(_l—cmZX + Xs)
cln

=(N,+N,)

6|‘clnEI cn,1

+ M J,bottom, 2 (2Lcln2X - 3|_an2 + X3) +M F.top,2 (_LcanX + X3)

6|‘clnEl cln,2
2y, _ 2 3 _ 2 3

+ MJ'b"“"m’3(2L°'” X~ g X" + X )+ MFJOPB( Lan X+ X ) rgsin 22X |+e,sin =X |+e, sin =X

6I‘clnEI cln,3 Lcln Lcln
+N
’ + ﬂe.l.(sl‘meI cln,1 + 5I‘clnEl bm)(_LcInX + XZ)

I-cln2 (11|‘me| cn,1 + 5|-cInEI bm)
(ZHEZEl cn,2 + NZLcInZZZ)(smeEl cln ,1+ 5I‘clnEl bm)(_LcInX + XZ)
2|-cInZEI cln,2(8|‘bmEI cln,2 + 3‘meI cln,1+ 5‘cInEI bm)

+ ﬂ%(3meE| cn,1 + 5I‘clnEI bm)(_LcInX+ XZ)
I‘cln2 (8meE| cln,3 + 3meEI cIn,1+ 5-cInEI bm)

+

bm —cIn cln

+ M J,bottom,SX _ 3meE| cln,1+ 5I-cInEI bm 877meesE| cln,3 + M F,top,3( Lcln - X)
Lcln 4L L I‘cln (8meE| cn,3 + 3meEI cn,1 + a‘cInEI bm)

Write out the expressions to neglect the brackets.

CCXLIX

cln

|




%772E| cin,3 sin TIX _ ZﬂeSEI cln,3(3meE| cIn,1+ 5-clnEl bm)
I‘cln2 Lcln LcIn2 (8meE| cn,3 + 3meEI cln,1 + 5Lc|nE| bm)
_ (Nl + NZ) M J ,bottom,3(2Lc|n2X - 3LcInX2 + XS) + (Nl + NZ) M F ,top,3(_Lcln2X + Xa)
B 6I‘cln EI cn,3 6I‘cln El
_ 2
+(N1 + NZ)GSSin + ﬂ( Nl + IZ\IZ)eS(BmeEI cIn,1+ 5LcInEI bm)( LcInX+ X )
Lcln I‘cln (8meE| cn,3 + 3meEI cln,1l + 5-clnEl bm)

cn,3

. JTX N3M J ,bottom,l(chlnzx - 3I-cInX2 + XS) N3M F,top,l(_LcInzx + XS)
+N,&,SIn + +
I‘cln 6I‘cln EI cln,1 6I‘cln EI cln,1
+ N3M J ,bottom,2(2Lc|n2X - 3Lclnx2 + XS) + N3M F ,top,Z(_Lclnzx + XS)
6|-clnEI cln,2 6|-cInEl cln,2
N3M J ,bottom,3(2Lcln2X - 3Lclnx2 + XS) N3M F,top,3(_LcIn2X + XS) . JTX
+ + + N,g sin| —
6LclnEI cln,3 6I-cInEl cln,3 I-cln
N 3L El, ,+5L, El L, X+Xx°
.| TIX .| 7IX 3ﬂe.l.( bm ' —' cln,1 dn bm) dn
+N3e25|n(L—j+ Nsesslr( j+ C 2(11Lb T (EI ) )
cln cln cln m cn,1 cln bm

N;(2778,E1 4, + N oLy *Z,) (BLynEl gy 1+ By Bl ) (~LnX + X°)
2Lc|n2E| cIn,2(8meE|c|n,2 + 3,El anat d,,.El bm)

+ ﬂNs%(3meE| anat OlanEl bm)(_LcInX + XZ)

Ln” (BLomEl an 3 + 3LomEl an s + SognEl )

M X znesEI cln,3(3|‘meI cn,1 + 5|‘clnEl bm) + M F,top,3(Lcln B X)

J,bottom,3* __
L Ldn2 (8meE| cn,3 + 3meEI cln,1 + a‘clnEl bm) I‘cln

cln

+

+

Known are the loads N, N; and N3 (Nl =0.59,L,,,;N, = 0.9, N,= O.5|3l_bm) . The loads
can be used in the formula. Neglect the influence of the required loads.

CCL



7TX _ 27763.E|c|n,3(3|‘me| cln,1+ a‘cInEI bm)
I‘cln2 (8meE| cn,3 + 3I‘mel + a‘clnEI bm)

(Oﬂ. + q2) M J ,bottom,Sme (2Lcln2X - 3Lc|nx2 + X3) + (ql + qz) M F ,top,Sme (_LcanX + Xs)
121 El 12_El

cln cln,1

cln,3 cn,3

.| TIX
+0,)L n —
(ql qZ) s ( Lan j + 7T(q1 + qz) mee3(3meE| ani™ Sy, El bm)(_Ld”X - X2)

+
2 2|‘cln2 (8meE| cn,3 + 3‘me| cIn,l+ acInEI bm)

TTX

L,.&sin
+ q3 b eo ( Lcln j + qSM .],bottom,lme (2Lcln2X - 3I‘clnx2 + X3) + qSM F,top,lme (—LcanX + XS)

2 12Lcln EI cn,1 12‘clnE|

+ q3M J ,bottom,Zme (2Lcln2X - 3|-clnx2 + XS) + q3M F ,top,szm (_l—cmzx + X3)
121 El 12, El

cn,1

cln,2 cln,2

F ,top,3=bm

. 7TX
+ qSMJ,bottom,3me(2Lcln2X_ 3LclnX2 + XS) + q3M L (_Lcln 2X+ Xs) + qSmeelSIn(L]

cln
12LclnE|cln,3 12‘clnE|cln,3 2
%meezsm(nxj Q3meessir(m(] 71 (3Ll * B El ) (~ L X + )
+ Lcln + Lcln +q3 bmel me cn,1 cln bm cln
2 2 2I‘cln2 (11|‘me| cn,1 + 5-cInEI bm)

+ q3me (47792E| cn,2 + qumecanZZ) (3meE| cn ,1+ a‘clnEl bm)(_LclnX + XZ)
8|-cln2 EI cln,2 (8meE| cln,2 + 3meE| cln,1 + 5I-cln EI bm)
+ mSme%(BmeEI cln,1+ 5LclnEI bm)(_LcInX + X2)
2I‘cln2 (8meE| cln,3 + a‘meI cn,1 + 5-clnEI bm)
M X 2ﬂe?.Elcln,S(3meE| cln,1+ a‘clnEI bm) + M F,top,S(LcIn B X)

+ J,bottom,37" __
I‘cln Lcln2 (8meE| cn,3 + 3meE| + a‘clnEI bm) L

cln,1 cln

The value e; must be calculated in the middle of the column. This value must be calculated.

(x=0.5L,)

CCul



anchn,S _ le%El cIn,3(3meE| cln,1+ a‘clnEI bm)
I‘cln2 Lcln2 (8meE| + 3I‘mel + a‘clnEI bm)

&

cn,3 cn,1

— (ql + qz) M J ,bottom,3me|-cIn2 _ (ql + qz) M F ,top,?,l‘bml-cln2 + (qj_ + qz) mees

48El 4, 5 4&l y, , 2
_ ﬂ(ql + q2) mee3(3meE| cln,1+ 5I‘clnEI bm) + qsmeeo + qSM .],bottom,lmeLcIn2 _ q3M F,top,lmeI‘cln2
8( 8meE| cln,3 + 3meEI cn,1 + 5I‘clnEI bm) 2 48E| cln,1 485' cn,1
+ qsl\/l.J,bottom,zl‘mecln2 _ q3M F,top,ZmeLcln2 + qsl\/l.],bottom,3me|‘cln2 _ q3M F,top,3|‘bm|‘cln2 + qubmel
48E| cln,2 485' cn,2 485' cln,3 48E| cln,3 2
+ q3mee2 + qubmeg _ qSHmeel(smeEl cIn,1+ 5LclnEI bm)
2 2 8(11meE| cn,1 + 5‘clnEI bm)
_ q3me (47782E| cn,2 + qZmeLcInZZZ) (3meE| cln ,1+ a-cInEI bm) _ ﬂqame%(:ameEl cn,1 + 5I-clnEl bm)
32 cln,2(8‘meI cln,2 + 3‘mel cln,1+ 5—clnEI bm) 8(8meE| cn,3 + 3‘meI cIn,l+ 5-clnEl bm)

M J,bottom,3 __ Zﬂe\%El cln,3(3l‘meI cln,1+ 5|-clnEI bm) + M F,top,3

+
2 I‘cln2 (8meE| cln,3 + 3meE| cn,1 + 5|-cInEI bm) 2

Some expressions can be found at both sides of the equation. These expressions can be
neglected.

ﬂ2E| cn,3 — (ql + q2) M J bottom,i%l‘bml‘cln2 _ (Oﬂ. + q2) M F ,top,SmeLcInz + (ql + qz) mee3

I‘cln2 48E|dn,3 485' cln,3 2
_ ﬂ(oﬂ. + q2) mee3(3meE| cln,1+ 5I‘clnEI bm) + qubmeo + qu .J,bottom,lmeLcln2 _ qSM F,top,ll‘bml‘cln2
8(8meE| cin,3 + 3‘meI cn,1 + 5‘clnEI bm) 2 48l cln,1 48El cn,1
+ q?.MJ,bottom,zl-bml-cln2 _ q3M F,top,2|‘bm|‘cln2 + qSM.],bottom,3meLcln2 _ qu F,top,:%l-bml-cln2 + qubmel
48El cn,2 A&l cn,2 A&l cn,3 A&l cn,3 2
+ qSmeez + q3mee3 _ q3m‘bmel(3meE| cln,1+ 5I-cInEl bm)
2 2 8(11meE| cn,1 + 5‘clnEI bm)
_ q3me (47792E| cn,2 + qZmeLcInZZZ) (3meE| cln ,1+ a‘cInEI bm) _ ﬂqsmees(BmeEl cn,l + 5I‘clnEl bm)
32Kl cln,2(a‘meI cIn,2+ 3‘mel cln,1+ 5—clnEI bm) E{ 8'melcln,S + :B'meI cIn,l+ 5'cInEl bm)
+ M J,bottom, 3 + M F,top,3
2 2

In this formula ez is the only unknown. To find the unknown value all expressions of e5 are
put on one side of the equation.

CCLil



ﬂzEldnyg _ (ql + qg) meea + ﬂ(ql + q2) mee3(3meE| cln,1+ 5I‘cInEI bm) _ qubm%

63 I‘cln2 2 8(8meE| cn,3 + a‘meI cn,l + 5‘cInEI bm) 2
+ nqSmee\‘$(3meE| cln,1+ 5I‘cInEI bm) - (Oﬂ. + qz) M J ,bottom,SmeLcInz _ (ql + q2) M F ,tOPv3meL°|n2 + qSmeeo
8(8meE| cn,3 + 3‘mel cn,1 + 5‘clnEI bm) 48El cn,3 48El cln,3 2
+ qsl\/l.J,bottom,lmeLcln2 _ qSM F,top,ll‘bml‘cln2 + qsl\/l.],bottom,zl‘mecln2 _ q3M F,top,zl‘bml‘cln2 + qsl\/l.],bottom,3me|‘clr12
48El cn,1 48l cn,1 AE| cn,2 4| cn,2 48l cn,3
_ qu F,top,3meLcln2 + qsmeel + qubmez _ q3mbmel(3meE| cln,1+ 5I-cInEI bm)
48El,, 2 2 8(11LyEl gy + HgyEl )
_ q3me (47792E| cn,2 + qZmeLcInZZZ)(ngmEl cln ,1+ a‘clnEI bm) + M J bottom, 3 + M F,top,3
32Kl cln,2(g‘meI cn,2 + 3‘mel cln,1+ 5—clnEI bm) 2 2

Combine the same expressions. Separate es.
% HZEI cn,3 _ (ql + q2 + q3) me + ﬂ(ql + q2 + q3) me(3meE| cln,l+ 5I-cInEl bm)
Lcln2 2 8(8meE| cn,3 + 3‘mel cln,1+ 5‘clnEI bm)

(ql + q2)(M J Jbottom,3 - M F top ,3) mel‘cln2 + qS(M J bottom ,1_ M F top ) mel-dn2
48El 4, 5 48l 4, ,

qS(M J bottom,2 M F ,top,2) I‘mecIn2 + q3(M J bottom ,3~ M F top 3) I‘mecIn2

48El . , 48, ,
q3me (eO + e1+ ez) _ qSITI‘bmel("?’meEl cn,1 + 5I-cInEl bm)
2 8(11|‘me| cn,1 + 5-clnEI bm)

_ q3me (4ﬂe2E| cn,2 + qZmeLcInZZZ) (3meE| cln ,1+ a‘clnEI bm) + M J ,bottom, 3 M F,top,3
32Kl cn,2 ( g‘meI cn,2 + 3meE| cn,1 + 5I‘cln El bm) 2 2

+

+

Everywhere the same denominator.

