












































































































































































































































































































































































































































Chapter 6
Circular Membrane Plates

In this chapter circular plates in a membrane state require our attention. In
Section 6.1 we study plates for axisymmetric load. Section 6.2 is devoted to
non-axisymmetric load. Plate bending will be the subject of Chapter 7.

6.1 Axisymmetric Circular Membrane Problems

Figure 6.1 shows a homogeneous circular plate of constant thickness ¢ and
axisymmetric loading. For this type of problems it is convenient to change
to polar coordinates. The position in the plate is specified by means of the
radius r and the angle 6. The state of stress and strain is independent of 6,
and there is just one displacement « in radial direction. Ordinary derivatives
can be used since u depends only on the coordinate r, as does the load p
per unit area. Only two membrane forces are present, n,, and ngy. The shear
stress n,¢9 cannot occur. Therefore, only two strains exist, &,, and &g9. The
scheme for the essential quantities is displayed in Figure 6.2.

The strain &,, and the displacement u both act in the r-direction; they are
related by ¢,, = du/dr. For the derivation of the tangential strain, €44, a cir-
cle is considered with radius r. The circumference of this circle is 27 r. After
application of the axisymmetric load, each point of the circle displaces over
a radial distance u. The new radius of the circle is » + u and the circumfer-
ence 27 (r + u). The increase of the circumference is 27 u. Division of this
increase by the original length 277 provides the required strain g9 = u/r.
So, the constitutive relations for plane stress are

du u . .
&r = —, &9 = — Kinematic (6.1)
dr r
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Figure 6.1 Displacement, load and membrane forces in axisymmetric plate.

The constitutive relations of Eq. (1.13) reduce to

Ny = ﬁ(grr + vegp)
E tv Constitutive (6.2)
L (€00 + veEr,)

For the equilibrium equations we consider an elementary plate part of length
dr and aperture angle d6 as shown in Figure 6.1. The length of the edge at the
inside of the element is r d6. The total force on this edge is n,,r d6 and points
to the left. At the outside of the element, at a distance dr further, the force has
increased d (n,,r d9) dr, pointing to the right. The angle d0 is independent of
r, which means that the increment can be written as d(n,,.r) dr d6. A force
nge dr is acting perpendicular to each straight edge of the element. Since
the angle between the two forces is d6, there is a force —ngyg dr d6, where
the minus sign indicates the direction of the force (negative r-direction).The
distributed load p provides an outward-pointing force. For that purpose, p

External

m

T T~

gr ' nVr

u P
2 Pgo

\_AM

Kinematic Constitutive Equilibrium

Figure 6.2 Scheme of relationships.
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Figure 6.3 Only one constant stress-state exists with equal n,,- and ngy.

has to be multiplied by the area r rmd6 dr of the plate element. The force
equals pr df dr. For equilibrium, the sum of the three forces has to be zero.
After division by d@ dr the following equilibrium equation is obtained:

d
a1 (r ny.) +ngg =rp Equilibrium (6.3)
P

In this stress problem, there are no rigid body displacements. For any
displacement u there is a strain field. Further, only one combination of
constant strains is possible. For the strain g9y to have a constant value &
a displacement is required of u = gor. The strain ¢,, then also equals &.
The only possible constant strains are identical strains €g9 and €,,. Then,
from the constitutive relations in Eq. (6.2) it follows that the membrane
forces n,, and ngy are equal and constant too. When the constant values
n,, = ng and ngg = ng are substituted in the equilibrium equation (6.3)
it appears that the distributed load p across the plate area has to be
zero. The plate can be loaded only along the edge. Figure 6.3 shows two
situations, a circular plate with and without a hole. In both plates, in each
point, a membrane force n is present and Mohr’s circle is reduced to a point.

An alternative to deriving the three basic sets of equations is the considera-
tion of work. Slightly different quantities are used, which we will show here.
The equilibrium equation (6.3) comprises the terms rn,, and rp. It makes
sense to introduce new variables for these combinations. This will be done
for rngy too. We define

Nrr =¥V Ny NOO =T Ngp; f =rp (64)

The two quantities N,, and Ny are normal forces with the dimension of
force; f is a line load with the dimension of force per unit of length. Ap-
plication of the transformations in Eq. (6.4) keeps the kinematic equations
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Figure 6.4 Thick-walled pipe with load at inner face.

(6.1), and changes the constitutive equations (6.2) and equilibrium equation
(6.3) into

du u . .
Er = —, Egp = — Kinematic (6.5)
dr r
Etr
N, = T2 (&rr + veEgp)
Etr Constitutive (6.6)
Nog = .2 (€00 + VE/r)
—v
dN,  Ngg N
— +—=f Equilibrium (6.7)
dr r

We will continue with these three equations for the derivation of the dif-
ferential equation. Substitution of the kinematic equations (6.5) into the con-
stitutive equations (6.6) leads to

Etr du u Etr u du
N, = —— +v=); Ng= s\ +v— (6.8)
-V dr

102 dr r 1 r

Substitution of this result into the equilibrium equation (6.7) leads to the
differential equation

Et
T szu =f (6.9)
where the operator L is
dld
L=r———vr (6.10)
drrdr

This differential equation is of the second order.
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6.1.1 Thick-Walled Tube

The differential equation can be used to determine the stress state in a thick-
walled tube subjected to an internal gas pressure g. Figure 6.4 defines the
tube. Flat sections remain flat after deformation, but the strain ¢, in the axial
direction will not be zero. On average, o,, will be equal to zero. Therefore,
the problem will be treated as a plane stress state. A slice of unit thickness
of the tube is considered, which is cut perpendicularly to the axial direction.
This means that n,, and nyy are equal to o,, and oyy, respectively. For this
load case it holds that the distributed load f is zero and therefore

Lu=0 6.11)

In the general solution of this second-order differential equation there are
two coefficients which must be determined from the boundary conditions.
Choosing the trial solution Cr™, we obtain two roots m = —1 and m = 1.
Therefore

1
u=C—-+0Cyr (6.12)
r
The coefficients C; and C, follow from the two boundary conditions

r=a — n,=-—q; N, =—qr
(6.13)
r=b — n,=0;, Ngp=0

The results for the displacement u and the stress quantities n,, and ngy be-
come

a’ q b?

a® b? a? b?
nrr:m —r—2+1 q; neezm r—2+1 q (6.15)

The results are presented in Figure 6.5. Both stresses o,, and oyy are nonlin-
ear over the thickness of the tube.

6.1.2 Circular Hole in a Homogeneous Stress State

We want to compute the stress concentration factor on the edge of a circu-
lar hole in a large plate with a homogeneous stress state of equal principal
membrane forces 7. The radius of the hole is a. The homogeneous membrane
forces without the hole are
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Figure 6.5 Stresses in a thick-walled pipe due to gas pressure.

Ny =N, Ngg=n (6.16)

In order to make the edge of the proposed hole to be stress-free a loading
case must be superimposed in which the edge is loaded with an opposite
load on the boundary r = a. The boundary condition is n,, = —n. Further it
is known that the stresses will vanish for large radius », which requires C, to
be zero. The result is

(12 Cl2
r r

Still these membrane forces must be superimposed on the constant equal
stresses for the case without a hole. The final result for the large plate with

hole is 5 5
n,,:n(l—a—2>; n99=n(1+a—2> (6.18)
r r

Due to the hole, the maximum value of the membrane force nyy is twice the
value n of the homogeneous stress state. The stress concentration factor is 2,
see Figure 6.6.

RERRE

TEYEY.
EERRE

Figure 6.6 Concentration factor 2 for equal principal stresses.
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Figure 6.7 Curved beam subjected to constant moment.

6.1.3 Curved Beam Subjected to Constant Moment

Consider a curved beam with a constant radius of curvature as shown in Fig-
ure 6.7. The inner and outer radii are a and b, respectively, and the beam
is subjected to a constant moment M. The stress state in this axisymmet-
ric structure will also be axisymmetric. The beam has a rectangular cross-
section of small width 7. This curved bar is modelled as a thin plate with
thickness ¢. This problem can be solved with the findings of Section 6.1. An
alternative solution procedure is given in [7]. The stresses are

M M
Urr:frrE; 090 :fGGE (6.19)

1., o ab? b\’

f ab 1 b\ ab n a? 1 (r) b? 1 (r)
rr= "7, S| — | — -V mn\—)—-———1n{\-),
b? —a? a) r?  b2—-a? a b? —a? b
(6.21)

£ - ab 1 b ab+ a’ I (r) b? 1 (r)
=— ——In|-)—=+—=——In(-)——=——In(-

o0 b? —a? al rr  b?—a? a b2 —a? b

In these expressions, C depends only on a, b and the thickness ¢, the geom-

etry data. The functions f,,(r) and fyy(r) are dimensionless and provide the

distribution of stresses over the height of the cross-section. In Figure 6.8 this
distribution is displayed for two different values of the ratio a/b, a value

where
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Weakly curved (a/b = 0.9) Joo o

Figure 6.8 Stress distribution in curved beam for different curvatures.

that is small compared to unity (strong curvature) and a value close to unity
(weak curvature). For a strong curvature, the bending stress distribution de-
viates severely from a linear distribution, irrespective of the fact that flat
cross-sections remain flat.

We note that for pure bending, there are also stresses o,, in the height di-
rection. This can be made clear if we consider the equilibrium of the part of
the beam below the neutral line. Integration of the tensile stresses oyg over
the height of the beam part leads to a tensile force. The two tensile forces
acting on both ends of the beam part have different directions and work line.
Equilibrium is possible only if there is a radial outward-pointing stress o, in
the neutral line, acting over the whole length of the beam part. Therefore, it
can be concluded that o,, is a tensile stress. The same conclusion is obtained
if we consider the part of the beam outside the neutral line, where compres-
sive stresses oyy are present. If we translate this finding to a curved reinforced
concrete beam, we conclude that stirrups are needed in a curved beam even
when there is no shear force. Figure 6.9 demonstrates this by drawing struts
and ties in the curved beam. Red lines are in tension and green lines in com-
pression.

M M

C 0

Figure 6.9 A constant moment in concrete curved beam may ask for stirrups.
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6.2 Non-Axisymmetric Circular Membrane Problems

If the stress state is not axisymmetric, we have to account for three stresses
o.r, Ogg and o,g. It appears advantageous to switch to the force method for
this type of problem. We will discuss problems where load is applied only
on the edges. We start the discussion in the orthogonal set of axes x, y. In
Chapter 1 we derived the kinematic equations (1.9), the constitutive equa-
tions (1.13) and the equilibrium equations (1.14), and we substituted them in
each other, starting from the kinematic equations and ending with the equi-
librium equations. In the force method we make use of these three set of
equations in the opposite order. We first construct a stress solution that sat-
isfies equilibrium, after that we use the constitutive relations, to end up with
expressions for strains and finally we construct a compatibility condition
for the strains from the kinematic relations. In Eq. (1.14) we have three un-
known stresses in two equilibrium equations. Therefore the stress state is
statically indeterminate and we introduce a stress function ¢(x, y), as ini-
tially proposed by Airy [13]. The following set of stresses satisfies the two
equilibrium equations in (1.6) for zero distributed area forces p, and p,
0%¢ 0%¢ 92

Ryy = a—yz; Nyy = W; Nyy = _Bxay Equilibrium (6.22)

The constitutive relations are now used in the shape of Eq. (1.12)

Exx 1 1 —v 0 Ny
Eyy ( = T —v 1 0 Myy Constitutive  (6.23)
Yy 0 0 2(0+4v) Ty

The required compatibility relation for the strains is derived from the kine-
matic relations in (1.9). There three strain relations are expressed in terms of
in two degrees of freedom u, and u,. Elimination of these two displacements
leads to one relation between the three strains

9%, styy 82yxy
0y? 0x2 0xdy

=0 Compatibility (6.24)

Substitution of the three relationships (6.22) and (6.23) into Eq. (6.24) leads
to a differential equation for the stress function ¢. Again we find the bi-
harmonic equation which was obtained in Chapter 1.

84

a4 3 292
(WJrszra_qu):o, V22 = 0 (6.25)
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Figure 6.10 Displacements and stresses in polar coordinates.

Due to Eq. (6.22), the quantity V?¢ is the sum of the two normal forces.
Figure 6.10 shows which displacements and stresses are involved for the
description in polar coordinates. The three second derivatives in (6.22) need
be transformed to derivatives with respect to r and 6. More precisely, we
have to change from the orthogonal set of axis (x, y) to the orthogonal set
(r, t) of directions, where  is the direction of the tangent line to a circle of
radius r, see Figure 6.10. Formally the transformation is done with aid of the
chain rule for derivatives; This leads to

LR LR
— % —
dx? or?
9% 1d¢p 1 3%
—_ % —_— —_—
9y? ror  r?on?
0% 3 [(1d¢

— — | ——
dxady ar \r 96
The transfer from the second derivative with respect to x to the second deriv-
ative with respect to r is simple. We just replace x by r. The mixed second
derivative with respect to x and y is also simple, if we notice that dy is equal
to r d9. However, the transformation of the second derivative with respect to
y needs more explication. The result consists of two contributions. The last
one, which has > d6? in the numerator, is expected; but the first one may

be a surprise. This term is independent of 8. Figure 6.11 helps to explain
this term. To understand the second derivative in ¢-direction we consider the

(6.26)
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o(r)

Figure 6.11 Second derivative in tangent line in axisymmetric state.

value of ¢ at point A on the circle with radius r and the two points B at the
circle with radius r + dr. If dg/dr is not zero the value of ¢ in the points B
will be different from the value in point A, and therefore a non-zero second
derivative exists in the tangent line at point A. This second derivative always
occurs, in axisymmetric as well as non-axisymmetric cases.