CCLm



96772E| cIn,lEchn,Z(EI cln,3)2(1]meEI cn ,1+ 5-cInEI bm)( 8'mechn,2+ 1me|cIn ,1+ 5'cInEl bm)( 8'mel cln ,3+ BmeI cn ,l+ 5cInEIbm)
96I-cln2E| cIn,1EI cIn,2EI cln,3(1]meE| cn ,1+ 5-cInEl bm)( 8'mel cln ,2+ :B'mel cln ,1+ 5'cInEl bm)( 8'mel cln,3 + 3meE| cln,1 + 5I-cInEl bm)

_48(0& + qz + q3) meLcIanI cln,lEI cln,ZEI cln ,3(1:“‘me| cln ,1+ 5'cInEl bm)( 8'mel cn ,2+ 3'mel cn ,l+ 5'cInEl bm)( 8'mel cn ,3+ BmeI cln 1+ EclnEI bm)
96|'cln2E| cIn,lEI cln,2EI cIn,3(11meE| cln,1+ 5I'cInEl bm)(8meE| cn,2 + 3'mel cIn,1+ 5‘cInEl bm)( 8'mel + 3'mel cln,1+ 5'cInEl bm)

+12n(ql + q2 + q3) mel‘clanI cIn,lEI cn ZEl cn 3(1]meE| cn ,1+ a—clnEl bm)( 3'meI cn ,l+ 5'cInEI bm)( &mel cn ,2+ B'meI cln 1+ EclnEI bm)
96Lc|n2EI cln,lEI cIn,ZEI cln,3(11|‘me| cn ,1+ 5‘cInEl bm)( 8‘mel cln .2+ 3'mel cln ,1+ 5'clnEl bm)( 8'mel cln ,3+ :B'meI cln ,1+ 5'cInEl bm)

— 2(Q1 + qz)(MJ ,boltom,3_ M F top ,3) mel-cln[lEI cln JEI cn 2(11|-me| cln ,l+ 5I-cInEI bm)(SmeEI cn,2 + 3meE| cln,1+ 5-cInEI bm)( 8-meI cln,3+ 3-mel cn ,1+ 5-cInEI bm)
96|'cln2E| cIn,lEchn,ZEI cIn,3(11meE| cln,1+ 5'cInEl bm)( 8'mel cln,2+ 3'mel cn ,1+ 5'cInElbm)( 8'mel cln ,3+ BmeI + EclnEI bm)

cn ,1

2q3(MJ,borl0m,1_ MF,top,l) meLcIn4E| cIn,ZEl cIn,3(11meE| anat Ly.El bm)(a'mel an 2t 3nElan At 3,.El bm)( &mEl g st 8, Elgn i 5y,El bm)
96Lc|n2E| an1Elan 2El cln,3(1JmeE| an 1t FgnEl bm)( 8nElan 2t BomElan o By El bm)(8meE| B an1t g El bm)

+ 2q3(MJ,borl0m,2 - MF,IOp,Z) meLcIn4E| cIn,lEl cn ,3(11|-me| an 1t ALy, El bm)(a'mel an 2t 3Bl i 3,.El bm)( &mEl g g 8,Elgn i 5y,El bm)
96|-c|anI anaEl c|n,2EI cln,3(1]meE| a1 T OLgyEl bm)(SmeEI an2 T A El ana ™ a,.El bm)( QomElgn 3t 3pnElgn 1t Bg,El bm)
2q3(MJ,borl0m,3 -M. mp,s) meLcIn4E| dn ,JEl cln ,2(11meE| an 2t aLy.El bm)( &, Elg, 2t 3nElan Fu 3,.El bm)( &mEl g 3" 8,.El ana ¥ SLg,El bm)
96Lcln2E|cIn,1E| cln,ZEl cIn,3(1]meE| an 1t FgaEl bm)( &,.El an .2t BomElan At 5,.El bm)( 8mEl gt B,.El4, Fu By, El bm)

+ 48Q3me|-c|n2 (eo te+ ez) El cIn,lEl cln ,ﬁl dn ,3(1:“-me| an 1t 34,El bm)( &,,El an2 ¥ 3L El ana ¥ Sk, El bm)(a'mel ana¥ A El g, At d4,El bm)
96L 4, El g 1l i 2 i o 1B iy 1+ BBl ) ( BBl 2 BBy 1+ BnElin ) BomEla 5 BomElan 7+ Bup Bl )
_1208ﬂmeLcIn2e.L(3'me| an1 1 5Ly, El bm) Ely, El g, c|n,3(8meE| an 2t LomEl gn o+ A El bm)( &omEl gn 3t 3nEl g it BgaEl bm)
96Lc|n2E| an1Elan 2El cln,3(1JmeE| an 1t FgnEl bm)( 8nElan 2t BomElan o By El bm)( 8mElgn 3t B, El ant 1 5Ly, El bm)
_3q3meLc|n2E|c|n,1E|c|n,3(4”ezE|c|n,2+qJ-mednzzz)(l]meEldn at a—clnEIbm)( 3mElgn 'y 5-c|nE|bm)( & Elan st BynElg, i+ EcInEIbm)
96L 4, El g 1B i 2Bl i a( 1B i 1+ B El i) ( BBl a2 + 3L i+ 5l i) (BBl a2+ LBl gy 1+ By Bl )
+48MJ,bottom,3LcIn2EI cln,lEl cIn,ZEI dn ,3(1:“-me| an 2t FanEl bm)( 8Bl an 2t BBl + By, El bm)( 8,El gy 3t BynElgy it BynEl bm)
96Lcln2E| cIn,lElcln,ZEl c|n,3(11|-me| an 1t SgnEl bm)(a‘meI an .2t 3onElan at 3,.El bm)( &omEl 3t 8 Elan Fu 5, El bm)
+48MF’IOP’3Ldn2EI = PR = U N = DA T = O = PR T = B = O (O Y = [P = [ =

cn,3

+

+

cln 1

96I-cln2E| cIn,lEchn,ZEI cln,3(1]meE| cln,1+ a-cInEI bm)( 8'meI cln,2+ 3‘me| cn ,1+ 5'cInEI bm)( 8'mechn ,3+ Bmel cln ,l+ EclnEI bm)

Neglect the denominator

9677°El 4, El 4, ,( EI dn_3)2(1]l_meI anat BBl ) ( 8nBlan 2% BBl o+ BBl )( 8onElyy 5 BunElyy i+ ByyElyy)
& —48(q1 +Q,+ Q3) LonLan El g El e Elan ,3(1:“-me| on 1t FgnEl bm)( 8Bl gn 2t BpnEl gy, T 5L El bm)(SmeEI ans T ApmElgn 1+ I El bm)

+1277( 0 + A, + ) Lok Bl iy B o e o 1LomEl e 1+ Fn Bl ) ( ZemElan 1+ BBl i) BomElan 7+ BonElan i+ BnEln)
=2(0 + ) (M poom.s = M 10p ) Loman B 1Bl i 2 (10 El iy 1+ BBl ) (BBl 2+ Bl 1+ Bl ) ( BBl 5+ BBl gy 1+ By El )
+2q3(M 3 pottom1 ~ M p ,1) meLcIn4E| an Flan ,a(llmeEl an 1+ g, El bm)( EomElan 2t dmElgny, + Sk, El bm)(8meE| ans ¥ pmElgn 1+ Sy Bl bm)
+2q3(MJ,bottom,2 ~-M¢ xop,Z) meLcln4E| an Elan ,3(11meE| an 1+ Sy, Bl bm)(a‘mel an 2t dpmElg, i+ g, El bm)( &nElan st BomElon i Bl bm)
+2q3 ( M J ,bottom, 3 - M F 10p,3) mel‘clnAEI cln,lEI cln ,2(11|‘me| cn ,1+ 5I‘clnEl bm)( 8‘meI cn ,2+ 3'mel cln ,l+ 5'cInEI bm)( 8'meI cln ,3+ B'meI cn ,1+ 5'clnEl bm)
+480, Ly, Ly (€ + €, +€,) El g Bl Elay {10, By, o+ 8 Bl ) 850El 7+ 3Bl # 5han Bl ) (BLonEl g s + 3Bl oy + By Bl )
_12q3m-bm|-c|n2e1(3-mel ana ¥ a,.El bm)EI an E c|n,£| dn 3( QomElan o7 3pmElgn o+ 3y, El bm)( &, Elan 3t BomElan i by El bm)
_306meLcln2E| cIn,lEI c|n,3(477ezE| an2 ¥t q2meLcIn222) (11|-me| anat Ly, El bm)( 3, El g, At 34,El bm)( 8Bl st BBl gn At 5,,El bm)

+48MJ,bottom,3Lcln2E| cln,lEI cIn,ZEI cIn,S(lemel cln ,l+ 5—cInEI bm)( 8'meI cln ,2+ 3‘me| cn ,1+ 5'cInEI bm)( 8meI cn ,3+ BmeI cIn,l+5LcInEI bm)
+48MF,10p,3LcIn2E| cIn,lEchn,ZEI cIn,3(11meE| cln ,1+ 5'cInEl bm)( 8'mel cn ,2+ 3'mel + 5'cInEl bm)( a':"'mechn ,3+ Bmel 1+ EclnEI bm)

cn 1 cln
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Combine the same expressions

87l ,
an-1 (_4(‘311 + 0, + 03) Ly Lan”
+77(0 + 0, + ) Lmlan” (3LomEl i + SlgnEl )
(o +0,+ Qe,)(MJ pottom,3~ M 1o ,3) Elon Elgn 2
= 2|-bm|-c|n4 +0; (M 3botom1 ~ Mg top ,1) Elgn Elan 3
+0; (M 3otom.2 ~ M 1o ,2) Elgn Elgn 5
{4(:30 +e+e,)(11L,,El g, ,+ By El,,) [8|_me| ana + Lyl dmj
) 4El,,, 8Ly El 5+ 3Ly El g
+30 Lyl El o 1l 3 =728, (LBl a1 + 5ol *3kanElon 4L, El )
(477,14, + Gl Ly ?2,) (11 E g 3+ B El ) (Ll 1+ B El ) e

11meE|c|n,l 8meE| cIn,2+3meEI cn,1 8meE| cIn,3+ 3‘meI cn,1
+5LcInEI bm +5LcInEI bm +5LcInEI bm

}(SmeEI cln,3 + 3meEI cn,1 + a‘cInEI bm)

11, Bl ,\( 8, El, ,+3a, El
12%EIC,nY1EIngZE|Cm’3[ - cm,lj( onEl a2+ Lo

+5LcInEI bm +5LdnE| bm

11|‘me| cn,1 a‘meI cn,2 + 3‘meI cnl 8meE| cn,3 + 3meE| cn,1
+5LdnE| bm +5LcInEI bm +5Lc|n EI bm

+48( M J,bottom, 3 +M F ,top,3) Lclr12EI cn 1EI cln JEI cn {

The formula of e3 can be found.

(ql + qz + q3)(M J bottom,s_ M F top ,3) EI(:In JEI cn ,2

2me I-cln4 +q3(M J ,bottom,1 - M F top ,1) EI cln JEI cn,3 [
+q3(M J ,bottom, 2 - M F lop,Z) EI cn ,lEchn 3
4(e0 + el + e2)(11meE|cln,l+ 1clnEI bm) 8meE|c|n,2 + 3meE| cn,1
> 4 It:ln,2 +5L_ El 8meE| cn,3 + 3meEIdn,l
+3q3meLcIn Eldn,lEI cn,3 _nel(sl‘meI cln,l+ 5I-cInEI bm) cin™—" bm +5L. El
cln™—"bm
_(47[%E|cln,2 + qZmeLanZZ)(llmeEchn,l + 1t:InEI bm)( 3-meI cln,1+ 5—cInEI bm)

11meE| cn,1 a-meI cn,2 + a-meI cn,1 8meE| cn,3 + 3meE| cn,1
+5Lc|n EI bm +5LcInEI bm +5LcInEI bm

11meE| cn,1 8meE| cn,2 + 3‘meI cn,1 8meE| cn,3 + 3meEI cn,1
+5Lc|n EI bm +5LcInEI bm +5LcInEI bm

+48(M J,bottom,3 + M F ,top,3) I‘(:InZEI cln lEI cln JEI cln :{

8/TEl
11Lb El | 8Lb El | + 3-b El | o (8meE|cIn 3 + 3meE| cn,1 + a‘cInEI bm)
m—"cln,1 m—"cln,2 m—" cln,1 _4(q1 + q2 + q3) meLdnz g ,

12E|cln,lE|cln,ZEchn,3[+5L EI +5LC E|
cin bm In bm

+7T(q1 + qz + qs) meL(:In2 (3meE|cIn,1+ 5I‘cInEI bm)
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Check the dimensions.

(Nm‘1 +Nm?*+ Nm‘l)(Nm— Nm) Nm’Nm?
. . ot o mNm* ) mMNm? + mNm? | mNm?+ mNm?
mm’*| +Nm™( Nm~ Nm) Nm?Nm ,

+mNn? )| +mNm? +mNm
+Nm™ (Nm - Nm) Nm*Nm?

Nm?

(m+m+ m)(mNm2 + mNmz) (mNmZ + PN
+Nm mm?Nm?Nm? —m(mNm2+ mNmz)

NP j mNM? + mNm?
+mNm?
—(mNm2 + Nm‘lmmzm)(mNm2 + mNmz) (mNm2+ mNm 2)

mNm? J[mNm2 + mNsz[mNm2 + mNmZJ

+mNm? +mNm?

+(Nm+ Nm) m*Nm?Nm*Nm?
+mNm?

Nm?

2 2 2
NmZNmsz{mNm ](mNm + mm {—(le+ Nm™ + Nm‘l) mm?

J(mNm2 +mNm? + mNmz)
+mNm? )| +mNm?
+(Nm‘1 +Nm™*+ Nm‘l) mmz(mNm2+ mNmz)

o () ) ) ) ) m)
+N3m5(Nm2(( ) Nm3)
(v ) )

N3m5(Nm )(Nm )((Nmz)(Nm3))

7m18+N7 18 N7 18
N7 17

The dimensions are correct.

T.3  Conclusion
The conclusions of the non-linear analysis in Appendix T are some formulas to calculate the

additional deflection. The most important formulas are repeated in this part of the
Appendix. In Appendix U a calculation example is made. The use of the formulas becomes

clear at Appendix U. The formulas are:
i =&
I—cIn2 ( M J,bottom,2 M F ,top,2)

16El

Y22=

cln,2
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Y3, 6

(2ﬂgEIdn2+N Lan’Z,) (BLomEl gy 1+ By Bl

cn,1

y4’2 T 8E cln 2(8meE|cln 2 + 3‘melcln 1+ i EI )
y N I‘cln Z
5'2 8EI cln,2
¢ _ 4me(2n%E|cln2+N I‘cln z )
Bazx=o ™ Lcln (8meE| cn,2 + 3I‘meI cIn,1+ 5LcInEI bm)
& + )M potom,2 = M 1op o) Elan 8L, El,,,+ 3L El,,
2I‘bml‘cln4 ( 2)( o2 - 2) " (llmeElcln,1+ 5I‘clnEIbm) Lb " ” "
+q2 (M J ,bottom,1 - M F Iop|1) EI cn,2 +5LclnE| bm

+24q2(q1 + qz) l‘bmsl‘cln422EI cln 1 cln 2(1]meE| cln 1+ 5—dnEl )

4e0 (11L El cln1+ &clnEl bm)
+12q2meLcln2E| cln,lEI cln,z(g‘b EI cln,2 3‘meI cn ,1+ 5—cInEl + 44 37 meEI cn,1
+(20- 57) Ly, El,,,
% _ +48(M J,bottom, 2 +M F,top,Z) I‘cln2E| cn 1 cIn 2(1]meE| cln 1+ 5'cInEl ( cIn 2 + 3meE| cIn,l+ 5Lc|nE| bm)
8L El. . ,+3L El
4(2”2E|c|n'2_(q +q ) . dn )[ bm =" cIn,2 me dn,l]
12E| clnl cln 2(1:“‘meI cln l+ 5— El ) +5LdnE| bm

+7T(ql + q2) mel‘cln2 (3meE| cn,1 + 5I‘clnEI bm)

2 -
I—cln (MJ,bottom,3 MF,top,3)

You 16El
Y33~ 65
nej (3meE| cln,1 + 5I‘clnEI bm)
Yaz =" :
4 4(8meE| cn,3 + 3‘meI cn,1 + 5‘clnEI bm)
87Tme%E| cn,3
¢e<tra,3,x=0 = '

I-dn (8meE| cln,3 + 3meEI cn,1 + 5-dnEI bm)
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(ql + qz + q3)(M J bottom,B_ M F top ,3) EI(:In JEI cn ,2
2me I-(:In4 +q3(M J ,bottom,1 - M F top ,1) EI cln JEI cn,3
+q3(M J ,bottom, 2 - M F lop,Z) EI cn ,lEchn 3
4(e0 tet ez)(llmeEId”vl-l- 1C|nEI bm) 8meEI':In,Z + 3meE| dn,1
> 4 It:ln,2 +5L_ El 8meE| cn,3 + 3meEI(:In,l
+3q3meLcIn Eldn,lEI cn,3 _nel(sl‘meI cln,l+ 5I-cInEI bm) cin™—" bm +5L. El
cin™—"bm
_(47[%E|cln,2 + qZmeLcInZZZ)(llmeElcln,l + 1(:InEI bm)( 3-meI cln,1+ 5—(:InEI bm)
11meE| cIn,l][&mel cn,2 + a-meI cIn,l](BmeEl cn,3 + 3meE| dn,l}

11meE| cn,1 8meE| cn,2 + 3‘meI cn,1 8meE| cn,3 + 3meEI cn,1
+5Lcln EI bm +5LcInEI bm +5LcInEI bm

+48(M +M Ly, Ely, Ely, El
( J,bottom,3 F ,top,3) ein dn = cln JE o ’:{+5Lcln El bm +5Lc|nE| bm +5LcInEI bm

|

87T°El .,
_4(q1 + q2 + q3) meLcIn2
+7T(q1 + qz + qs) meLcIn2 (3meE|cIn,1+ 5I‘(:InEI bm)

llmeEI cIn,l](&mel cn,2 + 3‘meI cn,1 { J(BmeEICIn,?: + 3meE| cn,1 + a‘cInEI bm)

12Elc,nleIC,n’2E|c|n,3[ 451 El, J\+5L, Bl
cin™—" bm in™="bm
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Appendix U Calculations

This Appendix is about the calculations of an extended frame. In Appendix S and in Appendix
T some formulas are derived. These formulas will be used to calculate the ultimate load.
Appendix U.1 is about the manual calculation of the frame (according to the analyzed
formulas). Appendix U.2 exists in the MatLab file. Appendix U.3 is the calculation according
to the Dutch code. Appendix U.4 is the calculation file of Matrix Frame.

U1l Manual calculations.

This Appendix is about the calculation of the ultimate load according to the formulas derived
in Appendices S and T. The structure and the loads on the structure can be found in Figure
U.1. The formulas are too complex to make the calculations by hand. The computer program
MatLab has been used to calculate the numerical values. The MatLab file can be found in
Appendix U.2.

F1 Fa Fe F1

The section properties are:

L,, =10000 mm M N H
L,, =5000mm
= =10 mm
_ %113 2 F3 fo F4 F3

EI cn,1 6.959 10 Nmm ariable loa
o 5 263410 Nmm? IR

cln,2 5.263%10 mm I N ‘\K L
Ely,s =3.573%10" Nmm? | |

6 3

Zy,, =1.891*10° mm } ) jm )
Zy,, =1.432%10°mm’ ‘\ |
Zyns =9.721*10° mm® E—F 6 o
El,, =8.864*10" Nmm? ‘\ | | |
f., =1775 N/mm? (first critical stress) “ ‘ ‘
f., =532.5N/mm’ (second critical stress) ‘ | \ “‘
Ay =14280 mm’ As AR Ac AD

Ay za = 11655 mm’
Ay, =9905 mm?
Ans =7280 mm’
EAy.. =2.999*10° N
EAy., = 2.448*10° N
EAyns = 1.529%10° N
Z =39.6 mm

Figure U.1:
Structure

The required loads are:
F, =85.5%10° N
Fa =80.5*10° N
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The total load on column FJ is:
O-quariablel-bm + 166*103 N

K =

— 3meE| cln,1 + 5I‘cInEI bm

T

4me I-dn

K = 3*5000%6.959*10° + 5*10000*8.864 *1U

4*5000*10000

k =2.268*10'Nm frad

The first load case:

a1 =836 N/mm

N1 =0.501Lpm

N,  =0.5*%777*5000
N, =1942.5%10° N

Calculate the linear rotation.

_1800—c|n4 ( EI bm)4 - 828(D'mecln3( El bm)3 EI cn,1 - 1098Q)m2 I—cln2 ( El bm)2 ( EI cln,l)2

qlmeLcIn _4104me3Lc|nE| bm ( El cln,l)3

_mesEAUn (3meE| cn,1 + 2I—clnEI bm) ( 4'meE| cln,1 + 5‘cInEI bm)( 7meEl cln ,1+ 5'cInEl bm)

777*5000*1000

125-cln4 ( EI bm)4 + 44'B'bml-clns ( EI bm)3 EI cn,1 + 1335bm2 I-clnz ( EI bm)2 ( EI cln,l)2
+1287me3LCInEI bm ( El dn,l)3 + 27(D'bm4 ( El cln,l) *

~1800*10000 ’(8.864*15‘)4— 8280*5000*10060(* 8.864*1f§)3 *6.95004

~10980*5006 *10009 8.864*1’6)2( 6.959*1(’)2

D _4104*5000 *10000*8.864*136( 6.959*16)3

3*5000%6.959*10° |(4*5000*6.959*10° [ 7*50000*6.959*16
-5000 *2.999*10
+2*10000%8.864*1¢' )| + 5¥10000*8.864*10)| + 5*10000*8.864 *1

|

125*10000 *(8.864*164)4+ 445*5000*10060 (* 8.864*1‘t)3 *GH9 *10°

24+*2.999*10| +1335*50086 *10000 (8.864*1ﬁ)2 (* 6.959*1]6)2

+1287*5006 *10000*8.864 *19 6 6.959*116)3+ 270*5060(* 6.959*139)4

¢, ,=-0.0034ad

M

_ EI cln,l(gqll—cln2 El bm 4¢J ,1EAY;In ,1( 6|-me| cln ,1+ 5—cInEl bm))

J,bottom,1 —

LcInEAUn,l(7meE| cn,1 + 5I‘cInEI bm)
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3*777*1000G *8.864*1¢

6*5000*6.959*10°
+5*1OOOO*8.864*164]
10000*2.999*16( 7*5000%6.959*16+ 5*10000*86d*10")
=104.54*16 Nmm

6.959*103°
-4*-0.0034*2.999*108

J,bottom,1

M

J ,bottom,1

¢ — 'vlJ,bottom,ll‘mecInE'A};ln,l_‘r":"qll‘clanI bm
F1
2E'Abln,l(BmeEI cln,1+ a‘clnEI bm)
P :104.54*1@ *5000*10000*2.999*10- 3*777*100668.864*10*
P 2*2.999*1(?(6*5000*6.959*15’+ 5*10000*8.864*f€))

@, , = -6.861*10"rad

M

—_ 1-5ql|—c|nE| bm 3meE| cln,1 + 5I‘cInEI bm
F,top,1 — + ¢F
meEAbln,l meLcIn
Y _1.5*777*10000*8.864 *14 A 3*5000*6.959*10+ 5*10000*8.8646
Ftop.t 5000*2.999*18 5000*10000

j* -6.861*10™

M¢ o = 66.57*10 Nm

( M J,bottom,1 M F ,top,l) I‘cln2
16El
_ (104.54*16 - 66.57*10) *10000

Yo = 16*6.959*10°
Y, =3.4mm

You=

cln,1

Oﬂ.meLcInz (11meE| cn,1 + 5‘cInEI bm)( 2AEOEl cln ,1+ Lcln2 ( M J bottom , 1~ M F top ]))

el — +24( M J bottom,1 +M F ,top,l) LcIn2EI cln ,1(1]meE| cn 1
8n2E|c|n (11meE| cn,1 + acInEI bm)

" +q1meLcIn2 ((37T— 44) meEI cn,1 + ( 57_ ZQ I‘cInEI bm)

+ 5—cInEI bm)

6El

c

CCLXI



11*5000*6.959 *1&° 105.54*10
24*10*6.959*18% + 10000 |*

+5*10000*8.864 *1¢" - 66.57*10

11*5000*6.959*1&°
+24*(105.54*1é+ 66.57*1@) *10000 *6.959*1H [* ]

777 *5000*10006 {

+5*10000*8.864*1.0"

as 877 *6.959*10° *(11*5000*6.959*163+ 5*10000*8.864*1]6)
6*6.959*10° (377- 44) *5000*6.959 *1¢
+777 *5000*10000
+(577- 20) ¥10000*8.864 *1¢f

g =17.2nm

_ _nel (3meE| cln + 5I‘cInEI bm)
y4’1 4(11meEIdn + 5-cInEI bm)

_ —7*17.2*(3*5000%6.959*10° + 5*10000*8.864 *1Y)
Yar = 4*(11*5000*6.959*163+ 5*10000*8.864*1’6)
Y, =—12.7mm

ytotal,l = eO + y2,1+ el+ y4’]
Yiotal 1 =10+ 3.4+ 17.2 12.
Yiow 2 =17.9mm

¢ _ 8ﬂmee_|_E| cln
extra, x=0 Lcln (1]_meE| an T 5LclnEI bm)

877*5000%17.2*6.959*16
10000 *( 11*5000*6.959*18 + 5*10000 *8.864*]1:6)

¢@<tra,1,x:0 =3.124 *104 rad

¢@<tra,x:O =

M J,bottom,tot,1 = M J ,bottom,l_ ¢extra JAx= (!(r

M =104.54*10 - 3.124*10' *2.268*10

J,bottom,tot,1

=33.70*10 Nmm

J ,bottom,tot ,1

M
M
M

F,top,tot,1 = M F top ,1_ ¢extra Ax= (!(r

=66.57*10 - 3.124*10" *2.268*18
-4.27*10 Nmm

F,top,tot,1

F top,tot,1 —
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%( M J,bottom,tot,1 M F top fot ,1) _ ( N 1+ Nrequired ) _ ( N 1+ Nrequired ) ytotal 1

g

ot chn,l Atln N chn a1
%(33.70*1d+ 4.27*16) (1942.5*13o+ 166*1?9) ( 1942.5*19 6&*103) ¥17.9
Oignir = — - -
right.1 1.891*10 14280 1.891*10

Origna = —177.6 N/mm? (first critical stress)

}é( M J,bottom,tot,1 M F top fot ,1) _ ( N 1+ Nrequired ) + ( N 1+ Nrequired ) ytotal 1

0' =
et chn,l Abln,l chn,l
%(33.70%10 + 4.27%16) ( 1942.5*10+ 166*H) ( 1942.5*18 6a*10°)*17.9
Or = - +
tef 1 1.891*10 14280 1.891*10

Oers = —117.7 N/mm?