Now it is clear how we must replace Eq. (6.22). For polar coordinates we
use

nyy

1d¢p 1 3%¢ 0%¢ a (10¢
=-—+ 55 nw=-5; me=——|-7;
rar 29027 T a2 T g \r a6

) (6.27)

The Laplace operator V2 can be determined from the sum of n,, and ngg.
The equation of Airy (6.25) then becomes:

? 18 1d\[3 1a 13
A LA =0 (6.28)

ar2 | rar | r2og? ar2 | rar | r2og?

6.2.1 Point Load on a Half Plane

The obtained differential equation (6.28) can be used to find the stress dis-
tribution in a half plane due to a point load F on the edge, as shown in
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_2F cos@
Tormor
Ny =0
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Figure 6.12 Stresses in half-plane with vertical point load.

Figure 6.12. The boundary conditions are zero stresses ogg and o, at the
free edge and zero stresses for infinitely large radius r. It can be shown that
the trial function

¢ = Crfsinf (6.29)

satisfies Airy’s biharmonic equation and the boundary conditions. By appli-
cation of Eq. (6.27) the membrane forces become

1
n,=2C—cosl; ngg=0;, ne=0 (6.30)
r

This result is very special. The stresses oyy and 0,4 are not zero just at the
edge (0 = m/2), but for any value of the angle 6. At a half circle in the half
plane the shear stress 0,4 and tangential stress oyy are zero. Just a membrane
force n,, is present. The value of C can be calculated from the condition that
vertical equilibrium must exist between the point load F and the membrane
forces n,,. This condition leads to

. 2F cos@

b/ r

- (6.31)
Boussinesq [14] even found such a type of solution for a compressive point-
load F on an infinite 3D half-space, from which Flamant [15] obtained the
stated solution. Therefore, the solution for a point-load on a half-plane is
also called Boussinesq’s solution. In each point (, 8) a transformation can be
made from the stresses o,.,, 0gg and o, to the stresses o,, 0y, and o,,. These
three stresses are all different from zero. Figure 6.13 shows the distribution
of the vertical membrane force n,,. The deeper the section, the more n,, is
spread.
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Figure 6.13 Vertical stress under point load on half-space.

6.2.2 Brazilian Splitting Test

A well-known method for determining the splitting strength of brittle materi-
als like concrete is the so called Brazilian splitting test. In this test a circular
cylinder is loaded by two opposite line loads as shown in Figure 6.14. Direct
tensile tests on concrete are difficult to perform, because a special tensile test
set-up needs to be available. Fortunately, there is a simple relation between
the vertical line load and the tensile stress in a Brazilian splitting test. It is
assumed that the stresses do not vary along the axial direction of the cylinder
so that a slice of unit thickness can be considered. The solution of the point
load on an half space of Section 6.2.1 can be used to determine the stress
state in the cylinder. The solution for a compressive force F on a half-plane
becomes very simple when it is presented by eccentric circles as done in Fig-
ure 6.15. For all points on a circle r = d cos 6. Then in each circle the stress
o, 1s constant while the other stress components oy and o,¢ are zero. The
constant value of o,, is —o, in which o, = 2F/md is positive. In the verti-
cal line of symmetry, the horizontal stress, oy, is zero. The material outside

Figure 6.14 Loading scheme on solid cylinder in Brazilian splitting test.
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Figure 6.15 Alternative presentation of stresses in half-space.

the circle has been removed and replaced by the edge loading o,. In Fig-
ure 6.16 the same figure is presented together with the mirror image of the
solution. When both solutions are superimposed a circular disk is obtained
that is loaded by two concentrated forces F and a radial edge stress —ay.
Note that no horizontal stresses are present in the vertical line of symmetry.

The final step in the derivation is to remove the edge stress by adding the
axisymmetric solution of a disk with a constant tensile stress o, on the edge
depicted in Figure 6.3. In this load case there is a hydrostatic stress state with
a tensile stress o, acting in all directions. Therefore, the horizontal stress,
0ye, in the vertical line of symmetry is o,. The result of the superposition is

Figure 6.16 Sum of half-space solution and its mirror image.
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Figure 6.17 Superposition of two stress states yields the final solution.

a circular disk subjected to two diametrically opposite point-loads F with a
free unloaded circular edge, see Figure 6.17. On the vertical line of symmetry
there is a constant tensile stress o,. Therefore, the ultimate result is a homo-
geneous tensile stress along the vertical line of symmetry, o,, = 2F/nd.
The total horizontal force on the line of symmetry has to be zero. Therefore,
there must be local horizontal compressive forces at the point of action of
the forces F, equal to %aod =F/m.

In this linear-elastic solution the homogeneous tensile stress in the verti-
cal line of symmetry is balanced by a concentrated horizontal force F/m at
each end of the line of symmetry. This implies infinitely large compressive
stresses at those positions. In reality the elasticity limits will be surpassed
and nonlinear material effects will enter in the zones where the loads are
applied.
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Figure 6.18 Uniaxial stress state as combination of two basic cases.

6.2.3 Hole in Plates with Shear and Uniaxial Stress

In Section 6.1 for axisymmetric problems we were able to determine the
stress peak near a hole in a plate in a radially homogeneous (is hydrosta-
tic) stress state. Now we will investigate the case of a hole in a plate with
a constant shear stress. We do it for a plate which has a tensile stress in
the x-direction and a compressive stress in the y-direction. After we have
solved that problem we also can determine the stress concentration in an
uniaxially stressed plate. That case is a superposition of the hydrostatic case
of Section 6.1 and the present constant shear case. Figure 6.18 shows this
superposition.

Shear Stress

We consider a large plate with a hole, in which equal principal stresses of
opposite sign occur, see Figure 6.19. We choose the origin of the axes r and
0 at the centre of the hole. The value of the principal membrane forces is
n. It can be verified from Mohr’s circle or the transformation rules that the
homogeneous membrane forces at each position in the plate in absence of
the hole would be

n,, = ncos20
Ngg = —n cos 260 (6.32)
n,y = —n sin 20

If a hole is created, the membrane forces n,, and n,4 have to be made zero on
the edge of the hole. This means that an edge loading has to be superimposed,
which causes the same membrane forces but with an opposite sign:
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Figure 6.19 Circular hole in constant shear field.

n,, = —ncos20
(6.33)
nyy = nsin26

The bi-harmonic differential equation (6.28) has to be solved. This can be
done by choosing a solution for ¢ of the form

¢ = ¢(r)cos 26 (6.34)

This means that the variables r and 6 are separated. Substitution in the dif-
ferential equation yields an ordinary fourth-order differential equation for

@(r):
d2+1d 4 d2+1d No—o 6.35)
dr?  rdr r2)\dr? rdr r? v= '

The general solution of this fourth-order differential equation will have four
constants, to be determined from the boundary conditions. Substitution of
the trial function Cr™ leads to four roots m = —2, m = 0, m = 2 and
m = 4, therefore the solution is

1
@ = (cl 4 Cor? 4+ Cs+ c4—2> cos 26 (6.36)
r

From Eq. (6.27) we derive the expressions for the membrane forces. We
must determine the four coefficients from the boundary conditions, two on
the edge of the hole, see Eq. (6.33), and two from the condition that all
membrane forces vanish for large r. The result for the membrane forces is
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Figure 6.20 Stress concentration factors for constant shear and uniaxial stress.

a? a*
Ny, =n (—4—2 + 3—4) cos 26
r r

at
Ngg = n (—3—4) cos 26 (6.37)
r

2 4
S (—2"—2 4 3"—4) sin 260
r r

This solution still has to be superimposed on the homogenous stresses of
Eq. (6.33) for the situation without hole. The final result is

a’ a*
Ny =n (1 — 4—2 + 3—4> cos 20
r r
at
Ngg = N (—1 — 3—4) cos 26 (6.38)
r

Cl2 Cl4 .
Nyg =n —1—2—2+3—4 sin 20
r r

The maximum tensile stress ngy at the hole edge in peripheral direction ap-
pears for r = a, ® = £ and is equal to 4n. This value is four times the
applied principal membrane stresses; the stress concentration factor is 4, see
Figure 6.20.
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Uni-Axial Stress

The uni-axial stress state is found from the superposition of solution (6.39)
and the solution for the axisymmetric case in Section 6.1.2, divided by 2 in
order to relate it to an applied stress of the magnitude n

IO (12 4% 3% ) cos 26
== - = —4— — ) cos

" 2 r? 72 ré
n a? at

Ngg = — 1+—=)—{14+3—)cos20 (6.39)
2 r? ré
n a? at) .

n,9=§ —1—2r—2+3r—4}sm20

For this stress state the maximum tensile membrane force nyy is three times
the value of the uniaxial membrane force. The stress concentration factor
is 3. The distribution of the stresses is shown in the right-hand part of Fig-
ure 6.20.

6.3 Message of the Chapter

e In thick-walled tubes under internal pressure the stress in tangential
direction is not constant over the thickness. There is a nonlinear
distribution.

e In thick-walled tubes under internal pressure we cannot neglect the
stresses in thickness direction.

e A constant moment in a curved beam evokes tensile stresses in the
depth direction of the beam. For a reinforced beam, stirrups may be
needed in absence of a shear force.

e At a round hole in a homogeneous (hydrostatic) stress field the
stress concentration factor is 2.
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e At a round hole in a uniaxial stress field the stress concentration
factor is 3.

e For a constant shear stress field the stress concentration factor even
gets the value 4.

e Stresses in a half plane due to a point load normal to the free
edge are very special. In polar coordinates just normal stresses in
radial direction occur. The tangential stress and shear stress are zero.

e In the Brazilian splitting test there is a homogeneous tensile stress
over the vertical plane of symmetry of the cylinder. These stresses
are accompanied by balancing compressive lumped forces, close to
the applied loads.



Chapter 7
Circular Thin Plates in Bending

In this chapter we elaborate on the theory of thin plates for circular plates
resisting an axisymmetric load. We can do that in a compact way by us-
ing the derivation of the bi-harmonic equation for rectangular coordinates in
Chapter 4 and its transformation to polar coordinates in Chapter 6.

7.1 Derivation of the Differential Equation

The vertical deflection w will solely depend on the radius r. The moments
and shear forces are defined in the direction of the polar coordinates r and
6. The moments to be distinguished are the radial moments mrr and the
tangential moments mgy. Due to the axisymmetry no twisting moments 1,
occur. Only one shear force component is present, the radial shear force
v, acting on areas of constant radius r. Because of axisymmetry, there is
no shear force vy in sections of constant 6. We conclude that the bending
moments m,, and mgyy are principal moments. The moment trajectories
coincide with the radii and meridians of the plate. The shear force v, is the
principal shear force, and the shear trajectories are in the directions of the
radii.

The second derivatives for polar coordinates in Eq. (6.27) can be used to find
the curvatures in the circular plate. Because of axisymmetry the derivative
with respect to 0 is zero. The two curvatures become

d*w 1dw 7.1)
Kpp = ———3 Kpp = ———— .
" dr?’ rdr
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Figure 7.1 Displacements, moments and shear force in axisymmetric plate.

The constitutive relationships of (4.3) are replaced by and reduced to
my, = D(Kpr + Vkog);  Meg = D (VK + Kop) (7.2)

On the basis of Eq. (6.28) we can transform the bi-harmonic equation (4.8)
for a rectangular plate under a homogeneous distributed load p into an equa-
tion for polar coordinates, omitting terms which are dependent on 6

A EAVAE AN -
or:  ror or2  ror w=r ’

The general solution of this fourth-order differential equation is

4
w=C1+C2r2+C31nr+C4r21nr+%. (7.4)

The last term is the particular solution. The four integration constants have
to be determined from the boundary conditions. After that, we obtain the
moments and the shear force from the formulae

d*w . ldw
rr — — 5 vV——m,
m dr? r dr
D ldw . d*w (7.5)
= — -t v— .
oo r dr dr?

__p(fw 1dw ldw
o= dr3  rdr* r2dr
7.2 Simply-Supported Circular Plate with Edge Moment

Figure 7.2 shows a simply-supported circular plate subjected to a moment
m, at the outer edge r = a. The inner edge is the centre point » = 0. The
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Figure 7.2 Simply supported circular plate with edge moment.

boundary conditions at the outer edge are w = 0 and m,, = m,. At the inner
edge the conditions are zero rotation and zero shear force, so dw/dr = 0
and v, = 0. On this basis we find C3 = 0 and C4 = 0 and obtain a parabolic

deflection shape
mo

w =

20+v)D

Further, we find two equal curvatures, two equal moments, and a zero shear
force

@ -=r? (7.6)

My = Meg =My, v, =0 (1.7)

Apparently, there is a homogeneous moment field, equal to the applied edge
moment. In hindsight, the solution for the deflection w is to be expected.
Over a diagonal of the plate there is a constant moment, and therefore a
constant curvature, which corresponds to a parabolic displacement diagram.

7.3 Clamped Circular Plate with Distributed Load

Next we consider a plate which is clamped at the edges and subjected to a
uniformly distributed load p, see Figure 7.3. Again the outer edge of the plate
is given by r = a and the centre by r = 0. Now the boundary conditions
at the supported edge are a zero displacement and rotation, so w = 0 and
dw/dr = 0. At the centre point the same conditions hold as in the previous
case, a zero rotation and zero shear force, so dw/dr = 0 and v, = 0. The
four conditions lead to next function for the deflection (again C; and Cy4 are
Zero)

§HHHHHHP+HHHH%
N . l >(; 7

Figure 7.3 Clamped circular plate with uniformly distributed load.
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Figure 7.4 Results for clamped plate due to uniformly distributed load.

P 242
=—>(" — . 7.8
w= 5@ —r) (7.8)
The displacement function is of the fourth degree in r and, of course, the
maximum of the vertical deflection occurs at the centre of the plate. This is

Wmax = pa*/(64D). The bending moments and shear force in this case are

1 2( r2>
my, = —pa (1+V)—(3+V)—2
a

16
1 5 r2
mog = —pa- | (1+v)—(1+ 31})—2 (7.9)
16 a
1
v, = —=pr
219

Figure 7.4 is the graphical representation of these results. Similar to what
we know from beams under a comparable distributed load, the moment
distribution is quadratic in . As we may expect, the moments m,, and ngy
are equal at the centre of the plate. Of course, there m,, for an angle 6 be-
comes myy for an angle 6 + /2. Here the distinction between the moments
disappears. At the clamped edge the tangential moment is just v times the
radial moment m,,. This result is in agreement with the moments in a rec-
tangular plate with clamped edges. The tangent line to the clamped circular
edge remains a straight horizontal line, and yet a non-zero bending moment
mgy occurs, due to Poisson’s ratio of the material. For zero Poisson’s ratio
the moment at the centre is half the moment at the edge, as is the case for
a clamped beam. In a clamped beam of unit width and length 2a the sum
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Figure 7.5 Equilibrium between load and shear force.

of the absolute values of the mid-span and end moment would be pa?/2.
In the clamped circular plate it is pa®/5 for Poisson’s ratio v = 0.2, so
the clamped circular plate is a factor 2.5 more moment-efficient than a beam.

The shear force has a linear distribution. We can find this result without solv-
ing the differential equation. Figure 7.5 shows the cross-section of a part of
the plate with radius r. Consider the free-body equilibrium. The distributed
load p over the area > must be carried by the shear force vr over the cir-
cumference with length 27 r. So, accounting for the sign conventions, we
must solve the simple equation wr?p + 2mrv, = 0, which leads indeed to
v, = —pr/2. Because we have considered an inward plate part around the
centre, the result is independent of the boundary conditions at the edge. The
same result will be found for a simply-supported edge. In a beam of unit
width with the same span 2a and the same distributed load, the shear force at
the support would be pa, twice as much. The shear-efficiency of the circular
plate is doubled.

7.4 Simply-Supported Circular Plate with Distributed Load

The solution for the simply-supported plate drawn in Figure 7.6 can be ob-
tained from the solution of the clamped plate. Along the outer edge of the
clamped plate there is a support moment equal to m,, = pa?®/8. For the
simply-supported plate this moment has to be made zero. Therefore, the so-
lution for the simply-supported plate can be found by superposition of the

}HHHH%H@HHHI

o a v
I | |

Figure 7.6 Simply-supported circular plate under uniformly distributed load.
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Figure 7.7 Moments in simply-supported circular plate.

solution for the clamped plate and the solution for a circular plate with just

having an edge moment m,, = pa2 /8 (see Section 7.2):
3+v r?
rr = 1-—
" 16 ¢ ( az)
1 5 r2
mgg = —pa | B+v)—(1+3v)— (7.10)
16 a?
1
r = — =PI
v 2p

This means that the horizontal axis in Figure 7.4 just has to shift upward
over a distance of pa®/8, leading to Figure 7.7. The shear force diagram
need not be re-drawn, for it is the same as for the clamped plate. At the
edge, there is a positive moment mgy, both for zero and non-zero Poisson’s
ratio. This is different from what occurs at the edge of a simply-supported
rectangular plate. There, a zero moment m,, normal to the edge will always
lead to a zero moment myy in the direction parallel to the edge, as explained
in Section 4.4.2.

We can make an engineer’s check on the moments mgq. For that purpose
we consider a half plate as shown in Figure 7.8 and introduce the symbol P

e=2al3xw

\uj
v
2alr / 4a/3r

support reaction support reaction

Figure 7.8 Position of centres of gravity.
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Figure 7.9 Clamped circular plate with point load.

for the total load wa”p on the plate. The sum My of all the moments ngg
along the straight edge can be calculated by integration of the formula in
Eq. (7.10). We then find My, = a*p/3. This moment must be balanced by
the moments due to the support reactions and load. The support reactions on
the half plate sum to P/2 and so does the load. An elementary calculation
shows that the centre of gravity of the support reactions is at a distance 2a/mw
of the straight edge and at a distance 4a/3m for the distributed load. This is
depicted in Figure 7.8. The distance e between the two centres of gravity is
2a/3m. The moment due to the support reactions and the load is Pe/2 =
a’p/3. Indeed, this is just the value of My,. The average value of mg, along
the diagonal is a®p/6.

7.5 Clamped Circular Plate with Point Load

In this case the plate is loaded only at the centre by a point load F, as shown
in Figure 7.9. No distributed load is present, so p = 0. The boundary condi-
tions at the outer edge are the same as in Section 7.3 for a distributed load.
The displacement and the rotation are zero, so w = 0 and dw/dr = 0.
At the plate centre, the two conditions involve the rotation and the shear
force. The first one is the same as in Section 7.3 for a distributed load, and
is dw/dr = 0. The second one is different and is derived from the free-body
diagram in Figure 7.10, and is v, = F/(2mr). On the basis of these boundary
conditions, the solution becomes

E

' :
"4'. : !
! r | r !

' ]

'

Figure 7.10 Free-body diagram of central plate part.
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m U,

Figure 7.11 Moments and shear force due to point load.

Fa? r? Fr? r
Y= 16D (1 N Z) Tk <5) (7.11)
The maximum displacement at the centre of the plate iS wpyx =
Fa? /(16w D). Comparison of this result with the maximum vertical deflec-
tion for a uniformly distributed load in Section 7.3 shows that the deflection
increases by a factor of 4 when the full load (P = ma®p) is concentrated at

the centre of the plate. For a clamped beam this factor is 2. For the moments
and the shear force we find

m,, = % {—1 +(1+v)n (g)}
F

mao = {—v +(1+v)n (C;’)} (7.12)
F
v ==

These results are displayed in Figure 7.11. Again we find moments mg44 along
the clamped edge which are v times the clamped moment m,.,.. At the position
of the point load F the moments are infinitely large. In reality, point loads
will be spread over some area which makes the moments finite. We will
return to this in Section 7.7. The shear force at the plate centre also becomes
infinitely large. For point loads spread over some area, it will in reality be
finite.
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7.6 Simply-Supported Circular Plate with Point Load

The solution for the simply-supported plate with point load F can be found
by shifting the horizontal axis in Figure 7.11 for the moments in the vertical
direction, such that mrr becomes zero at the edge » = a as in Section 7.4 for a
distributed load. The origin then shifts from O to O’. The graph for the shear
force remains unchanged for it is independent of the boundary condition at
the outer edge. The formulas in (7.12) for the moments and shear force now
change into

F a
myy = —(1 +v)In (—)
4 r
F a
m%:_{1 —v—l—(l—i—v)ln(—)} (7.13)
4 r
F
v = ———
2nr

It is striking again that the moments and the shear force at the centre of
the plate are infinite. The bending and shear stresses become infinite too. The
same holds for the vertical stress o, just beneath the point load. In reality
infinite stresses never develop because theoretical point loads do not exist.
In the neighbourhood of a point load, the assumptions of plate-theory are no
longer satisfied. At a distance of approximately the plate thickness from the
point load, the plate theory becomes valid.

Point loads on plates in general

We have derived the singular character of the moments and shear force
for a circular plate. For other plate shapes and boundary conditions the
moments and shear force will also be very large in the neighbourhood
of concentrated loads. It can be stated that the behaviour in the neigh-
bourhood of any concentrated load is of the same character. For exam-
ple, the formulas (7.12) and (7.13) can be used for the calculation of
the moments in the neighbourhood of a concentrated load on a square
plate. Close to the point load the difference between these two sets of
formula is negligible, because the term (1 + v) In(a/r) by far exceeds
the constant term in the formulas. Then the difference between m,, and
mgy vanishes and so does the influence of the boundary condition.
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We can do the same equilibrium check for the sum of bending moments m14g
in the plate diagonal as we did for a distributed load. Now only the support
reactions lead to bending moments mgy in this line. In this case the total mo-
ment is Myy = Fe/2 where e = 2a/m. We obtain therefore Myg = 2aF /.
Even when the moment mgy becomes infinitely large at the centre, its inte-
gral is finite, with an average value F/m. In Chapter 14 we will continue on
this subject when we discuss the design of reinforcements on top of columns.
For a distributed load we obtained the result Myy = a P /3, so the value for
the point load, Myy = 2a F /7, is about twice as large for the same total load
(P = F).In a beam the difference is exactly a factor two. In this respect, the
circular plate is apparently not particularly more effective for point loads.

7.7 Circular Plate Part on Top of Column

Floors in buildings often consist of reinforced slabs supported by a regular
pattern of columns. It appears hard for structural engineers to decide which
plate moment must be assumed on the tops of the columns. Anticipating
Chapter 14 where we will address this subject in more detail, here we make
a preliminary assessment. We consider a column grid which is equidistant in
two directions, and in this grid we consider a column which is sufficiently re-
mote from the edge of the grid. The distance between rows of columns is 2a.
Figure 7.12 shows a square plate part around such a column. The boundaries
of the plate part are lines of symmetry at which a positive moment occurs,
requiring reinforcement in the bottom layer of the slab. Negative moments
occur on top of the column, requiring reinforcement in the top layer of the
slab. The column has a square cross-section. We replace the slab part by
a circular plate of radius a which is supported by a circular column of ra-
dius b. This radius is chosen such that the cross-section area of the replacing
column is equal to the area of the replaced square cross-section. We do not
precisely know how the support reaction between the slab and the column is
spread; therefore we make two different assumptions. First we assume that
the column load is a homogeneously distributed load p over a circular area
of radius b. Secondly, we assume that the column is transferred to the slab as
a circumferential line load f with radius b. In the analysis we must connect
two different plate parts, a circular plate with radius 0 < r < b and an annu-
lar plate b < r < a. At the edge r = 0 the displacement and rotation must
be zero, at the boundary r = b between the two plates, four conditions hold,
equal displacements, equal rotations and equal moments in the r-direction;
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Figure 7.12 Investigation of moments above column in a grid.

the fourth is related to the shear forces. At the boundary of the two late parts,
shear forces are equal in the first analysis, and balance the circumferential
line load in the second analysis. At the outer edge » = a the rotation and the
shear force are zero.

We have sketched in Figure 7.12 what type of results are to be expected.
On top of the column some differences occur between one load type and the
other, but at some distance from the column there are no noticeable differ-
ences. It appears that we can make a fair guess of the maximum moments on
top of the column by the following formulas

1
(_Z +(1+v)n %) p-load

(7.14)

(—% +(1+v)n %) f-load
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Figure 7.13 Expected moments above column.

The difference between the two formulas is independent of the ratio a/b.
For large a/b the term In(a/b) is dominant, so the relative difference de-
creases. For Poisson’s ratio v = 0.2 we find values for different ratios a/b
as shown in Figure 7.13. On the basis of this exploration we expect plate
bending moments on top of a column with reaction force F in the band with
between F/6 and F /4, dependent on the ratio a/b. A practical rule of thumb
for mpy,x might be F/5. A safe rule is F /4.

7.8 Message of the Chapter

e In a circular plate with axisymmetric load, principal bending
moments occur in the direction of the radius and the meridian.
The twisting moment is zero. Only one shear force occurs in the
direction of the radius.

e Moment trajectories coincide with the radii and the meridians.
Shear trajectories coincide with the radii.

e For the same axisymmetric load, moment diagrams for a clamped
plate and a simply-supported plate are the same, apart from a shift
of the base line of the moment diagram.
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e At a circular clamped edge the moment response is the same as
at a straight clamped edge. There is a moment in the direction of
the edge equal to the product of Poisson’s ratio and the clamped
moment.

e Moments at a circular simply-supported edge are different from
moments at a straight simply-supported edge. At a straight edge,
both moments (normal to and in direction of the edge) are zero.
At a circular edge, the moment normal to the edge is zero, but the
moment in the direction of the edge is not.

e The shear force due to an axisymmetric load is independent of the
boundary conditions.

e A point load leads to infinitely large bending moments at the plate
centre. However, if the moments are integrated over the diagonal,
we find a finite result.

e For a point load, the total moment about a diagonal is about twice
that for a distributed load of the same total size.

e The moment on top of a column can be expressed in terms of the
size of the support reaction R. Dependent on the area of the column
cross-section, the maximum moment lies between R/6 and R/4. A
practical rule of thumb is R/5; a safe rule is R /4.