O centre1 = ——( Nl " Nrequired)
Y Abln,l
(1942.5*16 + 166*16)
Toered =~ 14280

Oerrer = —147.7 N/mm?

The second load case:
(P} =416 N/mm

gz has been split in two parts:
J2a =140 N/mm
d2b =276 N/mm

N, = O-SqZme N>, = O-Sanme N2ba = 0-5q2bame
N,  =0.5*416*5000 N,,  =0.5*140*5000 No,s = 0.5*276*5000
N, =1040*10° N N,,  =350*10°N Nops =690%10° N

The calculation of the linear rotation is the same as in the first load case. Only the numerical
values are given.

¢, ,=-0.0018ad

M botiom 2 = 55.97 *10 Nm
¢ , =-3.673*10"rad

M¢ op.2 =35.64*10'Nm
Y, , =2.4mm
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Yoo =~

(0 + 62) (M3 poram 2 = M 1p.2) El
+0, (M potoms = M sop 1) Eln
+2401, (0 + 01,) Ly L *ZoE) gy £l g o 105, El gy 1+ Bgo Bl

4e0(11L El gz + 5Bl )

+12q2meLcln2E|cIn,lElcln,Z(g‘b EIcln 2 3‘melcln ,1+ 5—cInEl 44 32 meEchnl
+
+(20- 57) Ly, El

2L, L,.*

bm —cln

8meE| cln,2 + 3meEI cln,lj

1
S El,, + 5, El
}( lme cn,1 cin bm)[+5Lc|nE| -

+48(M J,bottom, 2 +M F ,top,Z) I‘cln2E| cn 1 cIn 2(11meE| cln l+ 5'cInEl ( EI cln,2 + 3meE| cIn,l+ 5Lc|nE| bm)

8|-meI cln,2 + 3I—me|c|n,1
4(2772E|cln,2_(q *q ) bm dn )(+5|—dnE|bm ]

+7T(ql + q2) meLcln2 (3meE| cn,1 + 5I‘clnEI bm)

12E|c|n1 clnz(l:lmeElclnl-l-a— El )

e, =15.6mim

bm™—cln

16El cln,Z(a‘meI cln,2+ imeI cln,1+ 5—clnEI bm)
(477*15.6*5.263*163+ 416*5000*10000 *39)(§ 3*500®.959*10° + 5*10000*8.864*1(1)4)
16*5.263*1(33(8*5000*5.263*163+ 3*5000*6.959* 10+ 5*10000"%4*1014)

(4H%E|dn,2 + qu L Z )(3meE| cln ,1+ a-cInEI bm)

Yao="

Y., =—21.0mm

- qZmeLcln222
16El,,,
Ve, = 416*5000*100006 *39.¢
> 16*5.263*10°
Y5, =9.8mm

Ys,2

ytotal,z = ytotal ,1+ y2,2+ ez+ y4,2+ y 5,:
Yiow 2 =17.9+ 2.4+ 15.6- 21.86 9

Yiota 2 = 24.6mm

y _ 2Ly, (4776, 4, 5 + Gl Ly 20)
eae=e Lan (8meE| an2 ¥ 3L, El anat L, El bm)
~ 2*5000( 47 *15.6*5.263*1¢% + 416*5000*10000 *39)6
Pesrazico = 10000* 8*5000*5.263*18 + 3*5000*6.959*10+ 5*1M0*8.864*10")
oo o = 3.905*10%rad

CCLXIV




M J ,bottom,tot ,2 = M J bottom, 2 - ¢extra ,2x= (!(r

M =55.97*1C0 - 3.905*10" *2.268*18
M =-32.60*10 Nmm

J ,bottom,tot ,2

J,bottom,tot,2 —

M F top.tot,2 — M Fiop,2 ¢extra 2x= (!(r

M Ftoptot,2 = 35.64*10 - 3.905*10" *2.268*1Y
M topot,2 = -57.20*10 Nmm
_ }é( M, Jbottom,tot,2 M top fot ,2) N, N, N, Yiota 2
Jright,z - Jright,l - - - -
chn,2 Abln,2a Atln,zb chn 2
( N + Nrequned 2) ( ytotal 2 ytotal |1)
chn,2
%(-32.60*10 + 57.20*10) 350*10' 690*1G  1040*19 *24.
g2 = -177.6—
1.432*10 11655 9905 1.432*%0
(1942.5*16 + 166*16+ 1040*1Y( 246 179
1.432*10

g

r

g2 = —317.1N/mm’

_ + %(MJ,bottom,tot,Z - MF,topIth) _ N2a _ N2b + Nzytotal,z
Oiett,2 = Olett 1

chn,2 Abln,2a Atln,zb chn,2
(N + Nreqwred 2)(ytota| 2 ytotal |1)
chn 2
_ , #(-32.60*10 + 57.20*16) 350+1C _ 690*10 , 1040*19 *24.
Ot o = ~117.7 - - +
1.432*10 11655 9905 1.432*10
(1942.5*16 + 166*18+ 1040*19( 246 179
+
1.432*10
O, =—177.5 N/mm? (first critical stress)
o, = Opire1— Noe
centre, 2a centre,1 AanZa
*
Gy = ~147.7- 220710
' 11655
O oireza = L1 1.7 N/mm?®  (first critical stress)
o =) - N2a - N2b

centre, 2 centre,1 AﬂnVZa Aun,zb
* *
Ores = 1477~ 350*10° _ 960*10
11655 9905
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O cntrea = —247.3 N/mm?

The third load case:

ds =390 N/mm

N3 = 0.503Lpm

N;  =0.5*390*5000
N3 =975*%10° N

The calculation of the linear rotation is the same as in the first load case. Only the numerical
values are given.

¢,,=-0.001%ad

M botoms = 52.47 *16G Nm
P , =—3.444*10"rad

M iop.3 =33.42 *10Nm
Y, 3 =3.3mm

(ql + q2 + q3)(MJ ,bottom,3_ M F top ,3) EI cln EI cn ,2

2Lb LC 4 +q (M _ M ) EI 2EI 11meE| cn,1 8meE| cn,2 + :lmeI cn,1 8meE| cln,3 + 3meE| cn,1
m —cln 3 J bottom,1 F top,1 cn, cn,3 +5LC|nE| o +5Lc|n EI o +5LC|nE| o
+q3 ( M J bottom,2 M F top ,2) El cn 1EI cn .3

4El 4(90 e ez)(llmeEI ana ™ 3 El bm) [8meE| an2 ¥ 3L, El cIn,l]
+3q3meLcln2 El cln,lEI cn,3 " _ne.l.(sl-bm El cn,1 + 5Lc|n El bm) +5LcInEI bm

_(477%E| cln,2 + qZmeLcInZZZ)(llmeEI cln,1 + a-Cln El bm)( 3-meI':In,l-i- 5-cInEI bm)

11, El El, ,+3, El 8L, _El, ,+3L El
+48( M o M . 3) Lcmz El N lEl . JE' . 1me cn,1 a-bm cn,2 3-bm cn,1 me cn,3 bm™="cln,1
Jbottom, fop, , ' 1 +5L,,El,, )\ +5L,,El,, +5Ly0El

8meE| cn,3 + 3me EI cn,1
+5Lcln EI bm

[8722 El s
_4(0& + q2 + q3) meLcIn
+7T(q1 + q2 + q3) mel":ln2 (3meE| cln,l+ 5I‘CInEI bm)

12EI cln,lEI c|n,2E|c|n,3[11meEICInV1J[8meEICInY2 + :lmeI cn,1 2](8meE| cn,3 + 3meEIcIn,:L + a-(:InEI bm)

+5Lcln EI bm +5Lc|n EI bm

e, =23.81im
_ ﬂ%(-?)l_mel cln,l+ 5I-cInEI bm)
y4’3 ) 4( 2meE|cIn,3 + 3‘meI cln,1+ 5‘clnEI bm)
71*23.8(3*5000*6.959*16° + 5*10000*14)
Yoz =~

4(2*5000*3.572*163 + 3*5000*6.959*18+ 5*10000*.864*1014)
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Y, 3 =—18.1mm

Yiota,3 = Yoo 2 T Y237 €37 Y4
Yiotw 3 = 24.6+ 3.3+ 23.8- 18.

Yiotal 3 = 33.6mm

_ 2m8El 4 5
Lcln (ZmeEI cn,3 + (3meE| cn,1 + 5I-c|nEI bm))
2/r*5000*23.8*3.573*1%°
1000(( 2*5000*3.573*18+ 3*5000*6.959 *1tH+ 5*100*8.864*10“)

¢@<tra,3,x:o =2.285 *104rad

¢@<tra,3,x: 0

¢@<tra,3,x:O =

M J ,bottom,tot,3 = M J bottom, 3 - ¢extra ,3x= (!(r

M =52.47*10 - 2.285*10' *2.268*18
M =0.64*10 Nmm

J ,bottom,tot , 2

J ,bottom,tot , 2

M F top.tot,2 — M Fiop,2 ¢extra \2x= J(r

M a0 = 33.42%10 - 2.285*10" *2.268*18
M opias = —18.42*10 Nmm
_ }é( M J bottom/tot,3 M F top tot ,3) N3 Nsytotaj 3
Jright,S - Uright,z - - -
chn,3 Abln,S chn,3
_ ( Nl + Nrequired + N2 + NS)(ytotal 3 ytotal ,2)
chn,3
%(0.64*10 + 18.42*16) 975+1F 975+14 *33.¢
s = —317.1- - -
' 9.721*1C0 7280 9.721*10
(1942516 + 166*16+ 1040*10+ 975*FY( 336 23.6
9.721*1C
O ignt.s = —032.9 N/mm? (second critical stress)
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Load (N/mm)

_ + %( M J,bottom,tot,3 - M F top tot ,3) _ N3 + Nsytotal 3
J|eft,3 - JIeft,z

chn,3 Abln,S chn,3
+ (Nl + Nrequired + N2 + NS)(ytotaI 3 ytotal ,2)
chn,3
#%(0.64*10 + 18.42*16) 975+1F . 975*14 *33.€
O3 = —177.7+ - +
' 9.721*10 7280 9.721*10
(1942.5*1(3 + 166*16+ 1040*10+ 975*13())( 336 24}.6
+
9.721*1C0
O s = —229.7N/mm’
g, =g, _ N
centre,3 centre, 2 A;|n’23
*
Oy = -247.3- 17210
' 7280
O enire 20 = —381.3N/mm’

After the third load case, the right flange fully yields and the column fails. The bearing
capacity is 1583 N/mm. The load on column FJ is 2145*%10° N.

The total deflection of column FJ is 33.6 mm.