Part 2
Didactical Discrete Models



Chapter 8
Discrete Model for Membrane Analysis

This chapter and the next chapter (Chapter 9) are intended as an intermedi-
ate step between the classical approach with differential equations and the
current computational Finite Element analysis. In pre-FE days, differential
equations were solved approximately by Finite Difference (FD) analysis. In
that method a grid is chosen over the area of the plate, and the differen-
tial equation at each grid point (node) is displaced by an algebraic equa-
tion. Solving the set of linear equations leads to an approximate solution
of the problem, a solution which becomes more accurate as the mesh is
chosen finer. The Finite Element Method (FEM) is the successor of the Fi-
nite Difference Method (FDM), in a way which makes it much easier to
model plates of any shape and to satisfy boundary conditions. The model
for membrane states to be discussed in the present chapter serves two edu-
cational goals. First, the discussion is a simple preparation to the stiffness
method. The concept of stiffness matrix is introduced, boundary effects are
easily accounted for, and often the same solution is obtained as in a clas-
sic FD-analysis. Second, the structural engineer sees that different trans-
fer mechanisms are present in a plane stress state. Some members carry
horizontal axial forces in the horizontal direction, other members vertical
axial forces and special members shear forces. In Chapter 9 comparable
members will occur for bending in two directions, and a special member
for torsion.

J. Blaauwendraad, Plates and FEM: Surprises and Pitfalls, Solid Mechanics 159
and Its Applications 171, DOI 10.1007/978-90-481-3596-7_8,
© Springer Science+Business Media B.V. 2010
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Figure 8.1 Bar loaded in axial direction by a distributed load.
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Figure 8.2 Structure divided into four discrete elements.

8.1 Truss Model

To achieve a good approximation to membrane plate behaviour, we first ex-
amine an approximation of a bar. We can restrict ourselves to a truss element
that is loaded axially, so only normal forces N occur (a truss element). Con-
sider the structure shown in Figure 8.1. The cross-sectional area A, the dis-
tributed line load f and the elastic modulus E are constant over the length
of the structure.

In order to approximate this continuous system, we select nodes. We keep
the load distributed, but lump the elastic deformation into discrete springs.
This means that we consider the structure as an assemblage of mass-less
rigid parts and springs. We divide the total length / into elements. In the
example we choose four equal parts of length a, see Figure 8.2. Next we
replace each element by the structure shown in Figure 8.3, a rigid bar with a
spring at each end and load f,. The spring stiffness is chosen such that the
new structure experiences the same axial deformation as the original element
for a constant normal force. This leads to the spring rigidity D = 2EA/a. If
we link the four elements, we obtain the structure of Figure 8.4, with spring
rigidities D = EA/a and D = 2E A/a. Figure 8.5 shows the result for this
approximation. The normal force N (x) is continuous and the displacements
u(x) discontinuous.

This is a very simple example because the structure is statically deter-
minate. In more general statically indeterminate cases we apply the stiff-
ness method. We look upon the structure as an assembly of four elements as
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Figure 8.4 Structure divided into four discrete elements.
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Figure 8.5 Displacement and normal force for the exact solution and approxima-
tion.
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Figure 8.6 Application of the stiffness method.

shown in Figure 8.6. The discrete field elements 1, 2 and 3 have a stiffness
matrix consisting of two rows and two columns. For an edge element 4 the
stiffness matrix consists of one number

EA[ 1 —1] EAT 1 —1] EA[ 1 -1] EA,
R R e R e T A s

——
element 4

(8.1)
The assemblage of the global stiffness matrix of the total structure leads to

element 1 element 2 element 3

"""""" 0o o [u] [l
121100 | fu fa
2 | | 8-2)

0
0 0 1138 |u| |sa

The contribution of all four elements is shown by the four squares of dashed
lines from the top left-hand corner to the bottom right-hand corner of the
global stiffness matrix. The terms in the right-hand load vector consist of the
load on the rigid parts of the structure. The solution of this set of equations

1S
2

fa
{uy upy us uy} = ﬁ{S 75 2} (8.3)

From these displacements, one can easily calculate the stress resultants (nor-
mal forces) in the springs of the four elements. To distinguish the element
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Figure 8.7 Discretization scheme. Also FDM-scheme.

number from the number of a degree of freedom (d.o.f.), we use element
numbers as superscript.

(N' N* N3 N*y = fa{l 2 3 4) (8.4)

Pattern of coefficients as in Finite Difference Method

In the rows of the stiffness matrix which correspond to u, and u3 we
notice the pattern as shown in Figure 8.7. If more elements were used,
more such rows would appear in the global stiffness matrix. In this
particular case the same scheme is found when a discretization of the
governing differential equation —EA d’u/dx> = f of Eq. (1.14) is
made on basis of finite differences.

The linking of elements is not restricted to elements of the same length and
the same E A. The spring rigidity D may vary from one element to another.
The serial linking of springs of different rigidities is a well-known procedure.

8.2 Membrane Plate Model

A proper approximation must accurately model the membrane forces n,,,
ny, and n,,. We start from the results of the previous section for truss el-
ements and make the extension to plates. In this section our primary goals
are insight and understanding, therefore, in order to keep it simple, we ex-
clude lateral contraction. We take into consideration a rectangular plate el-
ement with sizes a and b. To approximate the behaviour of the element we
replace it by four truss elements, one along each edge of the element, and
one shear panel between the trusses. Figure 8.8 shows this composition. The
shear panel is drawn by dotted lines and the size is slightly reduced.

First, we focus on the normal forces n,, and n,,. Membrane forces n .,
on the edge with length b are replaced by two lumped forces n,,b/2. The
spring properties are chosen such that strains €., for a homogeneous field
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Figure 8.8 Approximation of plate element by trusses and shear panels.

of n,, equal in the actual plate element and in the spring model. The same
is done for the y-direction. This leads to the following stiffnesses for the
springs in the x-direction and the y-direction respectively

b
D, = «Et, D,=BE:, where a=-, B= % (8.5)
i a

In an assemblage of a large number of elements, several elements may sur-
round a specific node. In the x-direction at each node one or two couples
of two springs may occur, from which we obtain one composed spring. The
same holds true for the y-direction.

Next we model the so far neglected n,,-action of the plate element by
the introduced shear panel. We choose a constant shear stress in the panel,
then the shear strain y,, will be constant, and therefore the deformed panel
will have straight edges, which do not elongate. This enables us to express
the state of stress and strain by the use of four degrees of freedom as shown
in Figure 8.9. The shear panel is a discrete element that fits perfectly in an
orthogonal assemblage of axial discrete spring elements. The stiffness matrix
of the panel is

Figure 8.9 Shear panel in the discrete model.
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8.2.1 Example. Deep Beam Subjected to Own Weight

The simply-supported deep beam in Figure 8.10 is a symmetric plate in a
membrane state subjected to its own weight w per unit area. Because of
symmetry we need consider only half the deep beam. We have drawn the
degrees of freedom in this half structure and the different discrete element
types which we need for this example. The weight is lumped to forces wab in
the vertical degrees of freedom; the forces at the edge and line of symmetry
are wab/2.

Some results for this example are displayed in Figure 8.11. They are for
a =2 and b = 1. The membrane shear force n,, is constant over the height
of an element. The normal membrane force n,, is discontinuous over the
height of an element. The analysis leads to lumped normal forces in the hori-
zontal springs; we have to spread these forces over an appropriate width, b/2
for the springs at the top and bottom edge, and b for the inward springs. The
stress distribution according to the theory for slender beams is included by
dotted lines. If judged judiciously, the result of the current analysis comes
rather close to the outcome of classical beam theory.

Rows in the global stiffness matrix which are not influenced by boundary
conditions have a scheme of coefficients as shown in Figure 8.12. The same
scheme holds for the Finite Difference Method.

i used element types
' [= W = |

----- i

r===a~-=-=--"r=--°-1

Figure 8.10 Deep beam example with used discrete elements.
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Figure 8.11 Numerical result for the deep beam discrete model.
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Figure 8.12 Discretization scheme; also FDM-scheme.

Advantage of discrete model

The conventional Finite Difference Method for plates is not easy to apply
to nodes close to or on the boundary. Also, abrupt changes in thickness are
difficult to deal with. The concept of springs and shear panels provides an
elegant way to overcome such difficulties.

Remark

In the discrete model for membrane plates we have used two different ele-
ment types, truss elements and shear panels, respectively. So, the axial force
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action and the shear force action are handled with separate elements. In the
Finite Element Method the two actions are integrated into one and the same
element. For an orthogonal grid, each element coincides with one rectangle
in the grid; this has an advantage for programmers and users. We will return
to this in Chapter 10.

8.3 Message of the Chapter

e A structure in a membrane state (plane stress) can be modeled by
trusses (spring elements) and shear panels. Each element type has
its own stiffness matrix. The global stiffness matrix of a structure is
assembled from the stiffness matrices of the individual elements. A
load vector is composed from nodal loads.

e Equations in the global stiffness matrix which are not influenced
by boundary conditions, are similar to those found in the classical
Finite Difference Method.

e Stress distributions over sections of the structure can be discontinu-
ous in a numerical analysis.

e The spring-panel model nicely demonstrates the separate action of
normal forces and shear forces.



Chapter 9
Discrete Model for Plate Bending

9.1 Beam Model

In Chapter 8 we discussed an approximation for trusses. The elastic defor-
mations were lumped in springs. We may apply a similar model to beams in
bending as a first step to a discrete model for plate bending. A rigid element
that has rotational springs at its ends replaces a beam element of length a.
This model is depicted in Figure 9.1. The rotational spring is considered to
be composed of two parallel springs, for the compression and tension zones,
respectively. The rotational rigidity at each end is D. It is required that the
beam-ends in both the model and the actual beam have the same rotation e for
a constant moment M. This requirement is met if D = 2E[/a. When two
beam elements are linked together, the two rotational end springs are con-
nected in series. The rigidity of the resulting rotational spring is D = EI/a.

Figure 9.1 Discrete bending model for beam.

J. Blaauwendraad, Plates and FEM: Surprises and Pitfalls, Solid Mechanics 169
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Figure 9.2 Modelling of a cantilever beam.

Figure 9.2 shows a cantilever beam modelled by four beam parts with
length a. The homogeneous load is lumped at the hinges between the four
sections. The deflections of the hinges are the unknowns. The structure is
considered to be an assembly of four discrete elements and to have four
degrees of freedom. The elements 1, 2, and 3 each have three degrees of
freedom, element 4 only has one. This latter element is used at the clamped
end. It need also to be used in a line of symmetry. Then the element has two
degrees of freedom. Naturally, this element may occur with the rotational
spring at the other end as well. First, the different stiffness matrices of the
two element types are derived. The element types will be named field element
and edge element respectively. The stiffness matrices for a field element with
nodes i, j, k and an edge element with nodes i, j are respectively
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1 2 3 4 5§
1 1 -2 1 field element 1
2 il =24 5 i—4 |1 | field element 2
3 1 —4 6 | ! field element 3
4 1 -4 edge element 4
5 | 1 {|edge element 5
Figure 9.3 Composition of the global stiffness matrix.
F; 1 -2 1 w;
Fy=—1| -2 4 =2 ;
J a2 W
E _Z [ 1 —1 Wi
F] - a2 | — 1 1 U)]

The stiffness matrix of the cantilever beam structure is an assembly of three
field elements and one edge element. The result is shown in Figure 9.3. The
matrix needs to be multiplied by E1/a>. Asis seen in the figure, the displace-
ments are not yet constrained. If displacements are prescribed, corresponding
rows and columns are omitted. Figure 9.4 shows a number of possibilities.
The third row of the stiffness matrix is complete; that is to say, there is no
influence of the boundaries on the coefficients of this row. If we use a finer
mesh in the model, then the global stiffness matrix would contain more of
these complete rows. Apart from the multiplication factor E1/a’, the scheme
shown in Figure 9.5 applies for nodes not affected by any edge conditions.
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Figure 9.4 Effect of various boundary conditions.
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Figure 9.5 Scheme for a complete field row.

9.1.1 Example. Cantilever Beam

The set of equations has been solved for the cantilever beam of Figure 9.6.
The nodal force is F = fa. The matrix equation reads:

1 2 1 A 1fa ]
2 5 -4 1 w. a
EI S A
? 1 4 6 —4 1 Wy fa (92)
| 1 4 7|4 w, fa |
I -4 3. w iffa+R;

The dotted lines hold for the matrix equation in which boundary conditions
have not yet been introduced, the full lines after accounting for the boundary
conditions. The solution of the set of equations is

4
(Wi wy wy wa} ws! = ‘;—1{34 23 121 4} 0} (9.3)

L 23

Figure 9.6 Cantilever beam with four elements.
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Figure 9.7 Cantilever results for exact solution and approximation

The support reaction, calculated from the fifth row in Eq. (9.2), is R =
—4 fa. The moments are determined from the spring equations

El
M = —(—w; +2w; — wy) Field element
a
£l 9.4)
M = 2—2(wj — w;) Edge element
a

The results are depicted in Figure 9.7. Even this course mesh and simple
elements give a good approximate result.

Same pattern of coefficients in Finite Difference Method

When the classical Finite Difference Method (FDM) is applied, the dif-
ferential equation EJ d*w/dx* = f is replaced by a set of algebraic
equations, one for each node. The FDM-equation related to node 3,
which is not influenced by the boundary conditions, is exactly the same
as the third row in the above matrix equation. So, the scheme of Fig-
ure 9.5 is both the scheme in FDM and the present discrete model. The
rotational spring method is not restricted to equal element dimensions
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and constant bending rigidity E/ for all elements. Serial linking of dif-
ferent spring stiffness is allowed.

9.2 Plate Bending Model

The spring model for bending of the previous section is a building block
for the discrete plate bending model, just as the truss model was for the
discrete membrane model. We consider a rectangular plate element of length
a and width b, subjected to a homogeneously distributed load p. The plate
thickness is ¢, Young’s modulus is E, and Poisson’s ratio is zero. The relation
between the moments and curvatures is

My 100 Ky
myt=D| 010 Kyy 9.5)
My 00 1 Py

Here the plate flexural rigidity is D = Et?/12. The rigidity matrix is a di-
agonal matrix, therefore bending in the x-direction and y-direction are inde-
pendent of each other. Torsion is another independent transfer mechanism.

The bending behaviour in the x- and the y-direction is modelled with the
spring elements derived in Section 9.1. Thus an orthogonal grid of beams is
obtained. To account for twisting moments, torsion panels are inserted in the
grid in the same way as shear panels were in the membrane model. From
Section 5.2 we know that a field of constant m,, can exist if the panel is
loaded by two pairs of equilibrating corner point loads occur, and that the
edges remain straight. On the basis of this knowledge a torsion panel can be
derived with four degrees of freedom as shown in Figure 9.8. The stiffness

t2m‘y

lzm.\v 2mxy t Fk
W, £
w,

Figure 9.8 Loading for positive twisting moment. Left physical reality, right stiff-
ness method.
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Figure 9.10 Moment distributions in the slab.

matrix of this panel is

F, 2 -2 -2 2 w;
Fifl_D | -2 2 2 =2 w;
Fl ab | -2 2 2 =2 Wy
F, 2 -2 -2 2 w,

<> l<s>l<>]
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9.6)

Any plate that may be considered a composition of rectangular plate parts

can now be modelled with spring elements and torsion panels.
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Figure 9.11 Scheme for both FDM and discrete model.

9.2.1 Example 1. Rectangular Simply-Supported Plate

We will perform the discrete analysis for the example of Figure 9.9. For rea-
sons of symmetry only one quarter of the plate needs to be modelled. The
computational result is presented in Figure 9.10. As was seen earlier for the
normal forces in the membrane solution, we again obtain a continuous dis-
tribution for the bending moments in the one direction and a discontinuous
one in the other. Like the shear forces in the membrane solution, now the
twisting moment is discontinuous.

Advantage of discrete model

In the Finite Difference Method (FDM) the bi-harmonic differential
equation is replaced by a set of linear algebraic equations, one for each
mesh node. For nodes which are at sufficient distance from the edge
the scheme of coefficients is shown in Figure 9.11. The discrete model
with flexural springs and torsion panels leads to the same result. The
advantage of the discrete modelling is the ease of handling boundary
conditions, discontinuities in thickness, and non-square meshes.
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|
Half office floor,

Figure 9.12 Application of discrete model to office building floor.

9.2.2 Example 2. Lift-Slab in Office Building

The model was in use in the 1960s for the analysis of viaducts and floor
slabs in office buildings. An example is the floor of the office building in
Figure 9.12 as built at Amsterdam Airport. The contractor cast and cured all
floors at ground level around a tall central shaft (not shown in Figure 9.12),
and then lifted them in place. Therefore they are not clamped to the central
shaft, but just connected at discrete points. The hatched quarter of the floor
has been considered in the analysis. The bending moments for two directions
are shown in Figure 9.13.
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Figure 9.13 Bending moments in quarter of floor slab.
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9.3 Didactical Model for Simply-Supported Plate

The discrete model is no longer in use since Finite Element Analysis has re-
placed it, however it still has great didactical value. This value is illustrated
for the simply-supported plate, subjected to a two-way sine load, the exact
solution of which we discussed in Section 5.3. Here we recall the most im-
portant results of the exact analysis. The deflection w and bending moments
my, and m,, have double-sine distributions, with a maximum in the centre of
the plate. The twisting moment has a double-cosine distribution with a value
zero in the horizontal and vertical line of symmetry. The maximum value oc-
curs at the four corners. The shear forces v, and v, have sine-shaped distri-
butions in the one direction and cosine-shaped in the other. Their maximum
value appears at the edges. The distributed support reactions f (positive if
directed downward) along the four edges are sine-shaped with a maximum
value halfway along the edges. The various maxima are, apart of the sign

pl pl pr
U aprp M T T gy M T s
| 1 3 .
vxzﬁpl’ Uy=ﬁpl, f=—HPl 9.7

where p is the maximum value of the load and D is the plate stiffness. The
support reaction is 50% larger in absolute value than the maximum shear
force at the edge. The negative sign means that it concerns a compressive
support reaction in the opposite direction to the load p. Finally it was found
that four balancing concentrated corner tensile support reactions R occur
with the value

1
R = 3 pli?/n? 9.8)

We now start to explain the discrete model. The coarsest mesh possible is
a two-by-two grid with one central node; there is just one degree of freedom.
However, a three-by-three mesh leads also to one degree of freedom; There
are four free nodes in the plate, but they all have the same displacement.
This finer mesh will produce more information, and therefore is chosen. The
square plate has edges of length / which are divided in three equal parts a.
Figure 9.14 shows the applicable discrete model of four beams, two in each
direction.

In a three-by-three grid we need in general nine torsion panels, but in
our case five of them occur on lines of symmetry and therefore will have
zero twist. So, just the four corner panels need be entered in the analysis,
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Figure 9.14 Elementary spring-panel model for a square plate.

which confirms the importance of torsion in the corners. The two-way sine
load is replaced by four point loads F each pa®. We restrict the analysis
to a zero Poisson’s ratio. The model is very simple. The load F at each
free point is carried by three elements, a beam in the x-direction, a beam in
the y-direction and a torsion panel. The three contributions are F,, F, and
F;, respectively. They are derived in an elementary way on the basis of the
properties of the spring model and torsion model

_Dw Dw . Dw

FX s y — 7’ (99)

a2
The three contributions are related to the same displacement and are linked in
parallel. Therefore they can be summed, which leads to the relation between
the displacement w and the load F

D Fa?
Clearly
Fo=tp p=lr r-lp ©.11)
)C_4 I y_4 ) [—2 .

This very elementary model effectively confirms what was seen earlier after
solving the bi-harmonic equation for a double-sine load in Section 5.3. The
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Figure 9.15 Exact results for a two-way sine load.

torsion in the plate carries half the load, and the deflection is a quarter of
the value that occurs if one beam had to transfer all the load F. The bending
moment at the position of the rotational springs, the twisting moment in the
panels, and the shear forces midway between the two nodes become

mxx=myy=mxy=ZF, vx=vy=—2 (9.12)

As we found for zero Poisson’s ratio in the exact solution, the maximum
torsion moment is equal to the maximum bending moment. Figure 9.16 com-
pares the results of the discrete moments to the outcome of the exact analy-
sis for a number of sections over the plate. Figure 9.17 does the same for
the shear force and support reaction. Finally, we can calculate the reaction
forces in the edge and corner nodes. The simple model leads to Regmer = %F ,
Regge = —%F . Figure 9.18 presents an overview of these boundary forces.
The distributed support reaction f = Regge/a = —%F /a is again 50% larger
in absolute value than the shear force v,. For vertical equilibrium of the total
plate it is required that 4 Rcomer + 8 Reqge + 4F = 0. This is indeed satisfied:
4(% F)+ 8(—%F ) +4F = 0. All the results that were seen in the solution of
the bi-harmonic equation reappear in this elementary model.

Comparison

The results of the discrete model are compared to the exact solution of the
square simply supported plate subjected to a double-sine load. Table 9.1 lists
the maximum occurring values of the displacement w, the moments m, the
shear force v, the distributed support reaction f and the concentrated corner
reaction R omer 1 given. The results of the discrete model and the exact so-
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Figure 9.17 Comparison between discrete model and exact solution for shear force
and support reaction.

I

Figure 9.18 Distribution of support reactions.
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Table 9.1 Comparison of discrete model with exact values for two-way sine load.

Exact values divided by  Values for discrete model divided by

pl? F = pl*/9
w 12/(472D) 12/(4%9D)
m 1/4 1/4
v /2l 3/21
f —37/4 —3%3/4
Reorner 12 12

lution are very close to each other. The simple model accurately shows the
main aspects in the force transfer of a simply-supported plate:

1. Maximum bending moments m,, and m,, occur at the centre of the plate.

2. Maximum twisting moments m,, occur at the corners, and have the same

magnitude as the bending moments.

The distributed support reactions are 50% larger than the shear forces.

4. Lumped tensile corner support reactions are twice the size of the twisting
moments.

w

9.4 Discrete Model for Plate on Flexible Edge Beams

In the previous section we modelled the simply-supported plate which had
been discussed in Section 5.3 for a two-way sine load. In Section 5.4 we
considered another interesting case, a flexible edge beam, which leads to a
twist-less plate, at that time for a homogeneously distributed load. Because
the two cases have different loads and different boundary conditions, we had
to study them with different displacement fields. With the discrete model
we can study both cases in one model for the same load. We will do so
for the square model of Figure 9.14 and a homogeneously distributed load p.

The new model is shown in Figure 9.19. The grid consists of four beams in
the x-direction, four in the y-direction, and four torsion panels. The beams
inside the plate represent a plate strip of width a. The beams at the position
of the edge represent the actual applied edge beam plus a plate strip of width
%a. Because the edges can deflect, an additional degree of freedom must be
introduced. We call the displacement of each inner node w; and of each edge
node w,. Now the stiffness matrix of the plate has two rows and two columns.
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Figure 9.19 Discrete model for plate with flexible edge beams.

We introduce the edge beam flexural rigidity E1 = )\(%l D), where | = 3a is
the length of the plate edge and D the plate flexural rigidity; the parameter
A relates the beam rigidity to the rigidity of the half plate width. Now we
obtain, on the basis of the properties of the rotational spring elements and
torsion panel, the following matrix equation

D 4 —6 w1 _ 1
a_2|:—6 11+3x]{w2}_F{1} ©.13)

The force F is equal to pa’. We found the solution of this matrix equation
for three different values of the parameter A

N 1 Fa? 0
=00 > W =—-——, W)=
1 4 D 2
Fa3 1 Fa®
A=1 > w=—, wy=--—om (9.14)
D 2 D
17 Fa? Fa’
A=0 > w=——, wy=—
8 D D

The computation of the bending and torsion moments from these dis-
placements is a straight-forward procedure. The bending moment along
a section at mid-span and the torsion moment along the edge are pre-
sented in Figure 9.20. The case of infinite large A corresponds to the
simply-supported case. The same solution is obtained as in the previous
Section. The twisting moments and the bending moments are equal. For
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Figure 9.20 Results for different edge beam stiffness.

A = 1, the plate becomes twist-less; all twisting moments are zero; the
edge beam has the same stiffness as the half plate width. For A = 0 the
plate has free edges and is supported just by four compressive point loads
in the corners. Twisting moments occur, but they have an opposite sign
compared to the simply-supported plate. There, the corner reaction was
tensile, here it is compressive. When A decreases from infinity to zero, we
see the twisting moments switch sign, and notice a substantial increase of
the bending moments. In Figure 9.20, note the large increase of deflection,
the substantial increase in the bending moments, and the switch in sign of
the twisting moments.

The total bending moment over the full width of the plate at mid-span due
to the load is 3Fa, which is equal to pl®/9. Part of this moment is carried
by the plate and part by the edge beams. For the three considered cases of
rigid supports, twist-less plate and free edges, the plate part is 1/6, 1/2 and 1,
respectively. Two edge beams account for the remaining part, 5/6, 1/2 and 0,
respectively. The moment in each edge beam becomes pl®/21.6, pl3/32 and
0, respectively.

It is interesting to compare these values to those arising from the practi-
cal approach of structural engineers and recommendations in some codes of
practice, in which the load is supposed to flow to the beams as depicted in
Figure 9.21, referred to as envelope approach. For a square plate this leads
to a distributed beam load of triangular shape with maximum value pl//2 at
mid-span. In its turn, this load leads to a bending moment p/3/24, which is
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Figure 9.21 Loading of edge beams in ‘envelope’ approach.
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10% too small, compared to the exact value pl®/21.6 for an infinite rigid
beam. For flexible edge beams in a twist-less plate with exact moment value
pl3/32, it is too large. Then the envelope approach overestimates the mo-

ment by 50%.

If a structural engineer is detailing flexible edge beams on the basis of the
envelope approach, the reinforcement in the plate itself may be too weak.
Even though safety may not be affected, there may be severe cracking in

practice.