1600 ! ! S e e A S H
| | | | | | | |
| | | | | | | |
1400 - - - - - — === e i H | | | | |
| | 100 - - - =1— = = — e L - _Jd____1____1
| | | | | | |
| | | | | | |
1200 - = -~ -~ aTm s L st _ | I | |
| | o | | | | |
| | E-ZOO ,,,,,,,,, 1 __ N I e I
| | | | | | I
L e Al H® ittt iy Eet z I I | | I
| | | I |
| % | | | | |
800~~~ - - - e e e e LR @ 800f -~ - -l-- -~ R Lommml oo Lo e e
| k=] | | |
| IS | | | | |
| c | | | | |
600 -----~— e e e B ity » | | | | |
| § 400/ - R
| ﬁ | | | |
400 - - -~ B it iy Bt | | | |
| | | |
B0 - - - -l———— o I
| | | | | | |
200 -~ D D | | | | | | |
| | | | | | | |
| | | | | | | |
0 1 -600 1 1 1 1 1 1 1
10 15 20 25 30 35 0 200 400 600 800 1000 1200 1400
Deflection at midspan (mm) Load (N/mm)
Figure U.2: Figure U.3:
Load-deflection Stresses
graphic

Figure U.2 is the load-deflection graphic of the analyzed structure.

Figure U.3 is the stress distribution in the mid-section. In Figure U.3 is
= The red line with the stress in the right flange
= The blue line is the stress in the centre of the web
= The green line is the stress in the left flange.
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U2 Calculation file.
The computer program MatLab has been used to make the calculations. In this Appendix the

calculation file of the extended frame can be found.

clear; clf; clc; close;

%NON-Linear analysis extended frame, residual stres

E=210000;

fy=355;

gg=1; %belastingsstap
delta=0.001;
Lbm=5000;
Lcln=10000;
eO=delta*Lcln;
Freq=166e3;

%input profiles

HEA=[2.124E+03 2.534E+03 3.142E+03 3.877E+03

6.434E+03 7.684E+03 8.682E+03 9.726E+03 1.1

1.335E+04 1.428E+04
2.265E+04 2.416E+04
(cross-section)

3.492E+06 6.062E+06
5.410E+07 7.763E+07
2.769E+08 3.309E+08
1.412E+09 1.752E+09
(moment of inertia)

8.301E+04 1.195E+05
5.685E+05 7.446E+05
1.850E+06 2.088E+06
5.350E+06 6.136E+06

plastic (Section modulus)

7.276E+04 1.063E+05
5.152E+05 6.751E+05
1.678E+06 1.891E+06
4.787E+06 5.474E+06

elastic (Section modulus)

4.055E+01 4.891E+01
9.170E+01 1.005E+02
1.440E+02 1.522E+02
2.497E+02 2.693E+02
(Gyration radius)

96 114 133 152 171 190 210 230 250 270 290 310 330
%h height

640 690 790 890 990;

100 120 140 160 180 200 220 240 260 280 300 300 300

300 300 300 300 300;

8885995101112125131415516.517.519

31; %tf thickness flange

1.590E+04
2.605E+04

1.033E+07
1.046E+08
4.507E+08
2.153E+09

1.735E+05
9.198E+05
2.562E+06
7.032E+06

1.554E+05
8.364E+05
2.311E+06
6.241E+06

5.734E+01
1.097E+02
1.684E+02
2.875E+02

%Db width

1.780E+04
2.858E+04

1.673E+07
1.367E+08
6.372E+08
3.034E+09

2.451E+05
1.112E+06
3.216E+06
8.699E+06

2.201E+05
1.013E+06
2.896E+06
7.682E+06

6.569E+01
1.186E+02
1.892E+02
3.258E+02

1.9
3.2

2.5
1.8
8.6
4.2

3.2
13
3.9
1.0

29
1.2
3.5
9.4

7.4
1.2
2.0
3.6

4.525E+03 5.383E+03
25E+04 1.244E+04
75E+04 2.118E+04
O5E+04 3.468E+04;

10E+07 3.692E+07
26E+08 2.293E+08
98E+08 1.119E+09
21E+09 5.538E+09;

49E+05 4.295E+05
83E+06 1.628E+06
49E+06 4.622E+06
81E+07 1.282E+07;

36E+05 3.886E+05
60E+06 1.479E+06
50E+06 4.146E+06
85E+06 1.119E+07;

48E+01 8.282E+01
74E+02 1.358E+02
99E+02 2.299E+02
29E+02 3.996E+02;

350 390 440 490 540 590

%A

%l

%Z

%Z

%i

300 300 300 300 300 300

21 2324 2526 27 28 30
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5555666577575885995101111.512
16.5]; 9%tw thickness web

cln=14;
AcIn(1,1)=HEA(1,cln);
IcIn(1,1)=HEA(2,cln);
Zcin(1,1)=HEA(4,clIn);
hcln=HEA(6,cIn);
bcln=HEA(7,cln);
tfcin=HEA(8,clIn);
tweln=HEA(9,cln);

bm=23;
Abm(1,1)=HEA(1,bm);
Ibm(1,1)=HEA(2,bm);
Zbm(1,1)=HEA(4,bm);

Npcin=AcIn(1,1)*fy;
Mpcin=ZcIn(1,1)*fy;

if cln<=14;
S=0.5;
else
S=0.3;
end % if
yield1=-(1-S)*fy;
yield2=-(1+S)*fy;

AcIn(1,2)=AcIn(1,1)-2*(0.25*bcln)*tfcin;
AclIn(1,3)=AcIn(1,2)-2*(0.25*bcln)*tfcIn-twcln*hcln*
AcIn(1,4)=AcIn(1,2)-twcin*hcIn*0.5;
IcIn(1,2)=lIcIn(1,1)-2*(0.25*bcln)*tfcln*(0.5*hcln)”
IcIn(1,3)=lIcIn(1,2)-2*(0.25*bcln)*tfcln*(0.5*hcln)”
Zcln(1,2)=2*IcIn(1,2)/hcln;
Zcln(1,3)=2*IcIn(1,3)/hcln;

z(1,1)=0;
z(1,2)=1*((0.5*bcIn*tfcln*0.5*tfcIn+(hcln-
2*tfcln)*twcln*0.5*hcIn+bcln*tfcln*(hcln-0.5*tfcln)
2*tfcln)*twcln+bcln*tfcin)-0.5*hcln);

z(1,3)=0;

kr=(3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)/(4*Lbm*Lcln);

hulpa=-1800*LcIn4*(E*Ibm)™4 - 8280*Lbm*LcIn3*(E*|
10980*Lbm~2*LcIn2*(E*lbm)2*(E*Icin(1,1))*2 -
4104*Lbm 3*Leln*E*lbm*(E*lcin(1,1))"3 -
LbmA3*E*Acin(1,1)*(3*Lbm*E*Icin(1,1)+2*LcIn*E*Ibm)*
N*E*lbm)*(7*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm);
hulpb=125*LcIn*4*(E*lbm)*4 + 445+Lbm*Lcln3*(E*Ibm)
1335*Lbm"2*Lcin®2*(E*Ibm)"2*(E*Icin(1,1))"2 +
1287*Lbm"3*LcIn*E*Ibm*(E*Icin(1,1))"3 + 270*LbmA4*(

gla=0;

sigmatopa=0;

sigmabottoma=0;

while sigmatopa>yieldl & sigmabottoma>yieldl;
gqla=qla+1;

1251313514515 16

0.5;

)/(0.5*bclIn*tfcin+(hcln-

bm)*3*E*IcIn(1,1) -

(4*Lbm*E*Icin(1,1)+5*Lcl
AZ*E*lcin(1,1) +

E*lcin(1,1))"4;



Qla(qla)=gqla*qg;
Nla(gla)=0.5*Qla(gla)*Lbm + Freq;
Qtota(qla)=Qla(gla);
Ntota(qla)=Nla(qla);

phiJla(qla)=Qla(gla)*Lbm*LcIn*hulpa/(24*Lbm*E*A
MJbottomla(qla)=2*E*IcIn(1,1)*(1.5*Qla(qla)*Lcl
2*phiJla(gla)*E*Acin(1,1)*(6*Lbm*E*IcIn(1,1)+5*Lcln
1)*(7*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm)); %linear
phiFla(gla)=(MJbottomla(gla)*Lbm*LcIn*E*AcIn(1,
3*Qla(gla)*Lcln~"2*E*Ibm)/(2*E*AcIn(1,1)*(6*Lbm*E*Ic
linear
MFtopla(gla)=1.5*Qla(qla)*LcIn*E*lbm/(Lbm*E*Acl
(3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)*phiFla(qla)/(Lbm*L

hulplla(gla)=Qla(qla)*Lbm*LcIn"2*(11*Lbm*E*IcIn(1,1
*IcIn(1,1)+Lcln*2*(MJbottomla(qla)-MFtopla(qla))) +
24*(MJbottomla(gqla)+MFtopla(gla))*Lcin"2*E*Icin(1,1
Lcin*E*Ibm);

hulpl2a(gla)=6*E*IcIn(1,1)*(8*pi*2*E*IcIn(1,1)*(11*
*Ibm) + Qla(qla)*Lbm*LcIn"2*((3*pi-44)*Lbm*E*IcIn(1
20)*LcIn*E*Ibm));
ela(qla)=hulplla(qla)/hulpl2a(gla); %non-linear
elaa(gqla)=(MJbottomla(qla)-MFtopla(gla))*Lcln"2

phiextrala(gla)=8*pi*Lbm*ela(qla)*E*IcIin(1,1)/(Lcln
cln*E*lbm));
elab(qla)=phiextrala(gla)*kr*LcIn”2/(8*E*IcIn(1

etota(qla)=e0 + ela(gla) + elaa(gla) - elab(gla

MJbottomtotla(qla)=MJbottomla(gla) - phiextrala
MJbottomtota(qla)=MJbottomtotla(gla);
MFtoptotla(gla)=MFtopla(gla) - phiextrala(gla)*
MFtoptota(gla)=MFtoptotla(gqla);
phiFtota(gla)=phiFla(qla) - phiextrala(qla);

sigmatopa=-0.5*(MJbottomtotla(qla)-MFtoptotla(q
Ntota(qla)/Acin(1,1) - Ntota(gla)*etota(qla)/Zcin(1
sigmatoptota(qla)=sigmatopa;
sigmabottoma=0.5*(MJbottomtotla(qla)-MFtoptotla
Ntota(gla)/Acin(1,1) + Ntota(gqla)*etota(qla)/Zcin(1
sigmabottomtota(qla)=sigmabottoma;

cIn(1,1)*hulpb); %linear

n"2*E*lbm -
*E*lbm))/(LcIn*E*AcIn(1,

1)-
In(1,1)+5*LcIn*E*Ibm));

n(1,1)) +
cln);  %linear

%

)+5*LcIn*E*Ibm)*(24*€0*E

)*(L1*Lbm*E*Icin(1,1)+5*

Lbm*E*IcIn(1,1)+5*LcIn*E

1)+(5*pi-

/(16*E*IcIn(1,1));
*(11*Lbm*E*Icin(1,1)+5*L
1));

);

(qla)*kr;

kr;

la))/ZcIn(1,1) -
1); % - Freg/Acin(1,1);

(9la))/Zcin(1,1) -
1); % - Freg/Acin(1,1);

sigmacentrea= - Ntota(gqla)/Acin(1,1); % - Freg/Acin(1,1);

sigmacentretota(qla)=sigmacentrea;
end % while g1
g2a=0;

if  (4*(2*pir2*E*IcIn(1,2)-
(Qtota(gla)+2*qq)*Lbm*LcIn"2)*(8*Lbm*E*IcIn(1,2)+3*
*Ibm) +
pi*(Qtota(qla)+2*qq)*Lbm*LcIn*2*(3*Lbm*E*IcIn(1,1)+

while (sigmatopa>yieldl | sigmabottoma>yield1) & sigmato
sigmabottoma<-yieldl;
g2a=q2a+1;

Lbm*E*IcIn(1,1)+5*LcIn*E
5*LcIn*E*lbm))>0;

pa>yield2 &
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Q2a(q2a)=g2a*qq;
if sigmacentrea>yieldl
Q2aa(q2a)=q2a*qq;
else
Q2aa(gq2a)=Q2aa(q2a-1);
end %oif

Qtota(qla+g2a)=Qtota(gqla)+Q2a(g2a);