9.5 Message of the Chapter

e Plate bending can be modeled by a grid of beams filled in by torsion
panels. The beams in their turn can be modeled by rotational spring

elements.

e The spring-panel model elegantly shows that the central part
of a square simply-supported plate under distributed loading is
dominated by bending and the corner parts by torsion, and that
the maximum bending moment is equal to the maximum twisting
moment for zero Poisson’s ratio.

e Equations in the global stiffness matrix are similar to those in the
classical Finite Difference Method.
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e The effect of edge beams can be shown by a simple hand calculation
with two degrees of freedom. Very stiff edge beams and very
flexible edge beams both lead to twisting moments in the corner
regions of the plate, however of opposite sign. For an in between
edge beam stiffness the plate is perfectly twist-less.

e For infinitely rigid edge beams, the engineering envelope approach
to calculate the maximum edge beam moment is 10% too optimistic.
It is 50% too pessimistic for flexible beams with a torsion-less plate.
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Chapter 10
FEM Essentials

In Chapters 8 and 9 the stiffness method was introduced in the framework of
discrete models out of a pre-FEM era. In those models we had to apply dif-
ferent element types to model the complete membrane behaviour: springs for
normal forces and panels for shear forces. The same was necessary in mod-
eling plates in bending; there separate rotational springs and torsion panels
were used. Compared to this approach the Finite Element Method (FEM) has
been a major step forward. One and the same membrane element accounts
for normal forces in two directions and shear forces, and one and the same
plate bending element accounts for bending in two directions and torsion.
The present Chapter is an overview of the main features of FEM codes and
comments on its practical use. The aim of this book is not an in-depth pre-
sentation of FEM theory. For that purpose we refer to standard text books of
Zienkiewicz et al. [16] and Hughes [17].

10.1 Elements and Degrees of Freedom

The Finite Element Method provides an approximation to structural behav-
iour. The first step is to divide the structure into a large number of elements.
In this book the elements are plane elements; the dimension in the third di-
rection is small compared to the other two. The elements are joined to each
other at element corners; these are called nodes. Sometimes also mid-side
nodes occur on the edges of elements. In the nodes we choose degrees of
freedom. In a membrane plate analysis they are two orthogonal displace-
ments u, and u,. In a plate bending element we normally use three degrees

J. Blaauwendraad, Plates and FEM: Surprises and Pitfalls, Solid Mechanics 189
and Its Applications 171, DOI 10.1007/978-90-481-3596-7_10,
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Figure 10.1 Degrees of freedom for membrane and bending analysis.

of freedom per node: the displacement w, the rotation v, about the x-axis
and v, about the y-axis. For rectangular examples we refer to Figure 10.1.

Sign definition

We stress that the definition of the rotations in FE codes is different
from the definition we used in Chapters 3 and 4 for the derivation of
differential equations. To avoid confusion we use another symbol. In
Chapters 3 and 4 we had chosen ¢, now we use ¥. The sign convention
and subscripts are also different. The rotations ¢, and ¢, in Chapters 3
and 4 are positive when they lead to positive displacements u, and u,,
respectively, for positive z-values in the plate. The rotations ¥, and ¥,
have a different definition. They are rotations about the x- and y-axis,
respectively, and are positive according to the right-hand rotation rule.

Plate elements may be spatially assembled. Examples are box-beams and
multi-cell bridges. In such structures, elements are needed both for mem-
brane and bending action; we usually need six degrees of freedom per node.
Regretfully, structural engineers call such elements shell elements. It is true,
FE codes include shell elements for curved surfaces, and in the limit case
of zero curvature they are used for combined membrane bending action. We
recommend calling such flat elements membrane-bending elements. In shell
structures there is interaction between the membrane and bending state; this
is absent in flat plates.

Commercially available packages usually offer a number of element
shapes to be used. Figure 10.2 shows triangles, rectangles and quadrilater-
als that can be inserted in the model. If a mid-side node is applied, the edge
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Figure 10.2 Commercially available packages offer various element shapes.

can be curved. For reasons beyond the scope of this chapter, such elements
are called isoparametric elements. Sometimes a commercial package offers
a quadrilateral element which, unknown to the user, is in fact an assemblage
of triangles.

In order to make an analysis the structure is divided into elements. Fig-
ure 10.3 shows two examples. The left part comes close to the Brazilian test
to determine the splitting tensile strength of a concrete cylinder. The right-
hand part of the figure shows a shear wall example with a vertical row of
openings as may occur in a tall building. In both examples a coarse mesh is
drawn. In reality finer meshes will be applied. It is common practise that the
software itself makes an appropriate mesh on the basis of the available ele-
ment types. Usually the user needs to specify just the average size of the ele-
ments; the program does the rest. Figure 10.4 shows two examples of spatial
structures which are assembled from flat membrane-bending plate elements:
a multi-cell bridge and a part of a train carriage.
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Figure 10.3 Examples of membrane plate structures with element mesh.
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Figure 10.4 Examples of spatial structures composed of plate elements.

10.2 Stiffness Matrix and Constraints

The degrees of freedom at a node are common to all elements that meet at
that node. An individual element, in turn, shares the degrees of freedom of
different nodes. These degrees of freedom together form the displacement
vector of the element (this may also contain rotations). A generalized force
(which may be also a moment) is associated with each degree of freedom;
these forces together form the force vector of the element. The element stiff-
ness matrix relates the element displacement vector to the element force vec-
tor. For a triangular element with corner nodes i, j and k the matrix relation
appears as

k ko ok U; F,;
* ok ok uj ¢ =3 Fej (10.1)
k ko ok Uy Fo

Herein the vector u; represents the degrees of freedom in node i and F, ;
the vector of generalized element forces. The stiffness matrix governs the
structural behaviour of the element. Its derivation is based on the approxi-
mation of the displacement field within the element. The higher the degree
of polynomials in the field, the more accurate the element will perform. As
a rule, the performance of an element is better if it has more degrees of free-
dom, but it is not a guarantee. The quality of an element is dependent on
a number of items: the chosen displacement field, the way numerical inte-
grations are done, the extent to which displacements in adjacent elements
are compatible, etc. An element with mid-side nodes is expected to perform
better for the same mesh compared to elements without, but sometimes they
may do not.
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Figure 10.5 Two schemes for Gaussian points.

Programmers use Gaussian points in the mathematical integration proce-
dure to construct element stiffness matrices. Gaussian points relate to inte-
grals of polynomials over the area of an element. Gauss showed that one can
write such integrals as weighted sums of values of the polynomial at a num-
ber of discrete points. The points do not coincide with nodes, but are situated
inside elements at some distance from the edges. In rectangles sometimes
a two-by-two scheme is used, sometimes three-by-three, see Figure 10.5.
Normally the user need not know at all about such integration points, but
occasionally programs may refer to the Gaussian points, therefore they are
mentioned here. We refer for more details to [11] or [12].

The global stiffness matrix equation of a total structure with N degrees of
freedom is similar to that for a discrete model as shown in Eq. (8.2)

ui F]
= ) (10.2)
Uy Fn

The global stiffness matrix is an assemblage of the individual element
matrices. Simple examples of the procedure appeared in Chapters 8 and 9.
The right-hand vector holds the load to which the structure is subjected. This
load consists of point loads at the nodes. When the user inputs a distributed
load, the program will replace it by statically equivalent point loads. With
the high speed of computers this is no problem in practice, and the user can
apply fine meshes. The assembling procedure has a physical meaning. If
M elements join together in node i then the M generalized element force
vectors F, ; together balance the applied load F; at that node.

The set of equations in (10.2) cannot be solved as long as rigid body dis-
placements can occur, for then the global stiffness matrix will be singular. We
must specify displacement constraints to prevent such singularity. Therefore,
all commercial packages offer features to specify rigid or flexible supports.
If a support is rigid, the corresponding displacement in that direction must be
zero. So, it is no longer a degree of freedom. Therefore, the row and column
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in the global matrix equation which correspond with that degree of freedom
must be omitted from the set. If a spring support in a node is specified, the
program will add the spring stiffness to the main diagonal term which corre-
sponds with the degree of freedom to be supported. This option can also be
used to specify a rigid support. Then, a very large spring stiffness must be
introduced. Some programs offer the choice for a support type in which only
a compressive force can occur. In fact, this makes the analysis nonlinear. The
analysis can be made by a linear-elastic analysis in an iterative way. We start
including all supports. After the analysis we release the supports with a ten-
sile reaction and restart the analysis. The iterative procedure is stopped when
all support reactions are compressive or zero. Some programs do the iterative
procedure itself.

10.3 Model Input

The preparation of input for a FE analysis covers all data for assembling
a solvable set of algebraic equations. At least the following data must be
specified:

the shape of the structure,

fineness of the mesh,

element type and/or section profile,
supports,

material properties,

load cases,

applicable code of practice,
combinations and weight factors.

Finite Element packages will always offer the feature of several load
cases and the possibility of making various combinations. Codes of practice
define which combinations must be considered, and which load factor must
be assigned to each load case in a combination. The user can make a choice
of point loads, line loads and distributed loads. Usually the load case for
the self-weight of the structure is generated automatically on basis of the
inputted data for geometry and material properties.

Often the element mesh is automatically generated by the program. How-
ever, the user may be asked to indicate the order of magnitude of the average
element size. The choice of the element type is a very important decision by
the user. For instance, in case of a slab analysis one must decide whether
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to use Kirchhoff elements or Mindlin ones. In Chapter 15 we will explain
the importance of this choice. Many a user is not aware, however, that
commercial packages have default options. For truss or beam elements, to
be inserted in plate models, the user must make a choice from a section
library.

Support data are easy to understand. As we noted earlier, a degree of free-
dom is either completely restrained, or a spring is introduced. Occasionally
a special compression-only support is offered. Spring supports may be point
springs, springs distributed along edges or over the area of an element.

10.4 Output Selection

Finite Element packages always offer a wide choice of output options. Stan-
dards are

contour plots,
trajectories,

section graphs,

lists,

unity check,
dimensioning/detailing.

The option of coloured contour plots has become very popular. These
plots can be selected for displacements and stresses (or stress resultants like
membrane forces, plate moments and transverse shear forces). Contour plots
for principal stresses, forces and moments and their trajectories are more or
less standard. Trajectories for shear forces are an exception, unfortunately.

Plea for graph output in sections

The great popularity of contour plots is to be regretted, the more so
when they are used in combination with options for automatic detailing,
results of which are also shown as contour plots. It prevents the struc-
tural engineer from fully grasping in which way the structure transfers
load to supports. A far more valuable facility is the graph option for
displacements or forces in sections over the structure. We will return
to this in Chapter 14. Software providers should take pride in offering



196 10 FEM Essentials

this option. It is very helpful if the structural engineer can output the
integral of forces and moments in sections or dedicated part of sections.

Contour plots should at most be used to decide in which sections graphs will
be shown. A good alternative to contour plots are 3D pictures of displace-
ments, forces and moments. They are very instructive, because they appeal
to the engineer’s sense for structural behaviour.

Blameworthy use of envelopes of load cases

A really blameworthy practice is to consider an envelope of load cases
and combination results, rather than judging the result of each load
case and combination individually. In that way the structural engineer
cannot pick up how the structure behaves, and will have no idea about
actual safety levels. Apart of this, the approach is not economic. Struc-
tural engineers should investigate results of load cases and combina-
tions individually, at least for the most important ones.

When specifying stresses or stress resultants that the engineer wants to be
presented, there are several possibilities, such as stress (resultants) at nodes
or in the element centres. Stresses at a node differ from element to element.
The software may offer the choice of computing the average at a node or
the values at the centre of elements. Averaging is a pleasant feature, but is
misleading for elements which join in a node and have different thickness.
Exceptionally, software may present output at Gaussian points. In such
cases the software most probably deals with a specialized subject.

All programs will calculate support reactions. Usually an equilibrium check
is done in so far that a check is made to compare the total load to the sum
of the support reactions. Strictly speaking it is not proving that the set
of equations has been solved correctly, because an ill-conditioned set of
equations may lead to a wrong solution even though the test is satisfied.
However, in practice it is valuable to test the correctness of the applied load,
because ill-conditioned sets of equations are rare in practice.

Finally, the user can usually ask to see at which positions in the structure the
permissible stress level is surpassed. This is of great use for steel structures.
The stresses can be combined to yield the Von Mises stress which is then
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compared to the yield stress. In a unity check it is tested whether the ratio
of the Von Mises stress and the yield stress is smaller than 1. If not, the
design must be changed. For reinforced concrete slabs a FEM package often
offers the feature of calculating the wanted reinforcement ratios. Because of
its importance, Chapter 16 is fully devoted to this subject.

10.5 Message of the Chapter

e The reliability of a FE analysis highly depends on the competence
of the structural engineer. Garbage in is garbage out.

e Seemingly, higher-order elements need not necessarily perform
better than simpler elements.

e Programmers sometimes make choices which are hidden from the
user. The user should be aware of set defaults.

e FE codes may offer post-processing options for unity-checks
and detailing of reinforcement. The user should be aware of the
assumptions underlying such design options.

e Contour plots are a popular way to present results, but they prevent
the structural engineer from grasping how a structure will transfer
load to supports.

e 3D plots and section graphs may appeal much more to the engineer’s
sense for structural behaviour. Software providers should take pride
in offering such options. It must be possible to output the integral of
forces and moments in sections and dedicated part of sections.

e The practice of making envelopes for results of load cases and com-
binations is blameworthy and fundamentally wrong. Structural en-
gineers should investigate results of load cases and combinations
individually, at least for the most important ones.



Chapter 11
Handling Membrane FEM Results

11.1 Surprising Stresses
11.1.1 Effect of Poisson’s Ratio

We consider a box-shaped steel bridge as shown in Figure 11.1. The box
has two horizontal walls, at the top and bottom respectively, and two vertical
walls, one at each outer side. There are no inner vertical longitudinal webs
in the bridge. The structure is a new bridge on an existing pier that had been
used for a narrower structure. Therefore, the two bearings at each bridge end
do not coincide with the vertical side walls of the box structure, but are in a
position more inward. It makes the end diaphragm behave as a beam with a
four-point loading as drawn in Figure 11.1. The diaphragm consists of three
parts, two squares outside the bearings and one between the bearings which
has a length over depth ratio of two. The outer vertical walls are schema-
tized as vertical stiffeners at the ends of the diaphragm. These walls carry
forces F' to the two ends of the diaphragm. These point loads cause support
reactions F in the bearings. In order to introduce these concentrated sup-
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Figure 11.1 End diaphragm of box-shaped bridge.
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port reactions in the web of the diaphragm, two vertical stiffeners have been
added at the position of the bearings. The diaphragm will bend such that the
upper edge becomes longer and the lower edge shorter. Because of compat-
ibility reasons, parts of the horizontal walls of the box will then participate
in the transfer of the forces. In Figure 11.1 these parts have been modeled as
horizontal stiffeners over the full length of the diaphragm, top and bottom.

Now we draw attention to the spots A in the diaphragm. The normal force
in the vertical stiffener will be Nye = — F. The normal force in the horizon-
tal stiffener at that position will also be Npo, = —F. This result means that
the strains are equal, to €, in the vertical and horizontal stiffeners at position
A. The stress o in the vertical stiffener is 0 = E¢. Because of compatibility
the strains in the web material adjacent to the stiffener must be of the same
size: &, = &y, = ¢. The stress in the web plate must be calculated with
Eq. (1.13):

E

1—v

oy =TT (eyy + vEry) = (11.1)

1—
For Poisson’s ratio v = 0.3 we find a stress is oy, = E¢,,/0.7 = 1.43F¢,
43% larger than the stress o = E¢ in the adjacent stiffener with the same
strain. Accounting for Poisson’s ratio in this way can be important, partic-
ularly if buckling must be considered. The web is compressed, both in the
horizontal and vertical direction.

11.1.2 Effect of Kink in Beam Flange

Now consider a clamped beam of I-section subjected to a point load at its
free end, as shown in Figure 11.2. The cross-section of the beam consists
of two flanges and a web. The width of the flanges and depth of the web
are equal. The top flange is straight over the full length of the beam. The
bottom flange is parallel to the top flange over about two-third of the beam
counted from the clamped end, but then the height of the web decreases
linearly to about half its height at the free end. As a result a kink occurs
in the bottom flange. The subject of this Section is the distribution over the
beam length of the bending stress o in the connection line between the web
and the bottom flange. Classic beam theory predicts 0 = M /W, where M
is the bending moment and W the section modulus. The bending moment
M varies linearly over the length of the beam; W is constant between the
clamped end and kink, and decreases in a nonlinear way to about one quarter
of the constant value at the free end. So the expected stress distribution will
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Figure 11.2 Unexpected effect of kink in bottom flange.

be linear between the clamped edge and kink. Between the kink and free end
the stress will be larger than for a constant W, but it will become zero at the
free end.

As an alternative we can perform the calculation with the aid of a FEM
program in which we choose membrane elements. We model the flanges by
rectangular elements, say four over the half width. Choosing an aspect ratio
of about two, we obtain the wanted number of elements over the length. For
the web the same number of elements over length and depth is used. A sketch
of the result to be expected from the FE analysis is included in Figure 11.2.
It is completely different from the expectation on basis of the classical beam
theory.

The explanation for the unexpected FEM result has to do with the fact
that the classical beam solution is not admissible at the location of the kink.
That solution predicts that a stress ¢ = M /W acts in the horizontal flange
at the position of the kink and that the same stress acts in the inclined flange
at that position. The two membrane forces meet each other at an angle, and
therefore equilibrium can only exist if a third force in another direction acts
in the same point to balance them. In reality there is no third force, so the
membrane stresses in the bottom flange can be zero only at the location of the
kink. In fact, there the I-section beam behaves as a T-section beam, consisting
of the web and the top flange, shown in Figure 11.3. The section modulus
reduces substantially, the neutral line shifts upward, and the bottom stress
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Figure 11.3 Explanation of unexpected high bending stress.

increases. At some distance from the kink, the flange will contribute again.
Shear stresses oy, between the web and each flange half must develop to
obtain this effect. These shear stresses abruptly change sign and direction
at the kink, and the bending stress o,, correspondingly decreases in two
directions.

FE analyses bring to light omissions in design

FE analyses show stress concentrations where classic beam calcula-
tions suppose smooth stress distributions. Sometimes they bring mer-
ciless to light omissions in design.

Those who are familiar with bond stresses in a cracked reinforced concrete
bar under tension will see a similarity. At a crack the reinforcement bar has to
carry all the tensile force, and at some distance from the crack the concrete
and bar carry the force together. A transition length occurs in which high
bond shear stresses transfer part of the high tensile force in the crack to the
concrete.
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Figure 11.4 FE analyses do not converge in case of stress singularities.

11.2 Stress Singularities in FEM

In Section 6.2.2 we derived the stress state in the Brazilian splitting test.
A cylindrical body is compressed by two opposed line loads. We found a
constant horizontal tensile stress over the vertical plane of the cylinder and
concentrated horizontal compressive point loads, one on the top and the other
at the bottom, to balance the tensile stresses. In Figure 11.4 this test is simu-
lated by a FE analysis. Instead of the circular cross-section, a square is cho-
sen. The four corner areas outside the inner circle are relatively low-stress
regions which hardly influence the stress state in the vertical plane of sym-
metry. The theoretical solution of the horizontal stress o, is shown, and the
stress is computed by FEM in two positions, point 1 at the top edge of the
square and point 2 in the centre. The analysis is done for different mesh fine-
nesses, indicated by the number of elements N over the width and height of
the cross-section. It is expected in a FE analysis that mesh refinement would
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make the stress result converge to its final correct value. We notice that this
is indeed the case for the stress at point 2, but not at point 1.

Lesson on singularities

Convergence is obtained for stresses of finite value, but not at locations
where the membrane plate theory predicts a singularity. Then no con-
vergence will occur. The same is true for an infinitely large bending
moment in plate bending, the subject of Chapter 14. There, too, mesh
refinement does not make sense.

11.3 FEM-Supported Strut-and-Tie Modeling

If we have to design the reinforcement in concrete walls, it may be helpful
for understanding force transfer to draw a Strut-and-Tie Model (STM). It is
a truss-type model in which the load is represented by a set of well-chosen
lumped forces, and the transfer to the supports occurs through a system
of compressed struts and tensioned ties. In simple statically determinate
problems the structural designer easily knows how to choose the strut and
ties, but statically indeterminate structures may be puzzling, because more
than one possibility exists. Figure 11.5 shows a simple example. A square
silo is supported at the four corners and is subjected to a homogeneously
distributed vertical load over the area of the walls. This load is due to own
weight and possible friction of bulk material in the silo.

Each silo wall is a deep beam, of which the maximum bending moment oc-
curs in the vertical line of symmetry at mid-span. The distribution of the
horizontal stresses in this section must be known in order to design the rein-
forcement properly. The strut-and-tie model for an individual wall is simple,
as appears from Figure 11.5. Green is compression, red is tension. In the line
of symmetry at mid-span of the wall there is a compressive horizontal force
and a tensile horizontal force of equal size. The product of the distance be-
tween these two forces times the value of the forces is the bending moment.
The problem for the structural engineer is to make a fair guess about the dis-
tance, then calculate the tensile force and decide on the amount of horizontal
reinforcement. Because the structure is highly statically indeterminate, the
choice is hard to make. A FE analysis may help to make a good estimate.
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Figure 11.5 FEM as support for Strut-and-Tie Model

We have analyzed the wall with a course mesh, which is appropriate. In
fact the wall behaves as a deep beam, as discussed in Section 2.2.2. There
we assumed that the wall has a distributed support over the full height of
each vertical edge. The result for deep walls will be that the vertical sup-
port reaction is very much concentrated in the lower part of the edges. This
distribution of the support reaction is close to the real support of the deep
wall. The difference is then not significant. And for the rest, it anyhow is
not relevant where the support occurs along the vertical edge. This does not
influence the total beam moment which must be transferred in the vertical
line of symmetry of the wall. The result of the FE analysis has been included
in Figure 11.5. First, we see that the computed result agrees well with the
theoretical expectation in Figure 2.13 for a short, tall wall. Second, the stress
distribution along the line of symmetry nicely shows where we can choose
the center of gravity of the tensile stresses and of the compressive stresses,
which determine the positions of the horizontal tie and strut, respectively.

FE analysis as support for strut-and-tie modeling

FE analysis supports the structural engineer in making strut-and-tie de-
cisions. It helps positioning the reinforcement and determining lever
arms.
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Figure 11.6 Exploded view of elements around re-entrant corner.

11.4 Re-entrant Corner

The silo wall of Section 11.3 offers a good occasion to draw attention
to a typical aspect which accompanies FE analyses for structures with a
re-entrant corner. An example is displayed in Figure 11.6, which could
be the corner between the column and the bottom edge of the wall. We
have drawn in an exploded view rows and columns of rectangular elements
around the corner. The re-entrant corner has edges BC and BD, so the corner
is at node B. For ease of explanation it is assumed that the load is applied
outside the considered part of the element mesh. We consider the vertical
line which runs from node A over B to C, and focus on the horizontal
forces at the nodes and the equilibrium of these forces. The two nodes
between A and B can be seen as regular mesh nodes. Here four elements
join together in a node and each element brings in an element force to the
equilibrium equation for that node. The two forces coming from the left
are more or less equal, and the same holds true for the two forces coming
from the right. Equilibrium requires that the sum of the four forces is zero.
The result is that the horizontal stresses in the four elements will be almost
equal. An averaging procedure makes sense in such points. In corner node
B a different situation exists. Now there are three element forces and they
must sum to zero. The two left forces, more or less of equal size, must
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balance those coming from the right. Therefore, the horizontal stress in
the element to the right of node B is about twice the stress in the elements
to the left of the node. If the stress to the left of the node is about o in
both elements, then it will be 20 to the right of the node. This latter size
must be considered as the most realistic one. The average value is 1.330,
which is only two-third of the maximum stress 2o, the realistic one. Below
corner B, only two element forces remain, which must be equal and opposite.

The stress state in the re-entrant corner is singular. In fact infinitely large
shear stresses must occur in the horizontal line through corner node B to
achieve that the stress 2o in the right plate part is spread over the two plate
parts left of the vertical line. A disturbance occurs in the FE analysis which
is still noticed in the edge nodes below the corner B. The stress distributions
over sections just left and right of the vertical line through the corner node,
sketched in Figure 11.6, visualize this. The dotted line represents the stresses
to the left of the line ABC. It takes a couple of elements before the stress re-
ally is zero on the free edge BC. The explained phenomenon is inherent to
the finite element method. The finer the element mesh, the smaller the region
will be where the disturbance is seen. Similar effects are seen in plate bend-
ing near re-entrant corners. What we have explained here for plate forces,
will occur there for plate moments.

Note on averaging procedures

Averaging procedures can be misleading at re-entrant corners. The av-
erage value can be far less than the real maximum stress.

11.5 Tall Wall with Openings

Multi-storey buildings often transmit wind loads to the base through shear
walls of reinforced concrete. Shear walls may be positioned as end walls
in building plans or as inner walls. At each storey an opening may occur;
in end walls they allow for windows, and in inner walls they are necessary
if a corridor crosses the wall, see Figure 11.7. We can view the tall wall
with openings as a structure of two slender walls, left and right respectively,
which are connected by horizontal cross-beams at each floor. Walls and
beams together form one monolithic structure. If the shear wall is subjected
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Figure 11.7 Expected behaviour of tall wall with openings due to wind.

to wind load, the cross-beams will act as dowels, and the wall will deflect
(w) as sketched in Figure 11.7. The structural engineer is interested in the
size of the transverse dowel forces (shear forces) D in the cross-beams, in
order to detail the reinforcement in an adequate way. As a consequence
of the dowel forces D, a tensile base force N will act in the left wall and
a compressive base force N in the right. These normal forces carry part
of the total wind moment at the base. The other part consists of bending
moments in the left and right wall at the base, M; and M, respectively. The
total horizontal force due to the wind is the base shear, which is divided
over the left and right wall V; and V, respectively. The base information
is of interest to the structural designer in order to properly design the
foundation. The expected diagrams for normal forces N, moments M, and
beam dowel forces D are included in Figure 11.7. Of course, the analyst
must superimpose the load due to self-weight.