N2a(g2a)=0.5*Q2a(q2a)*Lbm;
N2aa(q2a)=0.5*Q2aa(q2a)*Lbm;
Qtota(qla+g2a)=Qtota(gqla)+Q2a(g2a);
Ntota(qla+g2a)=Ntota(qla)+N2a(q2a);

phiJ2a(g2a)=Q2a(g2a)*Lbm*LcIn*hulpa/(24*Lbm*E*A
MJbottom2a(g2a)=2*E*IcIn(1,1)*(1.5*Q2a(q2a)*Lcl
2*phiJ2a(g2a)*E*Acin(1,1)*(6*Lbm*E*IcIn(1,1)+5*Lcln
1)*(7*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)); %linear
phiF2a(g2a)=(MJbottom2a(g2a)*Lbm*LcIn*E*AcIn(1,
3*Q2a(g2a)*Lcln*"2*E*Ibm)/(2*E*AcIn(1,1)*(6*Lbm*E*Ic
linear
MFtop2a(g2a)=1.5*Q2a(g2a)*LcIn*E*Ibm/(Lbm*E*Acl
(3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)*phiF2a(g2a)/(Lbm*L

hulp2la(g2a)=2*Lbm*LcIn"4*(Qtota(qla+q2a)*(MJbo
MFtop2a(g2a))*E*IcIn(1,1)+Q2a(g2a)*(MJbottomla(gla)
MFtopla(gqla))*E*icIn(1,2))*(11*Lbm*E*IcIn(1,1)+5*Lc
1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm);

hulp22a(g2a)=24*Q2a(q2a)*Qtota(qla+q2a)*Lbm"3*Lcin”
cIn(1,2)*(11*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm);

hulp23a(g2a)=12*Q2a(q2a)*Lbm*LcIn"2*E*IcIn(1,1)*E*I
,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)*(4*e0*(11*Lbm*E
+ela(qla)*((44-3*pi)*Lbm*E*IcIn(1,1)+(20-5*pi)*Lcln

hulp24a(g2a)=48*(MJbottom2a(q2a)+MFtop2a(g2a))*Lcin
2)*(11*Lbm*E*IcIn(1,1)+5*Lcln*E*Ibm)*(8*Lbm*E*IcIn(
*LcIn*E*Ibm);

hulp25a(g2a)=12*E*IcIn(1,1)*E*IcIn(1,2)*(11*Lbm*E*|
4*(2*pi~2*E*IcIn(1,2)-
Qtota(qla+qg2a)*Lbm*LcIn"2)*(8*Lbm*E*IcIn(1,2)+3*Lbm
m) + pi*Qtota(qla+q2a)*Lbm*LcIn”2*(3*Lbm*E*IcIn(1,1

e2a(gq2a)=(hulp2la(gq2a)+hulp22a(gq2a)+hulp23a(g2a)+hu
; %non-linear

e2aa(gq2a)=(MJbottom2a(g2a)-MFtop2a(g2a))*Lcln"2

phiextra2a(g2a)=4*Lbm*(2*pi*e2a(g2a)*E*IcIn(1,2)+N2

cIn*(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*|
e2ab(g2a)=phiextra2a(g2a)*kr*LcIn"2/(8*E*IcIn(1
e2ac(g2a)=N2a(gq2a)*z(1,2)*LcIn"2/(8*E*IcIn(1,2)

etota(qla+q2a)=e0 + ela(gla) + e2a(g2a) + elaa(
elab(gla) - e2ab(g2a) + e2ac(q2a);

MJbottomtot2a(q2a)=MJbottom2a(g2a) - phiextra2a
MJbottomtota(gqla+g2a)=MJbottomtota(gla)+MJbotto

cIn(1,1)*hulpb); %linear
n"2*E*lbm -
*E*lbm))/(LcIn*E*AcIn(1,

1)-

In(1,1)+5*LcIn*E*Ibm)); %
n(1,1)) +

cln);  %linear

ttom2a(q2a)-

In*E*Ibm)*(8*Lbm*E*IcIn(
4*z(1,2)*E*Icin(1,1)*E*|

cIn(1,2)*(8*Lbm*E*IcIn(1
*IcIn(1,1)+5*LcIn*E*Ibm)
*E*lbm));
A2*E*Icin(1,1)*E*Icin(1,
1,2)+3*Lbm*E*IcIn(1,1)+5
cIn(1,1)+5*LcIn*E*lbm)*(

*E*IcIn(1,1)+5*LcIn*E*Ib
)+5*LcIn*E*lbm));

Ip24a(g2a))/hulp25a(q2a)

/(16*E*IcIn(1,2));
a(q2a)*Lcln"2*z(1,2))/(L
bm));

.2));

gla) + e2aa(qg2a) -

(q2a)*kr;
mtot2a(q2a);
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MFtoptot2a(g2a)=MFtop2a(g2a) - phiextra2a(g2a)* kr;

MFtoptota(gla+g2a)=MFtoptota(gla)+MFtoptot2a(g2 a);

phiFtota(gla+g2a)=phiFtota(qla) + phiF2a(g2a) - phiextra2a(g2a);

sigmatopa=sigmatoptota(gla) - 0.5*(MJbottomtot2 a(q2a)-
MFtoptot2a(g2a))/Zcin(1,2) - N2aa(q2a)/Acin(1,2) - (N2a(g2a)-
N2aa(g2a))/Acin(1,4) - Ntota(qla+qg2a)*(etota(qla+q 2a)-
etota(gqla))/ZcIn(1,2) - N2a(g2a)*etota(qla+q2a)/Zcl n(1,2);

sigmatoptota(qla+q2a)=sigmatopa;

sigmabottoma=sigmabottomtota(qla) + 0.5*(MJbott omtot2a(g2a)-
MFtoptot2a(g2a))/Zcin(1,2) - N2aa(q2a)/Acin(1,2) - (N2a(g2a)-
N2aa(g2a))/Acin(1,4) + Ntota(qla+q2a)*(etota(qla+q 2a)-
etota(qla))/ZcIn(1,2) + N2a(g2a)*etota(qla+qg2a)/Zcl n(1,2);

sigmabottomtota(qla+q2a)=sigmabottoma;

sigmacentrea=sigmacentretota(qla) - N2aa(q2a)/A cIn(1,2) - (N2a(g2a)-
N2aa(g2a))/Acin(1,4);

sigmacentretota(qla+qg2a)=sigmacentrea;
end % while g2

else
Qtota(qla+g2a)=Qtota(qla+g2a);
end % if

g3a=0;

if ((8*pi*2*E*IcIn(1,3) -

4*(Qtota(qla+qg2a)+2*qq)*Lbm*LcIn*2)*(8*Lbm*E*IcIn(1 ,3)+3*Lbm*E*IcIn(1,1)+5*
LcIn*E*Ibm) +

pi*(Qtota(qla+qg2a)+2*qq)*Lbm*LcIn*2*(3*Lbm*E*IcIn(1 ,1)+5*LcIn*E*Ibm))>0;

while sigmatopa>yield2;
g3a=q3a+1,;
Q3a(g3a)=g3a*qq;
Qtota(qla+g2a+q3a)=Qtota(qla+g2a)+Q3a(g3a);

N3a(g3a)=0.5*Q3a(q3a)*Lbm;
Qtota(qla+g2a+q3a)=Qtota(qla+g2a)+Q3a(g3a);
Ntota(qla+g2a+q3a)=Ntota(qla+g2a)+N3a(q3a);

phiJ3a(g3a)=Q3a(g3a)*Lbm*LcIn*hulpa/(24*Lbm*E*A cIn(1,1)*hulpb); %linear

MJbottom3a(g3a)=2*E*IcIn(1,1)*(1.5*Q3a(q3a)*Lcl n"2*E*lbm -
2*phiJ3a(g3a)*E*Acin(1,1)*(6*Lbm*E*IcIn(1,1)+5*Lcln *E*lbm))/(LcIn*E*AcIn(1,
1)*(7*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm)); %linear

phiF3a(g3a)=(MJbottom3a(g3a)*Lbm*LcIn*E*AcIn(1, 1)-
3*Q3a(g3a)*LcIn*2*E*lbm)/(2*E*Acin(1,1)*(6*Lbm*E*Ic In(1,1)+5*LcIn*E*Ibm)); %
linear

MFtop3a(g3a)=1.5*Q3a(g3a)*LcIn*E*Ibm/(Lbm*E*Acl n(1,1)) +
(3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)*phiF3a(q3a)/(Lbm*L cln);  %linear

hulp3la(g3a)=2*Lbm*LcIn"4*(Qtota(qla+q2a+q3a)*( MJbottom3a(q3a)-
MFtop3a(g3a))*E*IcIn(1,1)*E*IcIn(1,3) + Q3a(g3a)*(M Jbottomla(qla)-
MFtopla(gqla))*E*icIn(1,2)*E*IcIn(1,3) + Q3a(g3a)*(M Jbottom2a(qg2a)-
MFtop2a(g2a))*E*IcIn(1,1)*E*IcIn(1,3)) * (11*Lbm*E* IcIn(1,1)+5*LcIn*E*Ibm)
* (8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIln*E*lbm ) *
(8*Lbm*E*IcIn(1,3)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm);

hulp32a(q3a)=3*Q3a(gq3a)*Lbm*LcIn"2*E*IcIn(1,1)* E*lcIn(1,3) *
(4*E*IcIn(1,2)*(4*(eO+ela(gqla)+e2a(g2a))*(11*Lbm*E* IcIn(1,1)+5*LcIn*E*Ibm)

- pi*ela(qla)*(3*Lbm*E*IcIn(1,1)+5*Lcln*E*Ibm)) *
(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm) -
(4*pi*re2a(g2a)*E*Icin(1,2)+Q2a(g2a)*Lbm*LcIn*2*z(1, 2)) *
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(11*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm) *
(3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm))*(8*Lbm*E*IcIn(1,3
In*E*Ibm);

hulp33a(g3a)=48*(MJbottom3a(q3a)+MFtop3a(gq3a))*Lcin
2)*E*IcIn(1,3) * (11*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)
(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)
(8*Lbm*E*IcIn(1,3)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm);

hulp34a(g3a)=12*E*IcIn(1,1)*E*IcIn(1,2)*E*IcIn(
(11*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm) *
(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)
4*Qtota(gla+g2a+g3a)*Lbm*LcIn*2)*(8*Lbm*E*IcIn(1,3)
n*E*lbm) +
pi*Qtota(qla+qg2a+q3a)*Lbm*LcIn"2*(3*Lbm*E*IcIn(1,1)

e3a(q3a)=(hulp3la(g3a)+hulp32a(g3a)+hulp33a(g3a
linear

e3aa(q3a)=(MJbottom3a(q3a)-MFtop3a(g3a))*LcIn"2

phiextra3a(g3a)=8*pi*Lbm*e3a(g3a)*E*IcIn(1,3)/(Lcln
m*E*IcIn(1,1)+5*Lcln*E*lbm));
e3ab(g3a)=phiextra3a(g3a)*kr*LcIn"2/(8*E*IcIn(1

etota(qla+q2a+q3a)=e0 + ela(gla) + e2a(g2a) + e
e2aa(g2a) + e3aa(q3a) - elab(gla) - e2ab(g2a) - e3a

MJbottomtot3a(q3a)=MJbottom3a(g3a) - phiextra3a

MJbottomtota(qla+g2a+q3a)=MJbottomtota(qla+g2a)

MFtoptot3a(g3a)=MFtop3a(g3a) - phiextra3a(g3a)*

MFtoptota(gla+g2a+g3a)=MFtoptota(gla+g2a)+MFtop

phiFtota(gla+g2a+g3a)=phiFtota(qla+q2a) + phiF3
phiextra3a(g3a);

sigmatopa=sigmatoptota(gla+g2a) - 0.5*(MJbottom
MFtoptot3a(g3a))/Zcin(1,3) - N3a(q3a)/AcIn(1,3) -
Ntota(qla+qg2a+q3a)*(etota(gla+g2a+qg3a)-etota(qla+g2
N3a(g3a)*etota(qla+qa+q3a)/Zcin(1,3);
sigmatoptota(qla+q2a+q3a)=sigmatopa;
sigmabottoma=sigmabottomtota(qla+qg2a) + 0.5*(MJ
MFtoptot3a(g3a))/Zcin(1,3) - N3a(gq3a)/AcIn(1,3) +
Ntota(qla+qg2a+q3a)*(etota(gla+g2a+qg3a)-etota(qla+g2
N3a(g3a)*etota(qla+qa+q3a)/Zcin(1,3);
sigmabottomtota(qla+q2a+q3a)=sigmabottoma;

)+3*Lbm*E*lcIn(1,1)+5*Lc

~2*E*lcin(1,1)*E*IcIn(l,
*
1,3) *

* ((8*pir2*E*Icin(1,3) -
+3*Lbm*E*lcIn(1,1)+5*Lcl

+5*LcIn*E*Ibm));

))/hulp34a(q3a); %non-

I(16*E*IcIn(L,3)):
*(8*Lbm*E*IcIn(1,3)+3*Lb
3));

3a(q3a) + elaa(gla) +
b(g3a) + e2ac(q2a);

(g3a)*kr;
+MJbottomtot3a(q3a);
kr;

tot3a(q3a);

a(q3a) -

tot3a(q3a)-

a))/ZcIn(1,3) -

bottomtot3a(q3a)-

a))/ZcIn(1,3) +

sigmacentrea=sigmacentretota(qla+qg2a) - N3a(q3a )AcIn(1,3);
sigmacentretota(qla+q2a+q3a)=sigmacentrea;

end % while g3

else

Qtota(qlat+qg2a+q3a)=Qtota(qla+g2a+q3a);

end % if

Qmaxa=Qtota(gla+g2a+g3a);

clear MFtopla ;clear MFtop2a ;clear MFtop3a ;

clear MFtoptotla ;clear  MFtoptot2a ;clear  MFtoptot3a ;

clear MJbottomla ;clear = MJbottom2a ;clear = MJbottom3a ;

clear MJbottomtotla ;clear  MJbottomtot2a ;clear = MJbottomtot3a ;