In the 1960s and 1970s a lot of research on the force distribution in this
type of structure was published on the basis of differential equations, among
which contributions of Rosman [18] are well known. Today structural engi-
neers will most probably apply FE analysis. In this section we comment on
the FE modeling of this type of structure. We will do this in two ways: in
Section 11.5.1 the focus is on modeling with membrane elements; in Sec-
tion 11.5.2 it is on modeling as a frame structure.
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Figure 11.8 Tall wall with row of openings.

11.5.1 Modeling with Membrane Elements

In Figure 11.8 we consider in more detail the force transfer in an individual
cross-beam. The midpoint of beams is a point of counter-flexion. A constant
shear force D occurs in the cross-beams, and the diagram for the bending
moment M is linear with a zero value at mid-span.

At the connection between the cross-beams and the vertical walls, there
will be high stress concentrations. Therefore, a sufficiently fine mesh must
be chosen around beam-wall connections. Further away in the vertical walls
a courser mesh will be adequate. However, a coarse mesh is not really nec-
essary in view of the speed and the mass storage of current computers. If
the structural engineer chooses the membrane element with mid-side nodes
(quadratic displacement) it suffices to use two elements over the depth of the
cross-beam. For the element with only four corner nodes (linear displace-
ments) three or more elements over the depth must be applied. Additionally,
we recommend choosing the constant shear element because it performs
better in situations where the element must reproduce bending states. The
expected distribution of bending stresses in the cross-beams for linear and
quadratic elements is included in Figure 11.8.
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Figure 11.9 The shaded elements will be seriously cracked.

Figure 11.9 shows the mesh with two elements over the depth. Because
the largest moment occurs at the end of the cross-beam, and there is stress
concentration at the connection, we expect substantial cracking. We can ac-
count for that by reducing the modulus of elasticity. Compared to the middle
part of the cross-beams the actual stiffness might be halved. In Figure 11.9
we have marked these elements by shading. Reduction of the stiffness is im-
portant if the structure is sensitive to geometrical nonlinearity (second-order
effects) and an increase of bending moments must be considered in stability
checks.

11.5.2 Modeling as Frame

Another way to investigate the force distribution in a tall wall with open-
ings is to model the structure as a frame. In this case we must pay attention
to a number of things. The frame consists of two vertical members (line el-
ements), which coincide with the centre lines of the two slender walls. A
horizontal member is placed in the centre line of each cross-beam. The mod-
eling of the vertical members does not raise problems. The engineer must
just make sure that the computer program accounts for deformation due to
both normal forces and bending moments. Shear deformation need not be
considered for slender walls. In the frame model, we introduce horizontal
members with rigid end parts. The length of these rigid parts must be chosen
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Figure 11.10 Frame model of tall wall with openings.

with care. At first glance we may make the length half the width of the verti-
cal walls, but then we make them too long. At the junction of the cross-beam
and the walls, there will be deformation of the wall. Therefore, we recom-
mend working with a fictitious length of the cross-beams larger than the real
length. At each end the cross-beam may be extended by a length equal to
the half depth of the beam, see Figure 11.10. So, the length of the rigid parts
become smaller than the half width of the vertical walls.

Next to the choice of the length of the cross-beams, we must decide
whether they behave as Bernoulli beams (flexural deformation only) or
Timoshenko beams (flexural and shear deformation). Even after we increase
the length of the cross-beam, it is still not slender. We must consider the half
length of the beam, because of the zero value of the moment at mid-span.
The half cross-beam is a cantilever beam with a point load at the end (point
of counter-flexion), as discussed in Section 2.1.3. The length over depth
ratio of the cantilever beam may become of the order of magnitude two and
then, according to Eq. (2.57) stiffness reduction occurs. One can account
for this either by using a program that accounts for shear deformation or by
introducing a judiciously decreased bending stiffness.

Until now, we have assumed that the cross-beams have rectangular cross-
section with the same width as the wall thickness. It is probably more com-
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Figure 11.11 Frame models easily include deviating support structures.

mon that floor slabs are fixed to the cross-beams. Then the engineer has to
increase the bending stiffness of the cross-beam in the model, because of two
reasons. The first reason is that the cross-beam becomes a T-shaped beam be-
cause the floor behaves as a flange of the cross-beam. It is not likely that this
contribution is substantial. Participation of the floor as flange presupposes
that a normal force can operate in the flange, however this requires a suffi-
cient length to build up the normal force, and the half cross-beam is too short
to obtain this. The other reason to include participation of the floor slab is
the bending of the slab. It has to follow the curvatures of the cross-beam,
so an effective slab width must be chosen, the bending stiffness of which
is added to the bending stiffness of the cross-beam. To choose this effective
slab width we could draw a line from the cross-beam centre with an angle of
45 degrees to the cross-beam. This implies, at the connection with the wall,
a slab width at each side of the cross-beam of half the length of the beam.
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Figure 11.12 Example of three coupled walls with two rows of openings.
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Figure 11.13 Stress distribution in walls at base level. Dashed line for pin-
connected cross-beams. Dotted lines for infinitely rigid cross-beams. Full line for
real cross-beam stiffness.

Unlike the first, this second contribution to the beam bending stiffness may
be substantial.

The frame method has a number of advantages. First, it provides results
in a way structural engineers appreciate. The analysis leads to normal forces,
shear forces and bending moments, for which code checking is familiar. Sec-
ond, special supporting structures can easily be included in the model. Fig-
ure 11.11 demonstrates this. Third, it is easy to handle irregular structures
with different storey heights and locally deviating cross-beam stiffness, and
walls that are hard to model as a membrane plate fit easily in a frame model.
Figure 11.12 shows an example. The building of about 90 meters height
houses the administration offices of the government of a province in the
Netherlands. The plan form is shown in the right-hand top part of the fig-
ure. The dashed lines are glass facades. In the plan, four T-shaped columns
are connected with the corners of a central rectangular shaft. The connection
of the columns to the shaft is by cross-beams at each floor level. A cross-
beam of exceptional stiffness occurs at all four corners between the sixth
and seventh storey. The building is subjected to wind at the long edge of the
plan form.
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The structure has been modeled as a system of three vertical walls and two
rows of openings, as depicted in Figure 11.12. Because of symmetry, normal
forces occur only in the two outer walls. The results of the analysis are in-
cluded in Figure 11.12. At the position of the cross-beam with exceptional
stiffness, there is a large dowel force D, which causes discontinuities in the
bending moments and in the normal forces of the outer walls. Figure 11.13
displays the base stresses in the three walls. Note that the stress diagrams
have the same gradient; this must hold because the three walls share the same
deflection and therefore curvature. In the plot also the stresses are shown
which would occur for two extreme situations, one in which the cross-beams
are pin-connected and just act as trusses, and another in which the cross-
sections are perfectly rigid such that all three walls act together as one wide
beam, respectively. The actual maximum stress is about twice the stress for
the ideal stiff case, however less than one-third of the pin-connected case.

11.6 Checking and Detailing

Commercial packages offer program features to check whether the design of
structures is in accordance with codes of practice, or to dimension structural
components. Here we just touch the subject to give an impression.

11.6.1 Steel

After a stress analysis has been performed for a steel structure, a so called
unity check is made to confirm that the stress state in the structure is suffi-
cient remote from the state of yielding. For that purpose the Von Mises stress
oy 1s calculated. In two-dimensional states this stress is

oyu :,/012—1—022—0102 (11.2)

where o, and o, are principle stresses. The condition is that this stress is
smaller than the yield stress o:

YmatOvm = Oy (11.3)

Here yma is the partial safety factor to be taken into consideration. Fig-
ure 11.14 visualizes the yield condition in the two-dimensional diagram for
principal stresses. The actual combination of stresses must remain within the
yield contour.
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Figure 11.14 Von Mises yield criterion. Dashed line Tresca.

11.6.2 Reinforced Concrete

For reinforced concrete structures, programs offer options to design the re-
inforcement automatically. We must solve a problem if we want to apply a
two-way orthogonal reinforcement, because we have three membrane forces
Ny, Nyy and ny,. The subject will come up in detail in Chapter 16, but we
will give a taste of the approach here. Consider a square panel with tensile
normal membrane forces and a non-zero positive membrane shear force. In
its most simple form the procedure is to replace the three membrane forces
by two steel forces per unit length, n,, and n,.

Mgy = Nxx + Nyx (11 4)
Ngy = Nyy + Nyy ‘

and dimension the reinforcement in the x- and y-direction on the basis of
these two forces. The idea behind this procedure is the assumption that the
concrete is cracked. For the direction of the cracks only the shear membrane
force n,, is considered, which leads to principle forces in the direction of
the diagonals of the panel, one tension and one compression respectively.
The cracks are supposed to develop normal to the tensile principal force.
This situation is shown in the top part of Figure 11.15. There the lower right
triangular part represents concrete, and the upper left triangle shows the re-
inforcement bars. Equation (11.4) follows from the equilibrium conditions
in the x- and y-direction of the concrete triangle. If the shear force has an
opposite sign, the crack direction reverses. The relations in Eq. (11.4) still
hold true if we use the absolute value of the shear forces, as follows from the
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Figure 11.15 Determination of the reinforcement forces ny, and ngy.
the other diagonal. It is a consequence of the assumed cracked state that com-

pressive stresses occur in the concrete. A shear membrane stress o causes a
This follows from the equilibrium of a strut of width s+/2 if s is the spacing

compressive stress of 20 in the concrete struts, as is seen in Figure 11.16.
between the reinforcement bars.

bottom part of Figure 11.15. The concrete struts are now in the direction of
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Figure 11.16 Cracked concrete, tensioned reinforcement, diagonal compressive
struts.

11.7 Message of the Chapter

e Lateral contraction due to Poisson’s ratio can be responsible for
unexpected local increases of stress.

e FE analyses show stress concentrations where classic beam calcu-
lations suppose smooth stress distributions. Sometimes they reveal
omissions in design.

e If the theory of elasticity predicts a singular stress, refinement of
mesh in the FE analysis will lead to ever increasing stress values.
No convergence will be obtained.

e Linear-elastic FE analysis can be a help to structural engineers who
like to use strut-and-tie models in detailing reinforced concrete.
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e Re-entrant corners are singular stress spots in membrane structures.
Here, averaging of discontinuous stress values must be done with
care.

e The structural engineer can account for severe cracking in a linear-
elastic FE analysis by judiciously reducing Young’s modulus in
cracked regions. An example is a tall wall with a row of rectangular
openings. This structure can alternatively be handled as a frame.



Chapter 12
Understanding FEM Plate Bending

12.1 Intended Goal and Chosen Structure

This is the first chapter on FE-based analysis of plate bending. We include
this for in-depth understanding of the nature of the approximation. The
Finite Element Method does not violate the kinematic and constitutive
relationships, but satisfies equilibrium conditions only in an average sense.
We will investigate to what extent equilibrium is maintained. The shape
of the plate is purposely chosen so that all kinds of boundary conditions
can be included. For the goal of this Chapter we choose a coarse mesh.
When discussing real structural problems in subsequent chapters, we will
apply finer meshes. The chosen concrete structure is shown in Figure 12.1,
with a set of axes x,y in the horizontal plane, shown in the left-hand top
corner. The slab has 40 elements and 55 nodes. The nodes and elements
are numbered. Element numbers are put in a frame throughout the whole
chapter, to distinguish them from node numbers. All elements have the same
size, with a length @ = 0.9 m in the x-direction and a length » = 1.3 m in
the y-direction. The plate thickness is 200 mm. The edge between the nodes
1 and 8 is clamped, and the edges between nodes 8 and 55 and between
nodes 51 and 55 are simply-supported. The remaining edges are free. A ball
support is placed in the corner node 33, which is a constraint only to the
vertical displacement. The slab is loaded by a homogenously distributed
load p = 800 N/m?. The material Young’s modulus is £ = 30.000 N/m?
and Poisson’s ratio v = 0.2.

The finite element program is based on the frequently applied rectangular
elements with four corner nodes and three degrees of freedom per node,
the vertical displacement w and two rotations v, and v,. As stated in Chap-

J. Blaauwendraad, Plates and FEM: Surprises and Pitfalls, Solid Mechanics 219
and Its Applications 171, DOI 10.1007/978-90-481-3596-7_12,
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Figure 12.1 Mesh of a plate with node and element numbering.

ter 10, rotations in FE codes are defined about the x- and y-axis, respectively.
In this element type the two bending moments m,, and m,, are linear in both
directions x and y, so will in general have different values in the four ele-
ment corners. The twisting moment m,, has a distribution which is slightly
parabolic, and also may take different values in the four corners. The shear
force v, is constant in the x-direction and varies linearly in the y-direction,
whereas the shear force v, is constant in the y-direction and varies linearly in
the x-direction. The program replaces the distributed load over the element
area by lumped vertical forces at the four corners. No torques, associated
with the rotations v, and v, are generated.

We need to discuss the way in which the boundary conditions are chosen.
At the clamped edge, we have chosen w = 0 and i, = 0 at each node.
We also could have added v, = 0 in order to enforce the edge to remain a
straight line, but we decided not to do so. In reality meshes are much finer
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