N3a;clear
Q3a;clear

N2a;clear
Q2a;clear

clear Nla;clear
clear Qlaclear

N2aa;
Q2aas;
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clear ela;clear e2a;clear e3a;

clear elaa;clear elab ;clear e2aa;clear e2ab ;clear
e3ab;

clear hulplla ;clear hulpl2a ;

clear hulp2la ;clear hulp22a ;clear hulp23a ;clear
clear hulp3la ;clear hulp32a ;clear hulp33a ;clear
clear phiFla ;clear phiF2a ;clear phiF3a ;

clear phiJla ;clear phiJ2a ;clear phiJ3a ;

clear phiextrala ;clear phiextra2a ;clear  phiextra3a
g1b=0;

sigmatopb=0;

sigmabottomb=0;

while sigmatopb>yield1 & sigmabottomb>yield1;
gqlb=qglb+1;
Q1b(g1b)=qlb*qg;
N1b(glb)=0.5*Q1b(glb)*Lbm + Freq;
Qtotb(q1b)=Q1b(q1b);
Ntotb(glb)=N1b(q1lb);

phiJ1b(gqlb)=Q1b(glb)*Lbm*LcIn*hulpa/(24*Lbm*E*A
MJbottom1b(glb)=2*E*IcIn(1,1)*(1.5*Q1b(qlb)*Lcl
2*phiJ1b(glb)*E*Acin(1,1)*(6*Lbm*E*IcIn(1,1)+5*Lcln
1)*(7*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm)); %linear
phiF1b(glb)=(MJbottom1lb(glb)*Lbm*LcIn*E*AcIn(1,
3*Q1b(glb)*LcIln*2*E*Ibm)/(2*E*AcIn(1,1)*(6*Lbm*E*Ic
linear
MFtoplb(glb)=1.5*Q1b(glb)*LcIn*E*Ibm/(Lbm*E*Acl
(3*Lbm*E*IcIn(1,1)+5*Lcin*E*Ibm)*phiF1b(qlb)/(Lbm*L

hulp11b(glb)=Q1b(qlb)*Lbm*LcIn"2*(11*Lbm*E*IcIn(1,1
*IcIn(1,1)+LcIn*2*(MJbottom1b(qlb)-MFtoplb(qlb))) +
24*(MJbottom1b(glb)+MFtoplb(qlb))*Lcin"2*E*Icin(1,1
Lcin*E*Ibm);

hulp12b(qlb)=6*E*IcIn(1,1)*(8*pi*2*E*IcIn(1,1)*(11*
*Ibm) + Q1b(qlb)*Lbm*LcIn"2*((3*pi-44)*Lbm*E*IcIn(1
20)*LcIn*E*Ibm));
elb(qlb)=hulp11b(qlb)/hulp12b(glb); %non-linear
elba(qlb)=(MJbottom1b(qlb)-MFtoplb(glb))*Lcln"2

phiextralb(glb)=8*pi*Lbm*elb(qlb)*E*Icin(1,1)/(Lcln
cln*E*lbm));
elbb(glb)=phiextralb(glb)*kr*LcIn"2/(8*E*IcIn(1

etotb(qlb)=e0 + elb(glb) + elba(qlb) - elbb(qlb

MJbottomtotlb(gqlb)=MJbottom1b(qlb) - phiextralb
MJbottomtotb(gqlb)=MJbottomtot1lb(gqlb);
MFtoptot1b(glb)=MFtoplb(glb) - phiextralb(glb)*
MFtoptotb(glb)=MFtoptot1b(gqlb);

sigmatopb=-MJbottomtot1b(glb)/Zcln(1,1) - Ntotb
sigmatoptotb(qlb)=sigmatopb;
sigmabottomb=MJbottomtot1lb(glb)/ZcIn(1,1) - Nto
sigmabottomtotb(qlb)=sigmabottomb;
sigmacentreb= - Ntotb(gq1b)/Acin(1,1);
sigmacentretotb(qlb)=sigmacentreb;

e2ac ;clear e3aa;clear
hulp24a ;clear  hulp25a ;
hulp34a

cIn(1,1)*hulpb);
n"2*E*lbm -
*E*lbm))/(LcIn*E*AcIn(1,

%linear

1)-
In(1,1)+5*LcIn*E*Ibm)); %

n(1,1)) +

cln);  %linear
)+5*LcIn*E*Ibm)*(24*e0*E
)*(11*Lbm*E*IcIn(1,1)+5*
Lbm*E*IcIn(1,1)+5*LcIn*E
1)+(5*pi-
/(16*E*IcIn(1,1));
*(11*Lbm*E*IcIn(1,1)+5*L
1));

)i

(q1b)*kr;

kr;

(gq1b)/Acin(1,1);

tb(glb)/Acin(1,1);
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end % while q1
g2b=0;

if (4*(2*pi*2*E*IcIn(1,2)-
(Qtotb(glb)+2*qq)*Lbm*LcIn"2)*(8*Lbm*E*IcIn(1,2)+3*
*Ilbm) +
pi*(Qtotb(qlb)+2*qq)*Lbm*LcIn*2*(3*Lbm*E*IcIn(1,1)+

while (sigmatopb>yieldl | sigmabottomb>yield1) & sigmato
sigmabottomb<-yield1;
g2b=g2b+1;
Q2b(g2b)=g2b*qg;
if sigmacentreb>yieldl
Q2ba(g2b)=g2b*qg;
else
Q2ba(g2b)=Q2ba(q2b-1);
end %if

Qtotb(glb+g2b)=Qtotb(gqlb)+Q2b(g2b);

N2b(g2b)=0.5*Q2b(g2b)*Lbm;
N2ba(q2b)=0.5*Q2ba(g2b)*Lbm;
Qtotb(glb+g2b)=Qtotb(gqlb)+Q2b(g2b);
Ntotb(gqlb+g2b)=Ntotb(qlb)+N2b(qg2b);

phiJ2b(g2b)=Q2b(g2b)*Lbm*LcIn*hulpa/(24*Lbm*E*A
MJbottom2b(g2b)=2*E*IcIn(1,1)*(1.5*Q2b(q2b)*Lcl
2*phiJ2b(g2b)*E*Acin(1,1)*(6*Lbm*E*IcIn(1,1)+5*Lcln
1)*(7*Lbm*E*IcIn(1,1)+5*Lcln*E*lbm)); %linear
phiF2b(g2b)=(MJbottom2b(g2b)*Lbm*LcIn*E*AcIn(1,
3*Q2b(g2b)*LcIn*"2*E*Ibm)/(2*E*AcIn(1,1)*(6*Lbm*E*Ic
linear
MFtop2b(g2b)=1.5*Q2b(g2b)*LcIn*E*Ibm/(Lbm*E*Acl
(3*Lbm*E*IcIn(1,1)+5*LcIin*E*Ibm)*phiF2b(g2b)/(Lbm*L

hulp21b(g2b)=2*Lbm*LcIn"4*(Qtotb(qlb+q2b)*(MJbo
MFtop2b(g2b))*E*Icin(1,1)+Q2b(q2b)*(MJIbottom1b(qlb)
MFtoplb(gqlb))*E*IcIn(1,2))*(11*Lbm*E*IcIin(1,1)+5*Lc
1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm);

hulp22b(g2b)=24*Q2b(g2b)*Qtotb(qlb+qg2b)*Lbm"3*Lcin”
cIn(1,2)*(11*Lbm*E*IcIn(1,1)+5*Lcln*E*Ibm);

hulp23b(g2b)=12*Q2b(g2b)*Lbm*LcIn"2*E*IcIn(1,1)*E*I
,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)*(4*e0*(11*Lbm*E
+elb(qlb)*((44-3*pi)*Lbm*E*IcIn(1,1)+(20-5*pi)*LclIn

hulp24b(g2b)=48*(MJbottom2b(q2b)+MFtop2b(g2b))*Lcin
2)*(11*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)*(8*Lbm*E*IcIn(
*LcIn*E*Ibm);

hulp25b(g2b)=12*E*IcIn(1,1)*E*IcIn(1,2)*(11*Lbm*E*|
4*(2*pi"2*E*IcIn(1,2)-
Qtotb(qlb+g2b)*Lbm*LcIn"2)*(8*Lbm*E*IcIn(1,2)+3*Lbm
m) + pi*Qtotb(qlb+qg2b)*Lbm*LcIn"2*(3*Lbm*E*IcIn(1,1

e2b(g2b)=(hulp21b(g2b)+hulp22b(g2b)+hulp23b(g2b)+hu
; %onon-linear

Lbm*E*IcIn(1,1)+5*LcIn*E

5*LcIn*E*lbm))>0;

pb>yield2 &
cIn(1,1)*hulpb); %linear
n"2*E*lbm -
*E*lbm))/(LcIn*E*AcIn(1,
1)-
In(1,1)+5*LcIn*E*Ibm)); %
n(1,1)) +

cln);  %linear

ttom2b(q2b)-

In*E*Ibm)*(8*Lbm*E*IcIn(
4*z(1,2)*E*Icin(1,1)*E*|

cIn(1,2)*(8*Lbm*E*IcIn(1
*IcIn(1,1)+5*LcIn*E*Ibm)
*E*lbm));
A2*E*Icin(1,1)*E*IcIn(d,
1,2)+3*Lbm*E*IcIn(1,1)+5
cIn(1,1)+5*Lcln*E*lbm)*(

*E*IcIn(1,1)+5*LcIn*E*Ib
)+5*LcIn*E*lbm));

Ip24b(g2b))/hulp25b(g2b)
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e2ba(g2b)=(MJbottom2b(g2b)-MFtop2b(g2b))*LcIn"2

phiextra2b(g2b)=4*Lbm*(2*pi*e2b(g2b)*E*IcIn(1,2)+N2

cln*(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*|
e2bb(g2b)=phiextra2b(g2b)*kr*LcIn*2/(8*E*IcIn(1
e2bc(g2b)=N2b(g2b)*z(1,2)*LcIn*2/(8*E*IcIn(1,2)

etotb(qlb+q2b)=e0 + elb(glb) + e2b(g2b) + elba(
elbb(qglb) - e2bb(g2b) + e2bc(g2b);

MJbottomtot2b(g2b)=MJbottom2b(g2b) - phiextra2b
MJbottomtotb(gqlb+g2b)=MJbottomtotb(glb)+MJbotto
MFtoptot2b(g2b)=MFtop2b(g2b) - phiextra2b(g2b)*
MFtoptotb(glb+g2b)=MFtoptotb(glb)+MFtoptot2b(g2

sigmatopb=sigmatoptotb(gqlb) -MJbottomtot2b(g2b)
N2ba(g2b)/Acin(1,2) - (N2b(g2b)-N2ba(g2b))/Acin(1,4
sigmatoptotb(qlb+qg2b)=sigmatopb;
sigmabottomb=sigmabottomtotb(qlb) + MJbottomtot
N2ba(g2b)/Acin(1,2) - (N2b(g2b)-N2ba(g2b))/Acin(1,4
sigmabottomtotb(qlb+qg2b)=sigmabottomb;
sigmacentreb=sigmacentretotb(qlb) - N2ba(q2b)/A
N2ba(g2b))/Acin(1,4);
sigmacentretotb(qlb+g2b)=sigmacentreb;

end % while g2

else
Qtotb(glb+g2b)=Qtotb(glb+g2b);
end % if

g3b=0;

if ((8*pir2*E*IcIn(1,3) -
4*(Qtotb(qlb+qg2b)+2*qq)*Lbm*LcIn*2)*(8*Lbm*E*IcIn(1
LcIn*E*Ibm) +
pi*(Qtotb(qlb+qg2b)+2*qq)*Lbm*LcIn*2*(3*Lbm*E*IcIn(1

while sigmatopb>yield2;
g3b=qg3b+1;
Q3b(q3b)=q3b*qg;
Qtotb(qlb+qg2b+q3b)=Qtotb(qlb+g2b)+Q3b(g3b);

N3b(q3b)=0.5*Q3b(g3b)*Lbm;
Qtotb(qlb+qg2b+q3b)=Qtotb(qlb+g2b)+Q3b(g3b);
Ntotb(gqlb+g2b+q3b)=Ntotb(qlb+g2b)+N3b(q3b);

phid3b(g3b)=Q3b(g3b)*Lbm*LcIn*hulpa/(24*Lbm*E*A
MJbottom3b(q3b)=2*E*IcIn(1,1)*(1.5*Q3b(q3b)*Lcl
2*phiJ3b(g3b)*E*AcIn(1,1)*(6*Lbm*E*IcIn(1,1)+5*Lcln

1)*(7*Lbm*E*IcIn(1,1)+5*Lcln*E*lbm)); %linear

phiF3b(g3b)=(MJbottom3b(g3b)*Lbm*LcIn*E*AcIn(1,
3*Q3b(g3b)*LcIn*2*E*Ibm)/(2*E*Acin(1,1)*(6*Lbm*E*Ic
linear

MFtop3b(g3b)=1.5*Q3b(g3b)*LcIn*E*Ibm/(Lbm*E*Acl
(3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)*phiF3b(q3b)/(Lbm*L

hulp31b(g3b)=2*Lbm*LcIn"*4*(Qtotb(qlb+q2b+q3b)*(
MFtop3b(g3b))*E*Icin(1,1)*E*IcIn(1,3) + Q3b(g3b)*(M

/(16*E*IcIn(1,2));
b(g2b)*LcIn"2*z(1,2))/(L

bm));
2));
);

glb) + e2ba(g2b) -

(92b)*kr;
mtot2b(qg2b);
kr;

b);

/ZcIn(1,2) -
);

2b(g2b)/Zcin(1,2) -

cIn(1,2) - (N2b(g2b)-

,3)+3*Lbm*E*lcIn(1,1)+5*

,1)+5*LcIn*E*Ibm))>0;

cIn(1,1)*hulpb); %linear
n"2*E*lbm -
*E*lbm))/(LcIn*E*AcIn(1,

1)-
In(1,1)+5*LcIn*E*Ibm)); %

n(1,1)) +
cln);  %linear

MJbottom3b(g3b)-
Jbottom1b(qlb)-
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MFtoplb(glb))*E*IcIn(1,2)*E*IcIn(1,3) + Q3b(g3b)*(M
MFtop2b(g2b))*E*IcIn(1,1)*E*IcIn(1,3)) * (11*Lbm*E*
* (8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIln*E*lbm
(8*Lbm*E*IcIn(1,3)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm);

hulp32b(q3b)=3*Q3b(g3b)*Lbm*LcIn"2*E*IcIn(1,1)*
(4*E*IcIn(1,2)*(4*(eO+elb(glb)+e2b(g2b))*(11*Lbm*E*
- pi*elb(glb)*(3*Lbm*E*IcIn(1,1)+5*Lcln*E*Ibm)) *
(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)
(4*pi*re2b(g2b)*E*Icin(1,2)+Q2b(g2b)*Lbm*LcIn"2*z(1,
(11*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm) *
(3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm))*(8*Lbm*E*IcIn(1,3
In*E*Ibm);

hulp33b(g3b)=48*(MJbottom3b(q3b)+MFtop3b(q3b))*Lcin
2)*E*IcIn(1,3) * (11*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)
(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)
(8*Lbm*E*IcIn(1,3)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm);

hulp34b(g3b)=12*E*IcIn(1,1)*E*IcIn(1,2)*E*IcIn(
(11*Lbm*E*IcIn(1,1)+5*LcIn*E*lbm) *
(8*Lbm*E*IcIn(1,2)+3*Lbm*E*IcIn(1,1)+5*LcIn*E*Ibm)
4*Qtotb(qlb+qg2b+qg3b)*Lbm*LcIn*2)*(8*Lbm*E*IcIn(1,3)
n*E*lbm) +
pi*Qtotb(qlb+g2b+q3b)*Lbm*LcIn*"2*(3*Lbm*E*IcIn(1,1)

e3b(g3b)=(hulp31b(g3b)+hulp32b(gq3b)+hulp33b(g3b
linear

e3ba(q3b)=(MJbottom3b(q3b)-MFtop3b(g3b))*LcIn"2

phiextra3b(g3b)=8*pi*Lbm*e3b(q3b)*E*IcIn(1,3)/(Lcln
m*E*IcIn(1,1)+5*Lcln*E*lbm));
e3bb(g3b)=phiextra3b(g3b)*kr*LcIn*2/(8*E*IcIn(1

etotb(qlb+qg2b+q3b)=e0 + elb(glb) + e2b(g2b) + e
e2ba(g2b) + e3ba(g3b) - elbb(glb) - e2bb(g2b) - e3b

MJbottomtot3b(gq3b)=MJbottom3b(q3b) - phiextra3b
MJbottomtotb(gqlb+qg2b+q3b)=MJbottomtotb(qlb+qg2b)
MFtoptot3b(g3b)=MFtop3b(g3b) - phiextra3b(g3b)*
MFtoptotb(glb+g2b+g3b)=MFtoptotb(glb+g2b)+MFtop

sigmatopb=sigmatoptotb(qlb+g2b) - MIbottomtot3b
N3b(g3b)/AcIn(1,3);
sigmatoptotb(qlb+qg2b+q3b)=sigmatopb;
sigmabottomb=sigmabottomtotb(qlb+q2b) + MJbotto
N3b(g3b)/Acin(1,3);
sigmabottomtotb(qlb+q2b+q3b)=sigmabottomb;
sigmacentreb=sigmacentretotb(qlb+qg2b) - N3b(q3b
sigmacentretotb(qlb+qg2b+qg3b)=sigmacentreb;

end % while g3

else
Qtotb(gqlb+g2b+q3b)=Qtotb(glb+g2b+q3b);

end % if

Qmaxb=Qtotb(gqlb+g2b+g3b);

clear MFtoplb ;clear  MFtop2b ;clear  MFtop3b

clear MFtoptotlb ;clear MFtoptot2b ;clear MFtoptot3b
clear MJbottomlb ;clear MJbottom2b ;clear MJbottom3b ;

Jbottom2b(q2b)-
IcIn(1,1)+5*LcIn*E*Ibm)
) *

E*lcIn(1,3) *
IcIn(1,1)+5*LcIn*E*Ibm)
2))*

)+3*Lbm*E*IcIn(1,1)+5*Lc

~2*E*lcin(1,1)*E*IcIn(l,
*

*

1,3) *

* ((8*pir2*E*lcin(1,3) -
+3*Lbm*E*IcIn(1,1)+5*Lcl

+5*LcIn*E*Ibm));
))/hulp34b(q3b); %non-
/(16*E*IcIn(1,3));
*(8*Lbm*E*IcIn(1,3)+3*Lb
3));

3b(g3b) + elba(glb) +
b(g3b) + e2bc(q2b);

(g3b)*kr;
+MJbottomtot3b(q3b);
kr;

tot3b(g3b);

(gq3b)/ZcIn(1,3) -
mtot3b(q3b)/ZcIn(1,3) -

)AcIn(1,3);
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clear MJbottomtotlb ;clear  MJbottomtot2b ;clear = MJbottomtot3b ;

clear N1b;clear N2b;clear N3b;clear N2ba;

clear Qlbiclear Q2biclear Q3biclear Q2ba;

clear eO;clear elb;clear e2b;clear e3b;

clear elba;clear elbb;clear e2ba;clear e2bb;clear e2bc;clear e3ba;clear
e3bb;

clear hulpllb ;clear hulp12b ;

clear hulp2lb ;clear hulp22b ;clear hulp23b ;clear hulp24b ;clear hulp25b ;
clear hulp3lb ;clear  hulp32b ;clear  hulp33b ;clear  hulp34b

clear hulpa ;clear  hulpb ;

clear phiFlb ;clear  phiF2b ;clear  phiF3b ;

clear phiJlb ;clear phiJ2b ;clear phiJ3b ;

clear phiextralb ;clear phiextra2b  ;clear phiextra3b ;

clear delta ;

if Qmaxa<Qmaxb;
Qmax=Qmaxa;
MFtoptot=MFtoptota,
MJbottomtot=MJbottomtota;
Ntot=Ntota;
Qtot=Qtota;
etot=etota;
ql=qla;
q2=q2a;
q3=q3a;
sigmatop=sigmatopa;
sigmabottom=sigmabottoma;
sigmacentre=sigmacentrea;
sigmatoptot=sigmatoptota;
sigmabottomtot=sigmabottomtota;
sigmacentretot=sigmacentretota;
% AAA='end column’;

else
Qmax=Qmaxb;
MFtoptot=MFtoptotb;
MJbottomtot=MJbottomtotb;
Ntot=Ntotb;
Qtot=Qtotb;
etot=etotb;
ql=qlb;
q2=q2b;
q3=q3b;
sigmatop=sigmatopb;
sigmabottom=sigmabottomb;
sigmacentre=sigmacentreb;
sigmatoptot=sigmatoptotb;
sigmabottomtot=sigmabottomtotb;
sigmacentretot=sigmacentretotb;
% AAA='middle column’;

end %if Qmax

clear MFtoptota ;clear MFtoptotb ;clear MJbottomtota ;clear MJbottomtotb
clear Ntota ;clear  Ntotb ;

clear QOmaxgclear Qmaxhclear  Qtota ;clear  Qtotb ;clear etota ;clear etoth ;
clear qgla;clear g2a;clear g3a;clear qglb;clear qg2b;clear q3b;

clear sigmatoptota ;clear  sigmatoptotb ;clear  sigmabottomtota  ;clear
sigmabottomtotb  ;clear  sigmacentretota ;clear  sigmacentretotb ;

clear sigmatop ;clear  sigmatopb ;clear  sigmabottoma ;clear  sigmabottomb ;clear
sigmacentrea ;clear  sigmacentreb ;
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clear delta ;clear qq;clear hulp ;
Qmax

%plot(sigmatoptot,'r');hold
on;plot(sigmabottomtot,'g");plot(sigmacentretot);yl abel('Stress in the mid-
section (N/mm2)";xlabel('Load (N/mm)");grid

%plot(etot,Qtot);xlabel('Deflection at midspan (mm) ");ylabel('Load
(N/mm)’);grid

U.3  Calculation according to the Dutch code

The same construction is calculated according to the Dutch code. The ultimate load is
calculated as function of the required loads (Frequirea) @and the variable uniform distributed
load (qg). The result of the calculations is the ultimate load qg.

Nc;u;d = Abln fy
N,,q =14280*35E
N,,q =5069*1GN

|\/ly;u;d = chn fy
M., =1.891*1C *35E

Mg = 67110 Nmm

Loe = @clos @, =0.67 (NEN 6770 art. 12.1.1.3)
L. =0.67*500C
L, =3350mm
E = 777 *6.959*10"
. 3350

F. =61112*1GN

N
yire V[ET
7T -
Af,
_ 3350
/]y;rd -
. \/6.959*163
14280*355
Ayra =0.29
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A,=0.2
a,=0.34

M
N

y;u;d

€ =ay (Ay:re! - AO)
c;u;d

€, =0.340.29- 0.29)'\;%”‘:’

* M,
€, =0.031 Y4
N

c;u;d

01( M y;2;s;d -M y;1;s;d ) +M y;mid;s;d
0.6M

M y;equ;s,d = max

y;2;s,d

0.178*16q+ 111*168q) + 41*1&1\
My;equ;s;d = max

O.6*178*10°’q‘

M =107*10q

y;equ;s,d
Nc;s;d = O&]me + Frequired

N..q =0.5q0 *5000+ 166*10
N,..q = 25000+ 166*10

& =0.031 107*10°q
Y 2500y + 166*10
3317

e =
Y 25009+ 166*10

Nc;S:d + ny My;eqws;d + Fy;tot;s;de:' <1.0
Nc;u,d ny _1 IVlyu d
107*10q+( 2500+ 166*19) 3311
25000 + 166*168 N 61112*1d 25000+ 166*16 <10
5069*10 61112*186- 2500- 166*10 671*30 -
g<1448N/mm

U4  Matrix Frame calculations.
Two Matrix Frame calculations are made. Both calculations have the same structure but are
different loaded (Fig. U.4 and Fig. U.5).
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F1 Fe Fe F1 F1 Fe Fe F1

M N H E M N 0 E
F3 F4 F4 F3 F3 F4 F4 F3
ariable loa
B Y1 ) VAR E
I o K L I J K L
F3 ‘ F4 | Fa F3 F3 F4 F4 F3
| ariable loa ariable loa
AR A A\ WAL UL
‘ E IF 1G I e — |F 16— |\A
| [ { ‘ \‘
| . | | I
DA UNBNC D DA B AC D
Figure U.4: Figure U.5:
First load situation Second load situation

The loads F; till F4 are required loads. These required loads are discussed in Appendix Q. The
numerical value of these loads are:

Fi =45.5 kN
F2 = 85.5 kN
Fs3 =43.0 kN
Fa = 80.5 kN

The calculation file can be found is inserted at the end of this Appendix. The imperfections
are inserted by the same way as did in the single column (App. ) and the braced portal frame
(App.). The residual stress is also taken into account. This is done by making two
calculatations and sunmmate the results (clearly described in Chapter 2.9). Matrix Frame
has calculated the ultimate load for the first and the second situation. The ultimate loads
are:

1533 N/mm First situation (Fig. U.4)
1565 N/mm Second situation (Fig. U.5)

There is only a small difference (2.0%) between the ultimate load in the first situation and he
ultimate load in the second situation. The differences between the calculations can differ

considerably by other column lengths (results in Chapter 5.7).

The calculation file of Matrix frame follows on the next pages.
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